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Synthesis of Metamaterial: new experimental and theoretical challenges

Francesco dell’lsola
Universita degli Studi di Roma "La Sapienza”, Italy

The novel demands from the science of materials require the conception of materials
showing exotic behaviour. We claim that an old problem from the theory of analog circuits must be
revived. Indeed before the invention of digital computers in engineering and scientific applications
during the decades 1930-1960 analog computers were used. Given a PDE the experts of analog
circuits could design a specific circuit governed by the given equation. When successful they had
obtained the circuit which was the analog of the physical system which was modelled by their PDE.
In our more modern setting we specify the mechanical properties of a given material or structure by
assigning the action functional which governs it and then we look for the specific mechanical system
whose behaviour is exactly the desired one.

We talk about the <<synthesis>> of a specific architectured material or of a specific structure.
In some situations homogenisation technigues are needed and the required material is synthesised
at a certain length scale by using some smaller scale microstructures. In this context the theory of
higher gradient continua needs to be introduced and it presents some mathematical problems
whose solution needs the methods of differential geometry and mathematical physics. The concepts
of stress and strain must be generalised to encompass this more general case, which cannot be
framed in the standard theory of continua by Cauchy, as formalised by Truesdell.
In other situations the synthesis problem ca be solved only by looking the best value for some
parameters characterising the considered microstructure. In this context the theory of optimisation
plays a crucial role.

In this presentation we refer some results recently obtained in the problem of synthesis of
second gradient materials, of extremely extensible microstructures and of structures being damage
resistant. The synthesis problem is solved by introducing so called <<pantographic>> structures.
Their mathematical properties are discussed, some numerical simulations showing their exotic
behaviour are presented and some experimental evidence is shown,



Differential Hierarchical Models for Piezoelectric Prismatic Cusped
Shells and Bars

George Jaiani

Ivane Javakhishvili Thilisi State University, llia Vekua Institute of Applied Mathematics

First part of the talk is devoted to piezoelectric prismatic shells.

In 1955 llia Vekua [1] published his models of elastic prismatic shells. In 1965 he offered
analogous models for standard shells [2]. In both papers he considered very important the
investigation of well-posedeness of boundary value problems (BVPSs) of peculiar types which could
arise in the case of cusped shells.

Cusped prismatic shells considered as 3D bodies may have non-Lipschitz surfaces as the
boundaries and their thicknesses may vanish at the edge. Using I. Vekua’s dimension reduction
method, complexity of the 3D domain, occupied by the body will be transformed into the degeneracy
of the order of the 2D governing equations of the constructed hierarchy of 2D models on the
boundary of the 2D projection of the 3D bodies under consideration.

Consideration of BVPs and initial boundary value problems (IBVPs) within the framework of
hierarchical models for elastic cusped prismatic shells leads to investigation of nonclassical BVPs
and IBVPs for the governing elliptic and hyperbolic systems of equations of the second order with
order degeneracy on the boundary of the domain under consideration in the case of two spatial
variables [1]-[4]. We easily reduce this case to the case of systems of singular differential equations,
i.e., to systems of equations with unbounded coefficients. Initial conditions (IC) for the so called
weighted mathematical moments of displacements remain classical, while the boundary conditions
(BC) for them are nonclassical, in general. It means that in certain cases the Dirichlet BCs should be
replaced by the Keldysh BCs (i.e. some parts of the boundary, where the order of the equations
degenerates, should be freed from the BCs) and in certain cases weighted BCs should be set (see

[4]).

The present talk is devoted to construction of hierarchical models for piezoelectric
nonhomogeneous porous elastic and viscoelastic Kelvin-Voigt prismatic shells on the basis of linear
theories [5]-[10]. Using I. Vekua’s [1] (see also [2]) dimension reduction method, governing systems
of partial differential equations are derived and in the Nth approximation of hierarchical models
BVPs and IBVPs are set. In the N = 0 approximation, considering, e.g., elastic plates of a constant
thickness, governing systems mathematically coincide with the governing systems of the plane
strain corresponding to the basic three-dimensional (3D) linear theory [1]-[4] up to a separate
equation for the out of plane component of the displacement vector.

The ways of investigation of BVPs and IBVPs, including the case of cusped prismatic shells [4],
are indicated and some preliminary results are presented. Antiplane deformation of piezoelectric
nonhomogeneous materials in the threedimensional formulation and in N = 0 approximation is
analysed. Some BVPs are solved in explicit forms in concrete cases.

The aim of the present talk is also to draw the attention to problems to be solved connected with
cusped shell-like elastic and viscoelastic piezoelectric bodies with voids and with related
nonclassical BVPs and IBVPs for partial differential equations with order and type degeneracy. The
development of the corresponding numerical methods and numerical calculations on computers are
especially challenging.

The talk is organized as follows. Section 1 is devoted to motivations of our research and the
main targets of the work are indicated as well. Section 2 contains 3D field equations for
nonhomogeneous piezoelectric Kelvin-Voight materials with voids in the case of the general
anisotropy. In Section 3 the hierarchical models are constructed and in the Nth approximation BVPs
and IBVPs are set in the case of noncusped prismatic shells. Section 4 deals with the analysis of
Dirichlet and Keldysh type problems for the general governing system of the N = 0 approximation for



nonhomogeneous piezoelectric Kelvin-Voight materials with voids and general anisotropy. To this
end results of Section 8 are exploited. In Section 5 we consider transversely isotropic elastic
piezoelectric nonhomogeneous bodies in the case when the poling axis coincides with one of the
material symmetry axises. Namely, time-harmonic motion under conditions of anti-plane
piezoelectric state is discussed. In Section 6 we study an antiplane deformation of piezoelectrics in
N = 0 approximation of hierarchical models for prismatic shells, in particular, with cusped edges. In
Section 7 we treat BVPs for porous isotropic elastic cusped prismatic shells. In Section 8 we
examine well-posedeness of BVPs for systems of elliptic equations of the second order with an
order degeneracy, covering systems of elliptic equations arising in previous sections. The last
section is devoted to conclusions, concerning mainly mechanical meaning.

The Second part is devoted to bars.

This part is devoted to static and oscillation problems of hierarchical models of piezoelectric
transversely isotropic cusped bars in (0,0) approximation. A special attention is given to analysis of
peculiarities of nonclassical setting BCs. Namely, the criteria are established when on one end or on
both ends of the bar no data need be prescribed. Weighted BCs are set as well. On the face
surfaces of the bar under consideration stress vectors and outward normal components of the
electric displacement vectors are prescribed, while at the ends of the bar all the admissible [in sense
of well posedness of boundary value problems (BVPs)] BCs, including mixed ones, with respect to
weighted (0,0) moments of the components of the mechanical displacement vectors and electric
potential, and (0,0) moments of the components of the stress and electric displacement vectors are
prescribed. Namely, in Section 1 we compile auxiliary materials concerning geometry of cusped, in
general, prismatic bars with rectangular cross-sections and double mathematical moments of
functions. In section 2 we briefly sketch field equations of the transversally isotropic elastic
piezoelectric materials. In Section 3 we derive governing differential equations of (0,0) hierarchical
model. In Section 4 we deduce governing differential equations of one-dimensional particular case
of three-dimensional model. In Section 5 we study BVPs which are solved in the explicit forms. In
Section 6 mechanical interpretation of results of analysis of peculiarities of setting BCs for cusped
bars is given. In Section 7 we make some bibliographical remarks.
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The Dynamics of Thermoelastic Beams
Omar Kikvidze

Akaki Tsereteli State University, Kutaisi, Georgia

The use of new light metal materials in building structures makes it relevant to study the
influence of temperature factor on strength and rigidity within the elastic limits both under static and
dynamic loads. The uneven temperature distribution, even at a small temperature change, can affect
the free-running frequency. The use of numerical calculation methods allows for solving nonlinear
problem, and it also automates the calculations for different fixing conditions and complex geometry
of the axis of beam.

Dynamic analysis of structures consists in determining internal forces and displacements from
dynamic loads, or in testing the system for resonance with a recurrent load of certain frequency. The
dynamics of structures is a lot more complicated than the statics of structures, and lags behind the
latter in the development and improvement of applied calculation techniques. This is exemplified in
numerical calculation applications for desktop software.

The report dwells on flexural vibrations of an elastic beam, the axial line of which in natural state
is a plane curve and after loading remains plane. We made the following assumptions: all the cross-
sections of beam remain plane and perpendicular to the longitudinal axis during deformation, the
length of longitudinal axis is changing, the temperature field is stationary and nonhomogeneous. The
thermoelastic curve for a beam is represented mathematically as functions of beam length and time:
v=v(l,t),w=w(l,t),0 =0(l,t), where v,w and @ are respectively the vertical displacement,

horizontal displacement and slope angle. To obtain these functions we have nonlinear differential
equations, which contains the change in length of longitudinal axis.
The differential equations of motion for force factors take the form:
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where p - the material density; A - the cross-section area; v,w - the displacements in the direction
of the axes Yy, z, respectively; If- the physical moment of inertia of the element of unit length beam.
For the principal axes of the section 1) = pl , | - is a geometric moment of inertia of the cross
section, M - is a bending moment, R, H - the components of the internal force vector, q,,q, - the

components of the vector of distributed external forces, and , m - the intensity of the external bending
moment.
The differential equations for kinematic factors:
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where: &,- deformation of thermoelastic line, |, - arc length of undeformed thermoelastic line, «, -

characterizes variation of curvature.
The values ¢,and «, are determined by the formulas:
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where: A" :IEdA - the generalized area,; I: :J.yZEdA - the generalized moment of inertia;

E = E(T) - elastic modulus of material; T =T (Yy) - temperature, &' - temperature strain.
Normal force N in the cross-section equals: N = H cos@+ Rsing.

From the computational point of view, a problem on eigenvalues is very similar to the
boundary problems, for which we use the shooting method. The difference lies in the adjustment not
only by the missing left boundary conditions, but also by the target eigenvalues. To solve the
problems on eigenvalues there is used a mathematical editor Mathcad.
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NPOBJIEMA NMYAHKAPE U KNACCU®UKALINA ACUMNTOTUK PELLEHUA NUHENHbIX
OUOOEPEHLUMATNBHBIX YPABHEHUA C FONTIOMOP®HbLIMU KO3®®ULIMEHTAMU B
OKPECTHOCTAX UPPEINYNAPHbLIX OCOBbIX TOYEK.

M.B. KopoBuHa?

MrY um. M.JlomoHocoea, P®

Mpobnema npeactaBneHNs acUMNTOTUMKA  PELLUEHUS  ypaBHEHWS C  FOSIOMOPMHbLIMM
KoadpbmumeHTamMmmn B OKPECTHOCTU MpperynsapHon ocobon Toukn Bnepsble Gbina copmynupoBaHa
A. MNyaHkape B pabotax [1], [2]. B aTux paboTtax paccmaTpuBaloTCsa ypaBHEHMA HedyKcoBa Tuna m
BrepBble ObINO MNOKa3aHO, YTO pelleHMe YpaBHEHWS C rONOMOPMHLIMK KO3PUUMEHTaMN B
OKPECTHOCTM UPPErynspHOM OCOBON TOYKM B HEKOTOPbIX Cryvyasx  MOXeT pasnaratbCs B
acumnToTnyeckuin psa. Npobnema lNMyaHkape COCTOUT B TOM, YTOObI HANTWU BUA aCUMMNTOTUYECKUX
pasnoXxeHun  Ons NPou3BOSIbHBIX IMHENHLIX YPaBHEHMI C rOSIOMOPdHBLIMU KO3dhdmuneHTamn. B
3TOM pgaHHoM paboTe npuBOOMTCA Knaccudumkaumsi 0ocobbiX TOYEK M paccMmaTpuBaroTcs
COOTBETCTBYIOLLNE UM aCUMMNTOTUYECKME PA3MIOKEHUS..

A MMeHHO paccmaTpuBaloTcsi 0ObIKHOBEHHbIE AnddepeHLMarnbHble ypaBHEHUS

bn(r)(;)”u(r)mn_l(r)(;j"1u(r)+...+bi(r)(;]'u(r)+...+bo(r)u(r):o, W

3gecb b, (r) SABMAATCS roOfIOMOPMHBLIMU PYHKLMNAMMN.
Ecnu koadhdurumMeHT npu cTapLuen Npon3BogHOM bn(r) obpallaeTtca B HOMb B HEKOTOPOWN TOYKeE,

6e3 orpaHn4YeHuss OBLLHOCTM MOXHO cuuMTaTb, YTO 3Ta Touka I =0, To ypaBHeHue (1), BooGLLE
roBops, MMeeT O0CODEHHOCTb B Hyrne. B 3ToM cnyyae HOMb MOXET OblTb perynspHon wnu
npperynsapHomn ocobon Toukon. YpasHeHue (1) moxeT ObiTb CBEAEHO K ypaBHEHMIO BUAA

Hu=H [r,—rk+l ;)u =0, 2)
r

roe H — andbdepeHumanbHbii onepaTop ¢ rorioMopdHbIMU Ko duuneHTamm
H(r.p)=2 bi(r)p".
i=0

3pecb bi’(r)- COOTBETCTBYIOLLUNE rONOMOpdHbIE (PyHKUMN.3aecb K uenoe HeoTpuuaTenbHoe

yucno. OuyeBMAHO, YTO 3Ha4YeHWe k onpenensieTcsl HeOAHO3Ha4yHO. MOXHO HalUTM MUHUMarbHoe
3HayeHne k . B 3aBUCUMOCTU OT MUHMMArbHOMO 3Ha4YeHusi K MOXHO pa3buTb ypaBHEHWUsSI Ha Tpu
TMNa, KaXaoMy U3 KOTOPbIX COOTBETCTBYET CBOW TUM acMMnToTUK. K nepBomy Tumy OTHecem Te
ypaBHeHusi, aAns koTopbix k=-1. B 3TOM crny4ae Mbl UMeeM HeBbIPOXAeHHbIe AnddepeHumanbHble
ypaBHEHUsS He umelowme ocobeHHocT B Hyne. B cnyyae k=0 ypaBHeHUsI SBNSOTCS
BbIpOXAEHHbIMU. Mbl MMeeM ypaBHeHue dykcoBa Tuna. Ocobasi Touka SBMNsieTCs perynsipHou,

k=0 —perynsipHasi ocobasi To4Yka, aCMMNTOTMKA PELLEHUs ABNSETCS KOHOPMabHOMN.

k e N- wupperynsipHble 0cob6eHHOCTU. DTV ypaBHEHMS1 Ha3bIBAOTCSH YpaBHEHUAMU HedyKcoBa
™Mna. MNpyMepom acuMNTOTMK HEeYKCOBA TuMNa SBMSIOTCA acCUMNTOTMKM BUAa

n ) _ i, »
> exp(pk’+k21 ak':' )r"ijﬁr' 3)
j=1 r i=1 r i=0

HedyKCOBbI aCUMNTOTMKN BMAa (3) COOTBETCTBYIOT Cry4ato, Koraa MHOrovneH

2M.V.Korovina
Lomonosov Moscow State University, Moscow, Russian Federation,



H(0, p) umeeT Tonbko mpocTble kopHu. 3aeck yepes Y b'r' oBosHaueH acuMMTOTMYECKMiA
i=0

pag, P;, j=1...,N-KOpHM MHOrouneHa Oljkfi,O'j -HeKoTopble Yncna

Ecnn MHorouneH H(O, p) MMeeT KpaTHble KOpHWU, 1 K =1 TO acMMNTOTUKA B OKPECTHOCTM
MPPEryNAPHOA TOYKM P; COOTBETCTBYIOWEN KpaTHOMy KopHio, 6yaeT npeactasuma B BuAe
CYMMbl KOHOPMarbHOW aCUMMTOTMKA MU aCUMMNTOTMYCKOrO pasfoXeHus Buaa

Zexp Py Z Zb‘ )

r

Mpvmepom Takow 0cobor TOUKKN ABNSETCA 6eCKOHe'~IHO yAaneHHasi Todka Ans ypaBHeHuUs

((i(jnu(x)Jr anl(x)((i(j _lu(x)+...+ a (x)(jle u(x)+...4, (xu(x)=0, (5)

30ecb koahdUUMEHTBI @, (X) perynsipHol Ha GECKOHEeYHOCTM, 3TO O3Ha4yaeT, YTO CyLlecTByeT

Takad BHELIHOCTb Kpyra \x\>a, 4YTO (PyHKUUK ai(x),i:O,l,...,n—l pasnaralTca B Hen B
b 1

cxogsdwmneca creneHHble psabl ai(x)zzﬁ.. YpaBHeHne (5) nytem 3ameHbl X = —
i X r
j=0

npuBoanTCs K ypaBHeHuto (2) npy k =1. A 3HauuT npegctaBnsieT cobo cymmy acMMnTOTUKM
(4) v kOHOpManbHOM acMMNTOTUKW.BnepBble 3Ta 3agava paccmartpuBanach B pabote Toma.

Ecrm k>1 n p; KkopeHb MHorouneHa H(O, p) ABMSIETCA KpaTHbIM, TO acUMNTOTUKA peLleHus]
MoxeT ObITb NpeacTaBuma B BUae KOHOpMaﬂbHOVI ACUMMTOTMKM U aCUMMNTOTUYECKOIO PasroXeHus

z exp & km—v UJZA‘rm (6)
r

i

TMMNOTE3A. AcMMNTOTMKM pelleHus ypaBHeHus (1) npeactaBMma B Buae CyMMbl HedyKcoBOWM
acMMnToTuKM (6) N KOHOpMaNbHOM aCUMNTOTUKM .
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Homogenization of Semi-linear Elliptic and Parabolic Operators in
Perforated Domains.
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A second order semi linear elliptic (parabolic) equation whose lower term has power-like growth at
infinity with respect to the unknown function is considered. It is proved that a sequence of solutions
in the perforated domains (cylinders) converges to a solution in the non-perforated domain (cylinder)
as the diameters of the rejected balls (in parabolic metric) converge to zero with a rate depending on
the power exponent of the lower term.
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Some Biharmonic Problems and their Application in Technology and
Medicine
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In the present paper we study some properties of solutions of biharmonic problems. Namely, we
study the Steklov and Steklov-type boundary value problems for the biharmonic equation. For
solving these biharmonic problems with application in technology and medicine, we need to solve
the Dirichlet, Neumann and Robin boundary value problems for the Poisson equation using the
scattering model.

In order to select suitable solutions, we solve the Poisson equation with the corresponding boundary
conditions Dirichlet, Neumann or Robin, that is, some criterion function is minimized in the Sobolev
norms. Under appropriate smoothness assumptions, these problems may be reformulated as
boundary value problems for the biharmonic equation.

Keywords: Biharmonic operator, Steklov and Steklov-type boundary value problems, scattering
model, variational methods.
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The Problem of Eigenvalues of Material Properties Tensor Objects
and Velocities of Wave Propagation in the Structures
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The problems of eigenvalues of the tensor and the tensor-block matrix of any even rank are
considered. A complete orthonormal system of eigentensors for a symmetric tensor of any even
rank, as well as a complete orthonormal system of eigentensor-columns for an symmetric tensor-
block matrix of any even rank are constructed in an explicit form. It is represented the elastic energy
of deformation and the constitutive relations using the introduced tensor columns and tensor-block
matrix. The canonical representations of the tensor-block matrix, the specific strain energy and the
constitutive relations are given. The symbols of structure of tensor and tensor-block matrix are
introduced. A classification of some anisotropic materials is given. Using the canonical
representations of tensors (tensor-block matrix), it is obtained dispersion equations and expressions
for dispersion tensors. Formulas for velocity of the waves for some materials through the
eigenvalues of the material tensors (tensor-block matrix) are also obtained.

Keywords: tensor-block matrix, problem of eigenvalues of the tensor-block matrix, tensor column,
complete orthonormal system of eigentensor-columns, symbols of structure of tensor-block matrix,
dispersion tensor
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On variational principles in the theories of five-layer thin bodies
when applying orthogonal polynomials
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Based on the formulated three-dimensional variational principles of Lagrange, Castigliano and
Reissner type for the theory of multilayer thin bodies, the corresponding variational principles are
derived for the theories of five-layer thin bodies at moments with respect to systems of orthogonal
polynomials under various interlayer contact conditions. As special cases, classical and micropolar
thin and shallow and prismatic thin bodies, as well as the bodies of revolution, are considered. In
particular, cylindrical, conical and spherical thin bodies are considered. Based on the principles of
Lagrange and Castigliano, finite elements are created.

Keywords: micropolar theory, micropolar prismatic thin body, micropolar cylindrical thin body,
revolution body
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Variational principles in theories of thin bodies when applied
the orthogonal polynomial method
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The variational principles of Lagrange and Castigliano, as well as generalized variational principles
of the Reissner type in the framework of three-dimensional micropolar theory are formulated and
proved. The original forms of writing are given for the compatibility of deformation with respect to
strain and bending-shearing tensors, as well as with respect to stress and couple stress tensors
(analogs to the Beltrami-Mitchell equations). Moreover, the equations for stress and couple stress
tensors are represented by both asymmetric differential operators and symmetric ones. From them,
as a special case, the Beltrami-Michell equations by both asymmetric and symmetric differential
operators are obtained. New formulation of the boundary value problem with respect to stress and
couple stress tensors are given, from which a new formulation of B.E. Pobedria of the classical
stress problem is obtained as a special case. From the above three-dimensional principles, the
corresponding variational principles for the theory of thin bodies are derived. Of the last, in turn, the
corresponding variational principles for the theory of thin bodies in moments with respect to systems
of orthogonal polynomials are derived. Moreover, for the micropolar theory of multilayer thin bodies,
both in full contact and in the presence of zones of weakened adhesion, generalized variational
principles of the Reissner type are obtained, since the principles of Lagrange and Castigliano are
easily derived from them. The theorems on the minimum of the stationary point of the Lagrangian
and the maximum of the stationary point of the Castiglianian, as well as the uniqueness theorem for
the generalized solution of boundary value problems, are proved. In addition, variational principles
for some gradient theories of thin bodies are considered.

Keywords: orthogonal polynomials, variational principle, stress tensor, couple stress tensor,
micropolar theory, multilayer thin bodies, new formulation of the boundary value problem
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O maremaTuyeckom MoaennpoBaHmMm npuaMmatTnv4eCckmnx tesn c
npuMmeHeHnem Metoda opToroHanbHbIX nonuHomos?

M.Y. Huka6apse?, A.P. YnyxaHsiH?, H.B. Mapganenwsunu?
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Ha ocHoBaHMM pacllenneHHbIX YpaBHEHUW KNacCMYECKOM W  MUKPOMOMSAPHOM Teopun
yNpyroctu BbiBeAEHbI COOTBETCTBYIOLLME pacCLLEnfeHHbIe YpaBHEHUSI CTAaTUYECKON 3ajayn Teopuin
nNpu3MaTUYECKUX Ten NOCTOAHHOW TOMLUHBI B MEepeEMELLEHNSAX U BpaLleHusx. I3 nocrneaHnx cuctem
YypaBHEHWI B CBOK ovepefb BbiBeAEHbl YPaBHEHNS B MOMEHTaX HEN3BECTHbIX BEKTOPHbIX (OYHKLMI
OTHOCUTENbBbHO MOBbIX CUCTEM OPTOroHanbHbIX MOAMHOMOB. [lofnyyYeHbl CUCTEMbI YpaBHEHWN
pasnnyHbIX NpUGNMXKEHW (C HyNeBoro No BOCbMOrO Mopsifka) B MOMEHTaX OTHOCUTESIbHO CUCTEM
NONMHOMOB Jlexxangpa. Mpw 3TOM aTn ypaBHEHWS BblBEAEHbI
Kak 6e3 yyeTa rpaHW4HbIX YCNOBMMA Ha NULEBbLIX MOBEPXHOCTSX, TaK U C YY4ETOM 3TUX YCIOBUN.
HaunHaa c nepBoro npubnmxeHusi, CUCTEMbl YpaBHEHMI pacnagarTcs Ha aBe cuctembl. OpHa
N3 HUX — CUCTEMA OTHOCUTENTbHO MOMEHTOB YETHbIX NOPSAKOB HEM3BECTHON BEKTOPHOM OyHKLUUK, a
apyras OTHOCUTENBbHO MOMEHTOB HEYETHbLIX MOPSAKOB TOM Xe oyHKUMA. Ha ocHoBaHUM HangeHHOro
onepartopa anrebpavyecknx [OMOSHEHMW K onepatopy mbon M3 3TUX CUCTEM ANS KaKaoro
MOMEHTA HEW3BECTHOM BEKTOPHOM (PYHKUMKM nonyvaeTca YypaBHEHME JNNUNTUYECKOro Tuna
BbICOKOrO Mopsifka, XapaKTepucTMYecKMe KOPHW KOTOPOro nerko Haxogdarcd. Mcnonb3ys meton
M.H.Bekya Ona peleHus Taknx YpaBHEHUW, MOXHO MOMy4YuTb WX aHanuTu4eckoe peLueHue.
PaclwenneHHble ypaBHEHWA B MOMEHTax BEKTOPOB MNEpPEMELLEHNA U BpalleHUA OTHOCUTENBHO
CMCTEMbl NONMHOMOB JlexxaHapa nonyyeHbl U AN MUKPOMNONSIPHON TEOPUM NPU3MaTUHECKUX TOHKUX
Ten C ABYMS ManbiMW pasmepamn, MMELMX MNOMepeyHoe cevyeHne B Buae npAMOYrofibHuKa.
AHanormyHble ypaBHEHUSA NonyvyeHbl U NS peayuupoBaHHOW cpedbl, coAaepKalliue ypaBHeEHue
Knaccudeckon cpefbl. BbiBegeHbl pacliennieHHble CUCTEMbl YPaBHEHUI CTaTUYECKOW 3adaym
MUKPOMOSAPHOA  TEOPUU  MHOFOCMOMHbBIX NPU3MATUYECKMX Ten MNOCTOAHHOM  TOSMWWHbI B
nepemMeLLeHnsaX 1 BpaeHnax 1 B MOMEHTaX BEKTOPOB NepeMeLLEHNI 1 BpaLLEeHUI, U3 KOTOPbIX, Kak
YaCTHbIN CcrnyyYyan, NOoMy4alwTCs aHanormyHble CUCTEMbl YPaBHEHUW KMACCUYECKONW TEOopUMW.
MonyyeHbl pacliensieHHble CUCTEMbI YPaBHEHMI BOCBMOIO MPUOBMMKEHUA MUKPOMONSPHOW Teopun
MHOTFOCITOMHbIX NPU3MaTUYECKMX TEN NOCTOSHHON TOMNLWMHBI B MOMEHTaX BEKTOPOB NepeMeLLEHN 1
BpalleHun. [ns 9TOM cUCTEMbl, a Takke ANA CUCTEMbl YpPaBHEHWA peayuupoBaHHOW cpenbl
aHanorMyHo OAHOCHOMHOMY MpuamMaTudeckomy Teny, ucnonb3ya meton W.H.Bekya, MOXHO
BbliNUCaTb aHanuUTM4ecKoe pelweHne. PaccMoTpeHbl 3agayn O LWWNMHAPUYECKOM M3rnbe nnacTuHbI
OeCcKOHEeYHON [ANMHbI B HanpasNeHUW npoAoSibHOM Ocu. Ha oOCHOBE MOMyYEeHHbIX CUCTEM
AanpdepeHunanbHbIX YpaBHEHUA C HyNeBOro Mo MSATOro nNpubnukeHWn npoBefeHO YUCIIEHHOe
MOZEeNUpoBaHMe  Hanps>keHHO-0edPOPMUPOBAHHOIO  COCTOAHUSA  MAacTUHbl  C  MOMOLLBIO

* On mathematical modeling of prismatic bodies using the method of orthogonal
polynomials.
IMikhail Nikabadze, 2Armine Ulukhanyan, Nodar Mardaleishvili®

'Lomonosov Moscow State University, Moscow, Russian Federation
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cocTtaBrieHHon nporpammbl B MAPLE. C nomMoLblo KOppeKkTUpyoLLero cnaraemoro yaoBneTBOpPEHbl
rPaHWYHbIE YCMOBUS Ha IMUEBbIX MOBEPXHOCTSAX. Kpome TOro, npuBedeHbl pelleHus 3agad
pasnuyHbIX NPUBNMXKEHUN O TOHKOM Terne ¢ ABYMSA ManbiMu pasmepaMy U NPSMOYrofibHOM TOHKOM
nnockon obnactu (nomockl), a Takke O ABYXCMOMHOM ABYMEpPHOM obnactu ¢ 3alieMieHHbIMU
KpasMu npu pasnuuyHbIX Harpyskax.

KnioueBble crnoBa: MUKPOMNoOnsipHas Teopusi, NONuMHOMbI JlexxaHapa, onepaTtop anrebpanyeckux
OOMOSIHEHUN, MHOrocrnomHble npuamaTtuyeckue Tena, Metog W.H.Bekya, pacwienneHHble
ypaBHEHWs1, peayumpoBaHHas cpeaa

PaboTta BbinonHeHa Npwu NOAAEpPKKE rpaHTa COBMECTHbIX MCCRefoBaHWA C COOTeYEeCTBEHHMKaMM
HauMoHarnbHoro Hay4yHoro ooHaa um. LLoTta PyctaBsenu Ne DI-2016-41.
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On the almost everywhere convergence of multiple Fourier series for
square summable functions.

Ushangi Goginava®! and Giorgi Oniani?

1]. Javakhishvili Thilisi State University, Thilisi, Georgia
2 Akaki Tsereteli State University, Kutaisi, Georgia

It is proved that if for each one-dimensional orthonormal system @, .--,®, partial

sums (lacunary partial sums) of Fourier series of every square summable function converge
almost everywhere then the product system @, ---,®, also possesses similar property for

a quite general type partial sums.



BIUAHUE TOJLWLNHbI OBPA3LIOB, OBPABOTAHHbBIX MO TEXHONIOIMU NNA3EPHO-
YOAPHO-BOJIHOBOU OBPABOTKWU, HA UX YCTAINNOCTHYIO AONMOBEYHOCTb °

I.)X. Caxsapse?, K. Lixakan?, I.. Caxsaase'?®

*Mremumym mawuHosedeHusi um. A.A.BnazoHpasosa PAH, Mockea, Poccusi
’[ocydapcmeeHHbil yHusepcumem um. Ak. Llepemenu, Kymaucu, Mpy3us

3Mockosckuti 20cydapcmeeHHnbiti yHusepcumem um. M.B. JlomoHocosa, Mockea, Poccust

B paboTte npoBeneHo wuccrnegoBaHWe BMVSIHUA TEXHOMNOMMM Ja3epHO-y4apHO-BOTHOBON
obpabotkn (JTYBO) o6pasuoB wun3 Hepxkasetowen crtanm 03X22H6M2 Ha ux ycCTanocTHyto
AONrOBEYHOCTb MyTEM KOHEYHOINEMEHTHOro moaenuposaHusa (KOM). M3BecTHble B nuteparype
3KCnepuMeHTarnbHble [aHHble 00 yCTanoCTHOM [ONTOBEYHOCTU CPaBHWUBAKOTCA C AaHHbIMK OT
KOHEYHO3MIEMEHTHOTO  MogenupoBaHus. Habniopgaetcs npuemnemMasi  Koppensums — Mexay
YUCMNEHHBIMM W 3KCMEPUMEHTANbHLIMU AaHHbIMK. [loka3aHO, YTO C YMEHbLUEHMEM TOJLLMHbI
obpasua 3HauMTENbHO YBENUYMBAETCS YCTANOCTHAsA AONTOBEYHOCTL, 0OYCNOBNEHHAsA NPUMEHEHNEM
TexHonorum JTYBO.

KnioueBble crnoBa: nasepHo-ygapHo-BonHoBasi obpaboTka, ycTanocTHasi OOnroBeYHOCTb,
OCTaTOYHbIE HaNPSPKEHWS, KOHEYHOINEMEHTHOE MOAENNPOBaHNE

Llenbto paHHoW paboTbl SBNSETCS WUCCNedoBaHWE BRAVSHUA ToOnNwuHbl obpasua Ha
yCTanoctHoe noeegeHne o6pa3uoB w3 HepxaBetowen cranm 03X22H6M2, noaBeprHyTbiX
TexHonorun J1YBO. T[pouegypa KOM coctout u3 gByx waroB. CHadana ocyulecTensiercs
mogenupoBaHme TexHonorn JIYBO Ha ofpas3uax C BbIpe30OM B KOHEYHOSINEMEHTHOM MNakeTe
ABAQUS/Explicit n onpegensatoTcs nonsa octaTovHbIX HanpsbkeHui [1-2]. 3atem npoBoaUTCA aHanua
YCTanoCTHOW [ONroBeYHOCTU B KOHEYHo3aniemMeHTHoM nakete FE-SAFE ¢ wucnonb3oBaHnem
MHOFOOCHbIX KpuTepmeB ycTtanocTtu [3]. Nons ocTaToYHbIX HaNPSKEHWN, MOSYyYEeHHbIX Ha NepBOM
Lware MOAEeNUPOBaHNA, UCMOMb3YIOTCA B Ka4eCTBE BXOAHbLIX AaHHbLIX HA BTOPOM Lwware. NonyyeHHble
AaHHblE CPaBHMBAKOTCHA C U3BECTHBIMU B NUTEpaType 3KCNepuMeHTarnbHbIMU pesyrbTaTaMu.

C uenblo npoBeOeHMs cpaBHUTENbHOrO aHanu3a B KOM 6bin uccnegoBaH marepwvan,
KOTOpbi uUcnomnb3oBancs B akcnepumeHTax [4]: HepxaBewwas crtanb 03X22H6M2. Ee
MEXaHW4YeCcKNe XapakTepUCTMKU Takue: npegen TekydecTu npu pactsbkeHum - 520 MMMa, npepen
npoyHocTu - 710 MINa, moayne ynpyroctu - 190 Mla.

PesynbraTbl pac4yeTHOM YCTarioCTHOM [OMroOBEYHOCTM B BUAE KNACCUYECKOW KPUBOW
ycTanoctm (B KOOpAMHaTax MaKCUManbHOE MNPUIIOKEHHOE HanpsXKeHWe-4ucno LWKNoB Ao
paspyLleHusi, TH. kpueas 0-N) ana obpasa ¢ TonwuHom 4 MM nokasaHbl Ha puc. 1. BugHo, 4to npu

Omax = 287,5 Mla, uicno uuknos Ao paspyweHus B obpasuax 6e3 npumeHeHusa J1YBO
coctaenano 460 600, nocne JTYBO — 2 228 500 uuknos, T.e. yBennyeHMe COCTaBMsET MPUMEPHO
297%. Mpun O3 = 275 MIa atn umndppsl coctasnstoT go JIYBO 836,700 umknos, nocne J1IYBO — 4
200 000 umknoB (aTa Tovka 0BO3Ha4YeHa CTpenkow Ha puc. 1), COOTBETCTBEHHO. B atoMm cnyvae
adhpekT oT npumeHeHus TexHonorun JTIYBO coctaenser okono 402%. OTcioga cnefyet, 4to npu
YMEHbLLEHUN MaKCUMarbHbIX NMPUMOKEHHbIX HanpskeHun (0,4« ), YCTAnocTHas AOMroBEeYHOCTb

3HauMTENbHO YyBenuuuBaeTca Ha obpasuax, obpaboTtaHHbix Mo TexHonornn JIYBO. Kak Bugum,
Habnogaetca npuemnemoe coBnageHne C 3KCrneprMMeHTanbHbIMY pesynstataMu, B3aTbiX U3 [4].

5 The Thickness Effect of the Specimens Processed on the Basis of Laser-Shock-Wave Treatment
Technology on their Fatigue Endurance Life.

G. Sakhvadzel, K.Tskhakaia?, G.Sakhvadze?!?

IMechanical Engineering Research Institute of the Russian Academy of Sciences, Russian Federation
2Akaki Tsereteli State University, Georgia
3Lomonosov Moscow State University, Moscow, Russian Federation
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Puc. 1. PacyeTHaa ycTtanocTtHas gornroBe4HocTb A0 (1) u nocrne npumeHenus JTIYBO (2) ans
obpasa ¢ TonwmHom 4 MM. JKCNepuMeHTarnbHble pesynbraTthl, B3aTue U3 [4] N cnyyas O,y =
287,5 Mla, nokasaHbl kKpecTukamm

BbiBoabl. ViccneqoBaHo BnusiHWE TonwmnHbl obpasya Ha ycTtanocTHoe nosefeHne obpasuos
n3 Hepxasetwwen crtann 03X22H6M2, noaBeprHyTbiXx na3epHO-y4apHO-BOIHOBOW 00paboTke
(JTYBO). TllokasaHo, 4to nocne npumeHenunsa JIYBO ans ToHkux ob6pasuoB (TOMWMHOM 2 MM),
yCTanocTHasi [AOMnroBe4yHOCTb Obina yeenuyeHa 6Gonee u4em Ha 300%. [loaTtBepxaeHa
3aKOHOMEPHOCTb, YTO 4YeM TOoHblle obpaseu, Tem Oonbwe adpdekt ot JIYBO B npobneme
npoasieHns yCTanocTHOro pecypca.

YnydleHne yCTanoCTHbIX XapakTepuctuk matepuanoB npu JIYBO saBndetca pesynbTaTtoM
CvHepreTnyeckoro adppekta MNOBEPXHOCTHOrO YMNPOYHEHUs (MOBbLIWEHUA MUKPOTBEPAOCTUN) U
CO3[aHusA NONe3HbIX CKMMAaKLNX oCcTaToYHbIX HanpskeHu (COH) B npunoBepxHOCTHOM 0bnacTu.
[MoBEPXHOCTHOE YMPOYHEHUE YMEHbLUaeT CKOPOCTb 3apoxaeHus TpewmHbl, a COH ymeHblwatoT
CKOPOCTb PacnpoCTpPaHEHUs yxKe CYLLLECTBYHOLLNX TPELLMH.

Pabota BbinonHeHa npu duHaHcoBoW nopgaepxke MwuHoGpHaykm Poccum, npoekT
RFMEFI60717X0191.
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Higher order homogenization of highly contrasted elastic

materials
Lukas Jakabcin and Pierre Seppecher
IMATH, Université de Toulon

Abstract

Highly contrasted periodic heterogeneous elastic materials are known to pre-
sent sometimes an anomalous effective behavior. In particular their homog-
enized energy may contain terms involving higher order derivatives of the
displacement field u. Up to now, computing these higher order terms remain
an open problem. A formula for higher order homogenization, valid only
for weakly contrasted materials, was proposed by Smyshlyaev and Chered-
nichenko [3] : terms involving the second gradient of the displacement (or
equivalently the gradient of the linearized strain field e(u)) arise as an asymp-
totically small correction to the standard homogenization formula. In addi-
tion to the standard elastic stiffness tensor A"™ the limit energy is repre-
sented by a symmetric bi-linear form D"™ over right-symmetric third-order
tensors and possibly a coupling bi-linear form C"™ in such a way that the
limit energy E'™(u) reads

/Q (e(u) (AP e(u)) +e(u) - (CM™iVe(u))+Ve(u) i (D™ Ve(u))> dx.

It is tempting to try to apply the formula proposed in [3] also to highly
contrasted materials. In this study we check its validity through analytical
and numerical simulation by applying it to the structures which are known in
the literature to lead asymptotically to second-gradient effective materials.

Firstly, we consider the case of a layered material. We obtain an energy
still depending on €. So we compute its [-limit as € tends to zero and we
show that the result coincides with the theoretical second-gradient effective
energy given by Briane-Camar-Edine [2] .

Then we study the case of a regular square grid with different ways of
placing diagonals inside the squares. We compute numerically the effective
stiffness tensors following the procedure of [3] for ¢ as small as possible and
we compare them to the ones predicted by the theorem stated in [I]. In the
cases where respectively Cauchy material and second-gradient material are



expected, the results are concluding. In the last case, see Figure [I, where
the theoretical result predicts a non-local Cosserat model the procedure of
[3] is unable to give the right result (see Figure [2)). It gives a fundamentally
different second gradient model.

LI e PP g
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Figure 1: A square grid with isolated diagonal rods

Modelisation of case-3-structure

* global simulation
121 — Cauchy

—— Second gradient
—— Cossera t

vertical displacement

Figure 2: Vertical displacement of Cosserat model and comparison with the
best Cauchy and second-gradient models.
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Brief Description of Scientific Achievements.

Tamaz S. Vashakmadze

Javakhishvili Thilisi State University,Vekua Institute of Applied Mathematics,

Direction I:  Creation of mathematical theory of elastic thin-walled structures (TWS).

Direction II. Creation of optimal methods of investigation and computation of some classes of initial
and boundary value problems (BVP) of ordinary differential equations (ODES).

Direction Ill. On the uniform systems of governing equations of Continuum Mechanics and some
generalizations.

Here we observed the directions | and lll as this Workshop is dedicated to problems of
continuum mechanics.

Direction |. With respect to Pr.1, 2 main results look as:

1.1. The method of construction of refined theories and new analogous models (without SH with
arbitrary control parameters and having continuum capacity) were elaborated. The exact analytical
expressions were found for corresponding remainder vector. Using those expressions and by
applying new technology for error transition the unimprovable estimates were obtained, which
represents the fact of negative invention. The principal aspects of those estimates are the same with
Chladny’s experiments for vibrating plates. Many principal authors in this field (including Euler,
Bernulli, Germen, Navier, Kirchhoff, Love, Filon, Poincare, von Karman, Timoshenko, Reissner,
Henky, Mindlin, Goldenveiser, Landau, Donnel, Vorovich, Vekua, Koiter, Naghdy, Ambartsumian,
Vashicu, Lucasievich, Antman, Ball, Ciarlet, Destuynder,...)assumed that their theories gave an
approximation (in physical, geometrical, asymptotical or other meanings ) to initial 3D BVP for TWS
of theory of elasticity, but we proved that for each one from finite theories the transition error is
bounded from below. We can cite here Edgar Allan Poe’s words:”And yet, for centuries, no man, in
verse, has ever done, or ever seemed to think of doing, an original thing.The fact is that originality
(unless in minds of very unusual force) is by no means a matter, as some suppose, of impulse or
intuition ....A positive merit of the highest class demands in its attainment less of invention than
negation” (The Philosophy of Composition,1846).

1.2. Based on works [, the method of constructing the anisotropic inhomogeneous 2D nonlinear
models of von Karman-Mindlin-Reissner (KMR) type for binary mixture of porous, piezo-magneto—
electric and electrically conductive and viscous elastic TWS with variable thickness is given. In
particular ,theTruesdell Problem (formulated in 1978) with respect to “Physical Soundness” of von
Karman system was solved. Against the Ciarlet elaborations [Ph. Ciarlet, Mathematical Elasticity,
vol. Il, Theory of Plates,Elsevier,Ch.5,] the corresponding variables are the quantities with physical
meaning such as the averaged components of the displacement vector, bending and twisting
moments, shearing forces, rotation of normals, surface efforts. From KMR (by choosing the
parameter with some additional physical assumptions) the von Karman system as one of possible
models is obtained. The given method differs from the classical ones by the fact, that according to
classical method one of the equations of von Karman system represents the Saint-Venant-Beltrami
compatibility condition( remarked by Podio-Guidugli too). For isotropic and generalized transversal
elastic plates in linear case KMR have the unified representation as the systems of Cauchy-
Riemann DEs in terms of planar expansion and rotation. For dynamical case (along the values
describing the vertical directions and Rayleigh-Lamb surface wave processes) the quantity

A(’?nCD (dD denotes Airy stress function) appears too.

1.3. Given are generalized Hellinger-Reissner variational principle and method of constructing MR-
Filon type refined theories for nonhomogeneous plates with variable thickness without assumptions
of geometrical or physical characters, some well-known paradoxes of classical refined theories are



explained, a member, characterizing new edge effects and different for well-known classical layer
one is discovered. This correction is situated in bounds of KMR models.

2.1.Considered are Vekua type processes when on surfaces of plates the linear form of
stress tensor and displacement vector are given.

For justification of Kantorovich-Vekua type projective methods: i) the problem of basis property
of Jacobi polynomials is studied, ii) for remainder members of Fourier-Legendre series synchronous
exact estimates with respect toa thickness h and N-number of approximation are given.

For BVP of Vekua type systems DEs: i) for any N < « there are truly Korn’s type
inequalities, ii) for the transition error in Sobolev’s space of functions exact estimates with respect to
h and N are obtained and the convergence of corresponding processes is proved, iii)there are
constructing factorized schemes( Rutishauseror Gauss types) by means of which an approximate
solution for any N< « can be found,

2.2. New regular processes of approximate solution of 3Dim linear initial BVP is developed
.The model is constructed on the basis of refined representations which have been already set in 1.1
and finite linear broken element method is created. The system, corresponding to this model, is
reduced to the inversion to the operator of comparatively simple structure m-times, where m denotes
the number of pseudo-layers and defines the exactness of approximation of the initial problem by
two-dimensional one. The full split factorized scheme of the solution assumes complete
parallelizability of the algorithm. The estimate of transition error and the convergence of
corresponding processes follow immediately by using methods of functional analysis, in particular,
methods of energetic inequalities and Lax-Milgram-Babushka technology.

Direction lII.
D.lIIl.1.The uniform systems of governing equations of Continuum Mechanics

1. Within of Newtonian and Truesdell-Noll axiomatic, we created a uniform dynamic system of
pseudo-differential equations which is 3D with respect to spatial coordinates, contains as a
particular case Navier-Stokes, Euler equations, systems of PDEs of Solid Mechanics( if on
continuum media electro-magnetic fields act) Maxwell’'s dynamical systems, the mass and
principle of energy conservations, Saint-Venant-Beltrami (continuity equations) conditions. Such
unique representation of this system allows us to prove that the nonlinear phenomena observed in
problems of solid mechanics can also be detected in Navier-Stokes type equations, and vice
versa. We describe this part in more details. The basic system of PDE has the following form:

DZu
Dt
where p is a density, pis pressure,v=(v,,v,,v,)" is vector of velocities, f are known volume

p——=f —(1-T)Vp+V[{1+Vu)z], (1)

forces,D/Dt is total or convective derivative, 7 is stress tensor,u=(u,,u,,u,)" denotes
displacement vector,

oulot=v,v=(8,,0,,0.) =grad, = .
(0,,0,:0:) =9 Dt? |Dv/Dt,T'=0

Newton’s type law for viscous flow and Hooke’s generalized law for solid structures may be written
in the form:

r={(l—l“)§+l“} A-e,(0<T<]) (2

For conditions of conservation of mass or equations of continuity Saint-Venant — Beltrami
conditions we have:

[(a-D)ot+T]B[¢]=0 @3)
where
Bo [/0, 5] = atp + V(p‘/) B1[5] = (Bll’ BlZ’ 813’ Bl4’ BlS’ Bl6 )T 4

In the classical case Bll(u):Z(um)2 —2U,,,U;,, corresponds to well-known Monge-Amper

Dlu _{62u/8t2,1“:1

form.

We underline that above elaborations are in conformity with Newton’s second axiom and
different from it in concrete substance. In case if on some continuum media also the electro-
magnetic fields act with PDEs (1)-(3) Vashakmadze used Maxwell’s dynamical system too.



2. The three-dimensional models created by Vashakmadze, contain as a particular case and refined
models of Coleman-Noll (in the direction of elasticity theory), Griffith, Kobayashi, Atluri (in case of
cracks and inclusions), Biot (in case of poroelastic media), Green, Naghdi, Steel (in case of binary
mixtures). For example, in the linear theory by Biot corresponding differential operators with respect
to spatial variables have double degeneration, since symbolic determinants contain as a cofactor a
symbolic minor corresponding to graddivoperator . In the nonlinear theory of Biot the anisotropic
property of the media depends on the ratio of strain and deformation tensors and not on the
character of the media. It must be pointed out, that in the models presented by Vashakmadze these
controversies are overcome. He introduced for each point of the mixture average quantities of
tensors of stresses and strains and displacement vectors. He refined Biot-Hooke’s law. Relevant
systems of DEs have the same form as nonlinear spatial theory of elasticity with positive symbolic
determinant. This form of equilibrium equations proves that the Pascal-Darcy law for poroelastic
media (introduced by Biot) demands more precise definition.
D.lll.2 Some generalizations

1.In the second part of monograph [Vashakmadze 1999,Ch.lll] the stable projective methods
are also presented using the linear form of classical orthogonal polynomials as coordinate systems
and their numerical realizations for a design of 2D BVPs (in bounded and unbounded domains) for
the first part. These efficient and optimal (in some sense) methods increase the possibilities of
classical finite-difference, exponential-fitted, variational-discrete and continuous analogue of
alternating-direction methods. Here[pages 124-127}there are  created the Alternative to
Perturbation Poincare-Lyapunov’s theory convergent method for linear operator equation (L+&M)=f
(with parameter €) , which gives approximate solution by inversion of L n-times and applications
operator eM to known function.

2. For observation and analysis of results of Vashakmadze corresponding to Directions I,IIl we
can recommend the following form of KMR type systems:

(DA? + 20, — 2DE L+ o), A)N:(l_ h?(1+2y)2-v) Aj(g; ~g,)

31-v)

Zh(l—%g[w, o+ h(gm+ - gaya_)— ]:(tfa'a —(1—%A(h2 —tz)j fsjdt
(5)

1-12 E v 2 .\ 1+v
(Az - E pAatt]¢: _E[W’W]"'E(A_Epatt)(gs +0; )+E fa,a
(6)

The second equation of von Karman  system even in dynamical case has the
form: A°p = —0.5E[W, W] while a dynamical part of the first equation has the same form as (5). Such
structure of von Karman classical system gives the possibility to use methods of Harmonic
Analysis. As the new dynamical members are Ad,p and 6tt(g§ - g;)too, the KMR type (5)-(6)

systems describe new nonlinear wave processes and it’s evident that for them it isn’t
possible to apply The Fourier Analysis technique

At last we remind the words of Antman [Nonlinear Problems of Elasticity,Springer,2005,p.699] that:
"See Vashakmadze (1999) for an alternative treatment. This work was the first that gave the von
Karman equations with a rational positions within the general theory of nonlinear elasticity. All
previous derivations of these equations, beginning with von Karman (1910),employed a variety of
ad hoc assumptions about the negligibility of certain terms”. This estimation is true but the
sufficiently incomplete one

I. Problems of Stabiliry. The problems of convergence and stability in Variational-Projective
Methods (VPM) represent the central questions beginning from Riemann. We remind that for
“Justification of Riemann’s Problem” were decijive the works of Weierschtrass and Hilbert. In
problems of development and application of VPM essentially were, as | think, the activities of Ritz,
Courant, Friedrichs, Levy, Kantorowich, Mikhlin, Rectoris and Babuska. The VPRs are of Vekua
methods of constructing 2dim mathematical models for thin-walled elastic structures(TWS) by
Legendre polynomials and Victor Kupradze’'s “Approximate Solution Method by Nonorthogonal



Series” for spatial problems of TE. Of course, the main objective in such problems are the Gram
matrices (Gramian) and their properties. | joke that my grandmother (babuska -in Russian) was died
before my birth but ’'m very happy that | read works and met with lvo Babushka. Now we remind

that by Vekua method 2dim models are constructing when surfaces S” of TWS are free.i.e.forto
2dim models these conditions are natural condition. They satified for limited unknown functions but
such problems are unstable (see book of K.Rectoris).This problem understood by llia Vekua and he
construced such functions which on surfaces vanished but they don’t satify the 2dim models for
each N.We introduced Vekua type models of two kind and for second of them satifies Neuman type

conditions for each N < je. these conditions are main one.
Below for definiteness we consider the linear Refined Theories(RT) in wide sense when
Q, = D(x, y)X (h~,h™) thin-walled elastic structure is isotropic, the boundary conditions on the

S*surfaces have the form aai = g~ (termo-dynamic, anisotropic, piezo-elastic, nonlinear, with

variable coefficients and variable thickness and other generalizing, for example, creation and
justification of nonlinear models of KMR type using a priori spatial nonlinear dynamic models of
visco-elasticity by Sanders, McComb, Schlechte ,but not I.N. Rabotnov, See details in our works,
from 1999 to 2010).

Now we remind the explicit form of RT (see 2,section 2.4:"Variational formulation for refined

theories, generalized Hellinger-Reissner principle”:

2h® [,uAW + (4 + p)graddivw, ]— )(W +V,,) = J'tf dt—h(g, +g, )—mjtamdt
7, Tttt — a-
T2 [av, +w, ]= ! f.dt— (g7 —9;).

From this system follow all refined models by choosing y parameters and Reissner’s theory too, if
y=0.1.

gt = g§ are satisfying only for Reissner’s theory .We remark

that in this case o, , o

= 0. For o, this expression is Hemite two point interpolation formula.

Now, if we will find o, vector in the form [V.., 1999] page 60:

= O D S o P - R ) =050 ),
2h=h"—-h"

the form of all refined models and Filon-Kirchhof type systems of DEs (for Reissner’s averaged
deflection, components of a rotations of normal, shearing forces, bending and twisting moments,
surfaces efforts and averaged horizontal components of vector U ) are invariants and the boundary
conditions are satisfying exactly for all refined models. In addition we remark that:

. 2h? 2
Q,; =h(g, +9,)-2ho;;,M,, :TG a5, T, =2hc 0, It633dt h [93 5 9s —5653)

17 h?(1+2
Wa = EJ;(hz _tz)o-a3dt = %Qoﬂ + r2|:t_([0-a3dt’}/i|
For rz[ ] see (2.16) of [2].

In this point we remind the bacis relations which will be used in point 4. as main expressions for
functioning of schemes considering there (details see [2]).From Generalised Hellinger-Reissner’'s
principle follows general representation of refined theories[2].

We remark that for BVP of any refined theories it is not necessary to investigate the problems of
existence and unigness of classical or general solutions (when on 0D displacements are zero or it



is free) and there are true Korn type inequalities for any N <oco when 1+2y >0 (see details in
chapter 2 of [2], inequalities (6.19) and (6.23)):

U 7 s W R T

©)

FLuu) (ahsa) ¢ gradu

i) @

Variational-projective method applied in [2,ch.3] represents Ritz method ( see p.146 of [2]). For
projective methods, one of the crucial point is the problem of stability. For these coordinate systems,
corresponding Gram type matrix in case of Laplace operator has the same structure with the matrix
corresponding to the finite difference method for 2Dim Laplacian.Same are true for
operators,considering in this article. Thus, this fact opens the new way of possibility for sufficent
large class of BVPs to investigate Gram type functional matices by methods of numerical
mathematics. In our case, Gram matrix is bounded from below by non-negative value when the
order of the matrix tends to infinity. This implies that the process of finding

unknown Coeff|c|ents and approxn‘nate SOIution iS Stable (See[l], Ch3, Section 12.1 )

In this case 2dim model are same with respect to displacement components but different you can
see to relatively of components of normal stress vectors. .f.e. see T.Vashakmadze 1, The Theory
of Elastic Plates. Advances of Mechanics (UspekhiMekhaniki), Warshow, -Referee-Pavel Jilin-Vol.
11, No3, 1988, pp.35-74,

BVPs as direct methods are variational and finite-difference methods. In [2,T.Vashakmadze, Theory

of Anisotropic Elastic Plates, Springer-Verlag, 1l edit.,2010],points 12, 17.2 we consider modification
of variational methods selecting coordinate functions so that moments of unknown vector would
satisfy an algebraic equations systems which has the structure by small perturbation of the finite-
difference scheme, appropriate to a two-dim BVP. In different from pure variational methods this one
gives possibility to study the properties of coordinate functions, Gramians using some results of
numerical analysis and investigated problem of stability of corresponding numerical processes. For
example, if we used the first order differences with respect to Legendre polynomials, then the
variational-discrete schemes for Laplace operator has five-point structure, for biharmonic operator-
13 piont one as pure finite-difference algorithms. This technology is essentially convenience if we
consider unbounded domains.
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