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Abstract — The paper presents a mathematical model 

describing formation of the spectra of particles in a convective 
cloud. A method for calculating absorption and scattering of 
monochrome microwave radiation in the cloud environment is 
described. The cloud model describes drop coagulation, accretion, 
drop freezing, drop and crystal sedimentation and transportation 
by air flows. Explicit microphysical methods based on solving 
kinetic equations for functions of distribution of drops and ice 
particles by their masses is applied. To study microwave radiation 
extinction in the cloud environment, absorption and scattering 
coefficients are calculated for given wavelengths and sizes of drop 
and ice particle. Functions of distribution of drops and crystals by 
their sizes help determine absorption and scattering of 
electromagnetic radiation in the cloudy environment with regard 
to actual spectra at different stages of cloud formation. 

Kew words— cloud model, microstructural parameters, 
absorption and scattering, microwave radiation, extinction 
assessment, cloud particles.  

I. INTRODUCTION 
As is known, radio engineering and electronic optical 

systems depend on meteorological parameters of the 
atmosphere, haze, fogs and clouds. The study on conditions of 
distribution of electromagnetic waves of the IR cloud 
environment is a crucial task. In a number of theoretical studies, 
the issues of refraction of electromagnetic waves were solved 
for various aerosols and cloud particles. A variety of types and 
properties of dispersed media, relatively short lifetime and 
strong spatial-temporal heterogeneity make it difficult to obtain 
reliable quantitative estimates. 

Physical properties of dispersed environments (clouds) 
depend on the size of particles, their concentration, and phase 
state. These issues are dealt with in many researches [1-4]. The 
influence of dispersed environments on electromagnetic 
radiation is discussed in [5-14]. In order to study various 
applied issues of electromagnetic radiation in cloud 
environments, data on the microstructure of probed cloudiness 
is required. To obtain such data, measurement data (probe, 

aircraft, etc.) and simulation results for detailed microphysical 
cloud models considering functions of distribution of liquid and 
solid particles by size or mass are used [1, 2, 4]. 

The present article aims to develop a mathematical model 
describing formation of spectra of cloud particles, and to obtain 
data on absorption and scattering properties of real aerosol 
formations during microwave radiation propagation. 

In nature, the shape and type of clouds depend on 
thermodynamic atmospheric conditions which depend on 
climatic features of a particular region. The article analyzes 
cumulonimbus clouds which can reach the middle and upper 
tiers. Powerful clouds can reach the tropopause delivering a 
large number of small ice particles to the upper layers of the 
troposphere. 

II. METHODS AND MATERIALS 

A. Model description  
The purpose statement for the mathematical model of a 

convective cloud involves the following equations of 
thermodynamics, microphysics and electrical statistics [1]: 
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equation of continuity  
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equation of thermodynamics  
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equations for calculating the function of distribution of 
drops, crystals and freezing fragments by their masses: 
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equations for calculating the amount of electricity  
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Poisson equation for the electrostatic field  
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Initial conditions for (1)-(11) can be written as 
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Boundary conditions: 
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The system of equations is used for the space-the domain  
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The following notation is used:  

 
z

w
y

v
x

uV













 ,       

z
K

zy
K

yx
K

x 
























,  

 zyxr ,,
 - vector of coordinates;  wvuV ,,


 - velocity 

vector; )(ru  , )(rv  , )(rw  - components of the velocity vector; l 
– parameter for inertia forces; )(r  - potential temperature; 

pCR
p zPcr /)1000/)(()(  

  - dimensionless pressure;  - 
average potential temperature; R -  gas constant; )(rs  - specific 
air humidity; )(rQS

  - summary relation of liquid and solid 
phases in the cloud;  )(z  - parameter considering changes in 
air density depending on height; )(zP and )(rT   - pressure and 
temperature; 

pc - heating air capacity under constant pressure; 

ЗCK LLL  , ,  - specific condensation, sublimation, freezing heat; 
)( ),( ),( rsrr 

  - deviations of dimensionless pressure, 
potential temperature and specific humidity  from their standard 
values )( ),( ),( 000 rsrr 

 ; KМ
t




, CМ

t



- changes in specific 

humidity due to vapor diffusion into drops and crystals; ЗМ
t




 

- mass of drop water freezing per unit time per unit volume of 
air; )(rK   - turbulent diffusion coefficient. )( ),( 21 mVmV  - 
steady fall speed for liquid and solid particles; 
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 - changes in the function 

of distribution of drops due to condensation, coagulation, 
accretion of drops and crystals, fragmentation and congelation 
respectively; 
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 - changes in the function 

of distribution of crystals due to sublimation, accretion and 
congelation of drops; 3
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 3  - changes in the function 

of distribution ( , , )Zf r m t  due to fragmentation under 
spontaneous congelation of overcooled cloud drops and 
accretion of drops and crystals; 21  и II  – sources of drops and 
crystals; АВI  – source of artificial crystals under active impact; 
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),(e tr - summary total electrical charge, 
0  - dielectric 

constant vacuum.  

The following notation is used for the boundaries of the 
spatial area: 

zyx LLL ,0 и ,0,,0 . 

Integral differential equation used to describe cloud 
coagulation processes can be written as 
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where )',()'()())'()(()',( 111
2

1 mmemVmVmrmrmm  ; 

)'( и )( mrmr  - radii of colliding particles; )'( и )( 11 mVmV - their 
fall speed rates; )',(1 mme  - capture coefficient for drops.  

Interaction of drops and crystals is calculated by formulas 
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where ),',()'()())'()(()',( 221
2

2 mmemVmVmrmrmm    
)',(2 mme  – capture coefficient for drops and crystals. Collision 

of drops and crystals causes congelation of drops. 

Variables are transformed for solving numerical 
coagulation equations   2ln/6 ,/)1(3exp 000  IIImm  and 
distribution functions dmmmfdIIG )()(  . The values of 
function )(IG  between groups is calculated using interpolation 
of function values in the nearest groups. 

Changes in function ),,(1 tmrf 
 caused by drop 

fragmentation are calculated by formula  
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where ( )DRP m  is disintegration probability for a drop with 
mass m , )',( mmQ  per time unit. Formation of the drop with 
mass m  is probable while disintegrating the drop with mass 'm
. ( )DRP m  is calculated by formula 

-7( )=  2,94  10  exp( 34 r(m))DRP m  .                        (22) 
Function  ',mmQ  is calculated by formula 
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Changes in functions ),,(1 tmrf    and ),,(2 tmrf   due to drop 
crystallization are calculated using function ( , )ZMR r m  - 
congelation probability for the drop with mass m at point  per 
time unit  r : 

1 2
1( , ) ( , , ),ZM

Z Z

f f R r m f r m t
t t
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              , exp ( ) ( )ZM ZM ZM m ВR r m A B T m T r     
, (25) 

 where ,  ZM ZMA B - parameters ; )(mTm
 — medial congelation 

temperature for drops with mass m ; )(rTВ
  — air temperature 

at a specific point. 

Formation of new drops in condensation nuclei considers 
term  tmrI ,,1

 . The process can be described by formula 
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where  rqв
  – air humidity at point  r ;  rqн

  – saturated steam 
humidity at the same point;   - numerical coefficient;  mr ,0

1


  
– assigned distribution of drops at the same point;  0

1wq  - 
water content for assigned distribution of drops. Formation of 
crystals in the sublimation nuclei  tmrI ,,2

  can be described 
by the same formula. 

Condensation and sublimation are described by formulas  
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The speed rate for changing masses of cloud particles can 

be determined using the speed rate for changing their radii:  

dt
dr

r
dt
dm 24 .                                                        (29) 

Formulas for describing formation (evaporation) can be 
written as 
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where D  - coefficient of molecular steam diffusion; 
wr  and ir  - 

sizes (radii) of drops and ice particles respectively; P  - air 
pressure; 

вхiw  ,, - water, ice and air density respectively; 
M ,  - molecular masses of vapor and air; 

iw ee  ,  - saturated 
steam pressure at a cloud temperature above water and ice; 

inpf  
- relative air humidity. 

Function  tmrI AB ,,  describes formation of artificial 
crystals under the influence of a crystallized reagent. Its type 
depends on the shape and properties of the source of artificial 
particles and properties of particles themselves while modelling 
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natural evolution of the cloud   0,, tmrI AB
 . A specific type 

of function  tmrI AB ,,  depending on the mode of reagent 
application is given.  

The model takes into account electrification of cloud 
particles based on thunderstorm development patterns and 
charge separation factors due to waterdrop congelation, grains 
and hailstones growth, and interaction of hailstones with ice 
crystals and supercooled drops. 

When solving model equations, splitting and running 
methods were used. 

The presented numerical model makes it possible to 
calculate the evolution, time of thermodynamic parameters and 
spectra of droplets and crystals in the cloud. 

The main module involves initialization of the model, and 
calculation of cloud characteristics in a cycle over time. 

B. Calculation formulas for extinction coefficients  
To calculate aerosol attenuation, software was developed. 

Its input parameters are radiation wavelength, particle size, 
particle concentration, complex refractive index. 

Propagation and attenuation of optical radiation in the 
atmosphere are described using optical characteristics: 
attenuation, absorption and scattering coefficients, optical 
thickness of the medium, radiation indicatrix, geometrical 
parameters of backscattering, polarization characteristics, etc. 
[5-8]. 

When electromagnetic radiation propagates in the layer of 
aerosol particles with distribution function )(rf  and length ΔН, 
its output power changes according to the Bouguer law: 

)exp(0 HPP e                                                  (32) 
where P0 – radiation power; 

e  - volume radiation 
attenuation coefficient, m-1. The extinction coefficient is a sum 
of scattering and absorption coefficients: 

pse   .                                                    (33) 
According to the theory of aerosol electromagnetic radiation 

scattering, attenuation, scattering and absorption coefficients 
are efficiency factors of aerosol attenuation, scattering and 
absorption: 

),,(2
pee mrKr  ,                                     (34) 

r – particle radius, λ - wavelength, mр=n+i  - integral 
particle refraction index (n-refraction index, -absorption 
index).  

Attenuation Ke(, mр, r), scattering Ks(, mр, r) and 
absorption Kp(, mр, r) coefficients are calculated according to 
the scattering theory [12].  

III. RESULTS 

A. Simulation results for particle spectra  
Using the model, thermodynamic, microstructural and 

electrical parameters of convective clouds for various 
atmospheric states were calculated. 

Dimensions of the spatial domain were 40 km in horizontal 
coordinates and 16 km in vertical ones. The grid step in the X, 
Y coordinates was 500 m, in the Z coordinates – 250 m. The X 
axis is directed to the east, Y - to the north, Z - vertically. The 
cloud was initiated by thermal impulses near the earth surface 
with overheating = 1 ° C. 

The model of a convective cloud with detailed 
microphysical parameters allows for studying formation of 
microstructural characteristics of clouds, formation of 
precipitation particles, accumulation of electrical charges and 
electrical coagulation of cloud particles. The results obtained 
reflect nonlinear effects of cloud physics which cannot be 
studied and evaluated using simpler models, for example, 
parameterized microphysics. 

Fig. 1 shows an example of 3-D cloud parameters 
simulation. Water iso-surface of 0,5 g/m3 (1) and ice content of 
0,1 g/m3 (2) are shown in the vertical section. Several contour 
lines in the vertical plane intersecting the cloud reflect 
ascending flows. There is an upward flow in the center of the 
cloud at the velocity of 30 m/s. 

 
Fig. 1. Convective cloud at the 40th minute of formation  

 
Fig. 2 shows distribution of drops and ice particles by their 

sizes at the 40th minute of cloud formation at z = 8 km. There 
are small drops and ice crystals of different sizes. The second 
maximum lies within r> 100 μm. 

B. Microwave radiation extinction calculation results for ice 
particles 
To estimate microwave radiation extinction in the cloud 

environment, scattering and absorption factors for ice spheres 
with radii varying from 0,1 μm to 100 μm in the wavelength 
range from 0,4 μm to 10 cm were calculated. 

Table 1 and Fig. 3 show some calculation results for crystals 
at r=0,5 um.  
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Fig. 2. Spectra of drops (on the left) and crystals at the moment t=40 min. 

TABLE I.  ATTENUATION, SCATTERING AND ABSORPTION 
EFFICIENCY COEFFICIENTS FOR CRYSTALS R=0.5UM. 

 (m) Кos Кr Кp 
1.06E-06 1.42248e+00 1.42246e+00 2.26104e-05 
2.67E-06 5.47752e-02 4.32922e-02 1.14830e-02 
2.73E-06 5.46894e-02 2.89728e-02 2.57165e-02 
2.78E-06 7.68004e-02 1.46873e-02 6.21131e-02 
2.82E-06 1.19814e-01 6.80835e-03 1.13006e-01 
2.83E-06 1.56444e-01 5.44698e-03 1.50997e-01 
2.85E-06 1.98095e-01 5.61673e-03 1.92478e-01 
2.86E-06 2.61698e-01 8.59917e-03 2.53099e-01 
2.88E-06 3.51153e-01 1.57392e-02 3.35414e-01 
2.90E-06 4.56471e-01 2.70285e-02 4.29443e-01 
2.92E-06 5.84649e-01 4.35532e-02 5.41096e-01 
2.93E-06 7.19626e-01 6.35370e-02 6.56089e-01 
2.95E-06 8.08169e-01 7.81947e-02 7.29974e-01 
2.97E-06 8.92432e-01 9.39877e-02 7.98444e-01 
2.99E-06 9.89667e-01 1.14248e-01 8.75420e-01 
3.00E-06 1.10818e+00 1.41817e-01 9.66361e-01 
3.02E-06 1.24038e+00 1.76529e-01 1.06385e+00 
3.04E-06 1.39029e+00 2.22177e-01 1.16811e+00 
3.06E-06 1.54154e+00 2.78824e-01 1.26271e+00 
3.08E-06 1.60920e+00 3.22241e-01 1.28696e+00 
3.10E-06 1.58696e+00 3.43317e-01 1.24364e+00 

 
Properties of IR radiation attenuation by small and large ice 

particles depending on the wavelength can be different (Fig. 3). 
For large ice crystals, absorption slightly depends on the 
wavelength. 

Taking into account the spectra of liquid and solid particles 
in the cloud which were obtained using the cloud model, 
radiation attenuation in the “anvil” of a powerful convective 
cloud consisting of small ice crystals was calculated. 

In the cloud environment consisting of ice crystals, 
microwave radiation power can be reduced several times. In 
some cases, radiation attenuation is 2–3 times more due to 
scattering than due to absorption. 

 

 

 
Fig. 3. Microwave radiation extinction for cloud crystals of two sizes r=0,5 um 
(lower curvature)  and  r=50 um depending on the wavelength  
 

IV. CONCLUSION 
Thermodynamic and microstructural characteristics of 

convective clouds were calculated using a three-dimensional 
nonstationary numerical model. The numerical model helps 
calculate characteristics of the spectra of liquid and solid 
particles in different parts of the developing cloud. 

Microstructural parameters of the mature cloud were 
studied. Drop and ice particle spectra were determined. 

Size distribution functions for drops and crystals were 
calculated based on absorption and scattering of 
electromagnetic radiation in the cloudy environment and actual 
spectra. 

Microwave radiation extinction in the cloudy environment 
was studied at different wavelengths and particle sizes. 
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