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B crarne paccmarpuwBaioTcs aHn30TporHOe mpocTpancTBo Jlopenna-Kapavarsr ne-
puommdeckux (PYHKIHHE MHOIAX MEPEMEHHBIX n Kiaacc Hukrombckoro-BecoBa B aTom
TIPOCTPAHCTBE. YCTAHOBJIEHBI TOYHBIE TIO TMOPSAKY ONMEHKN HAWAYdmuX M —aJIeHHBIX
TPUTOHOMETPHUIECKHX Npubmmkennit QpyHknii n3 kinacca Hukombckoro-Becosa 1o
HOpMe JIpyroro mpocTtpancTsa Jlopenra-Kapamaror.
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On estimates of the order of the best M - term
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The article consider the anisotropic Lorentz-Karamata space of periodic functions
of several variables and the Nikol’skii-Besov class in this space. The order-sharp
estimates are established for the best M - term trigonometric approximations of
functions from the Nikol’skii-Besov class in the norm of another Lorentz-Karamata
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[Iycts N, Z-MHOXKecTBa HATyPaJbHBIX, IEJbIX YHCET COOTBETCTBEHHO
u Zy = N U {0}, R™"—m-mepHoe eBKJIUJIOBO HPOCTPAHCTBO TOUYEK T =
(x1,...,%y) ¢ BemecTBeHHBIME KoOpauHaTamu; T = [0, 27)™

Onpepenenne ([1], c. 108). TMosokurenpras n usmepnmast 1o Jlebery
dbyuknnsg v(t) onpenenennas Ha [1, +00) HA3BIBACTCS C1a00 MEHSTIOMEHCS Ha
[1,+00) B cmbiciie Kapamarsl, eciu s soboro € > 0 dbyukius t°v(t) mo-
arn Bozpacraer Ha [1,00) u dyukius t~°v(t) nourn yopiBaer Ha [1,00) (cm.
nanpumep [1]). MuoxectBo Takux dbynknuii oboznadaerca SV[1,00). Hus
3aJIlaHHOM €J1ab0 MeHsitoleiics dyukiuu v Ha [1,00), nosoxum V (t) = v(1/t)
s t € (0,1].

Hycts p = (p1,.-.0m), T = (71,...Tm), pj,7; € (1,00) u Pyukiun
v; € SV[l,00), j = 1,...,m. Hepes L;V?(Tm) 0003HAYNM AHU30TPOIHOE
npocrpancTso Jlopenna-Kapamarsr — BCEX uzmepumbix 1o Jlebery yHk-
Ui M [epeMEHHBIX f MMEMOIINX IIePHOJ] 277 10 KaXKJI0i IMepeMeHHOl 1 JIJIsI
KOTOPbIX BesndunHa (eMm. [1])

1F115.9

AU

[0/1[ [j (froo (HV _:j)ﬁdﬂf.}%dtmf"

KOHEUHa, rje [ m(f) ;= f**m (¢ .. t,,) HEBO3pACTAIOIASA EPECTAHOB-
ka dyukiuuu | f(277T)| 10 kax 1ot HepeMeHHOﬁ z; € [0,1) nupu buxcuposan-
HBIX OCTAJIbHBIX EPEMEHHBIX.

l5 — IPOCTPAHCTBO MOC/IE0BATEILHOCTENH {aﬁ}ﬁez,ﬂ JEHCTBATEHHBIX TN~
CeJl ¢ HOpMOW

Pm 1

Kook, = 155 5 21 <

Ny =0 n1=0

mist 1 <p; <400, j=1,2,...m, D= (p1,...,Ppm) 1 H{aﬁ}le = SuZp |az|
nezm

A p; =00, 7=1,....m
Beejem oboznauenusi : an(f)—koabdunuenror Oypoe dynkiuu f €
m

Li(T™) no cucreme {™} u (7,7) = 3 y;;,
j=1

0 (£.T) = an(f)e™,

nep(s)

rae p(5) = {k = (ki,....,kpn) € 2™ 2971 < |kj] < 2%, 5 =1,...,m}, [y
ueﬂaﬂ JaCTh AEHCTBUTEIBHOTO TUCIA Y U S; € L.
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Paccmorpum dynknuonabublii Kjiace Hukomnbekoro — Becosa

T o * . EF *

Szl = {f €Ly H{ 1181 |pV7T}seZT Iy = 1}’

e 0 = (01,...,00), T = (r1,...,rp), 1 < 0; < +o0, 0 <r1r; < +00, j =
1,...,m.

B ciyaae Vi(t) = lu1 = p; =p, j = 1,...,m kiacc S;,V,?B, 3TO
M3BECTHBIN Kjacc Hukombckoro — Becosa S;aB B npoctpaHcTse Jlebera
L,(T™), 1 <p<oo(em. [2], [3]).

Hnst pynkiun [ € L;’Vf(Tm) paccmarpusaercst ens(f); 7 -
M-anennoe Tpuronomerpudeckoe npudsmxkenne, M € N. Ecin F' — Hekoro-
phIit (DYHKIMOHAJILHBINA KJIACC B IIPOCTPAHCTBE L* (Tm) , TO TIOJIOXKUM

— HaWJLy4llee

GM(F)@V,? = sup eM(f)ﬁ,V,?'
feF

Tounbie 1O TOPSiJIKY ONEHKM Haujaydimux M —djieHHbIX TPUOIMKEHU
dynknuit u3 kinaccop Cobosena, Hukonbckoro-Becosa, JInzopkuna Tpubess
XOPOITIO u3BeCTHHI (cM. Hampumep oubsmorpaduio B [4]).

B JIOKJ1a/1€e OyLyT LIPEJICTAB/ICHbI OIlCHKH BEeJIMYUHDI
eM(S L) A0 oB)a,V,?- st pOpMYIUPOBKE  PE3YJILTATOB  PACCMOTPUM
cne,uyloume JIBA KJIaCCA.

Yepes SV L[1,00) 0603HATHM MHOXKECTBO BCEX MOJIOKUTENbHBIX, H3Me-
pumbix 110 Jlebery wa [1,00) dyuxiuit v(t) onpejpesnennbix Ha [1, +00), s
KOTOPLIX yuKiwms ¢~ “v(t) moutn yonBaer u dyuxmus (log 2t)°v(t) T ma
[1,00) must siioboro auncra € > 0.

Yepes SV Ly[l, 00) 0603HAUMM MHOKECTBO BCEX OJIOKUTEJNbHDIX, U3Me-
pumbix 1o Jlebery Ha [1, 00) moutu Bospacraromux GyHKuii v(t), 1y KOTo-
pbix GyHkuus t°v(t) nourn youisaer na [1,00) jyist jroboro yucia € > 0.

CupapejiiuBa

Teopema 1. IIyemv = (p1,.--,Pm), ¢ = (ql,._..,qm), 7 =
), 7O = 7P D) = (), 8 = (64, 60)
vl <0; <oo, 1 <Tj(1),7;2) < 4oo, 1 < p; < q < 2,71 >pij—qu,
. = . 4 1 : . 11 . 5 _
j =1..,murj+ o he T min{r; + s " a o J = 1,...,m},

A:{j:Tj—i—q%—plj:rjo—l—i——,j—l ,m}, j1 = min{j € A} u

) . Pjg

(1) (2 (1) (1) -
Pynryuu v 07 € SVI[1,00), ViV (t) = v (1/t), t € (0,1, j=1,...,m,

V) = @), @), i = 1,2,
1. Ecau 1 < T]-(Q) < 0; < 400 u pynryuu vj(?)/vj(-l) € SVL[1,0), j =
1,...,m, mo

EM (Sff

p,V(”,#1),53)6,7(2)?(2)
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S -
XM_(”OJF% iy | | J

1 _
o VI

(4D +7=—75) > o)

X (log M) o 7o’ (log M )ieaVan " :

2. Beaul <05 =0 < Tj@) =70 < 400, j=1,....,m, mo

2) -1
v (i) Vi (M)
€M (Sﬁ T (1) 7B)*V(2) =(2) =M O gp P H SN CTDS—
pav \T 79 q, ) ]EA V]( )(M_l)
s (log M)A V00* 257 e
(2) @

6 CAYHaAT % S SV[LOO), ] = 17"'7m u A \ {jl} - @ uAaU vj—l) €

o
SV ILy[l,00), 7 =1,....,m u muoocecmeo A\ {j1} # 0, dasn M € N, maxux,
wmo M > My, 2de My nexomopoe noaoscumenvroe wucio bosvuee 1. 3deco

|A| — xoaunecmeo anemenmos mmoocecmea A u y, = max{y, 0}.
1 2 1
Bameuanue. B ciayuae Vj( )(t) = Vj( )(t) =1,t€(0,1]nup; = Tj( ) D,
q = Tj(Q) =q, 0, =0maj=1..mur =..=1r, <14 < ..<71y

13 TeopeMbl 1 cieytor panee usBecrbie pesynbrarhl B. H. Temssikosa |5,

teopema 2.2 u A.C. Pomanioka [6], Teopema 3.1. g V}(l)(t) = Vj@)(t) =1,
te (0,1, j=1,....mur,=..=r, <1,y < ..<r, u3 reopemb 1

caeyer TeopeMa 3 B |7].
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B TPEXMEPHOM HOPMHUPOBAHHOM TpOCTpaHcTBe X JI060€ CTPOroe COJIHIE MOHOTOHHO
JIMHEHHO CBA3HO, €CJIN U TOJILKO €CJIH BBIIIOJTHEHO OJHO M3 CJIeAYIOIMHUX ABYX yCHOBHﬁ:

mpocrpancTBo X rnaako; X = Y @ R (r.e. enunnunas cdepa npocrpanctsa X —
LUJIMHID).
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Monotone path-connectedness of strict suns!
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We characterize the three-dimensional Banach spaces in which any strict sub is
monotone path-connected. Namely, we show that in a three-dimensional space X
any strict sun is monotone path-connected if and only if one of the two conditions is
satisfied: the space X is smooth or X =Y ® R, i.e., the unit sphere of the space X
is a cylinder.
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Besimanuoit nansydiiero npubJnKeHus, Wik PACCTOAHIEM OT 3a/[aHHO-
ro 9JIeMeHTa T JIMHEHHOrO HOPMMPOBAHHOTO MPOCTPaHCTBA X JI0 3aJlaH-
Horo memycroro Muokectsa M C X, wazwBaercs Beqmuuua p(z, M) =
inf e ||z — y||. Muoxkecrso Beex Gausicativiur mover (JIEMEHTOB HAMILY -
mero npubsimKenus) u3 Maoxkecrsa M st 3agantoro © € X obo3HavaeTcst
Pyrz. Napivu canosamu, Pyx = {ye M | p(x, M) = ||z — y|| }.

st wenycroro nojmuoxkecrsa M C X rouka x € X \ M nasbiBaercst
MOUKOT COAMEUHOCTNU, €CITH CYIIECTBYET TOUKa Y € Pyyx (HasbiBaeMast mowy-
K0l C6EMUMOCTNUY) TAKast, 9T0 Y € PM((l—)\)y+)\x) jst Beex A > 0. Touka
r € X \ M uaspiBaercst moukot cmpozotl cosnewnocmu, eciu Pyx # & u
yCJloBUe Yy € PM((l — Ny + )\x) Juist Bcex A = () BBITTIOJIHEHO JJ1s1 J1I000i
Toukn y € Pyx. Muoxkecrso M C X HaszbiBaercs coanyem (COOTBETCTBEH-
HO CIMpozum coanuem), ecin Kaxjaas touka ¢ € X \ M sgBisercs TOUKOl
COJIHEYHOCTH (COOTBETCTBEHHO CTPOroil cosiHedHoCTH) jiiist M.
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17



«CotHITay ABJIAIOTCS HanbOJIee eCTeCTBEHHBIMEU O0bEKTAMHE, JI/IsT KOTOPBIX
BbINOJIHEH 00001TIeHHbIH KpuTepuii KojiMoroposa sjieMeHTa Hau/1y dIiiero mpu-
ommxenns (cm. [1]). VIm mpucynum Te nim uHble CBOCTBA OTICTUMOCTH: ap
MOYKHO OTJIEJINTH OT TAKOTO MHOYXKECTBa MOCPEJCTBOM OOJIBITIETO MMapa, WIn
OTMOPHOTO KOHYca (cM., Hampumep, [1]).

Heupepbisnasi kpusas k(7), 0 < 7 < 1, B JIMHEHAHOM HOPMUPOBAH-
HOM IpocTpaHcTBe X Ha3bIBACTCA MOHOTONHOU, €CTi CKaJsIpHas (DyHKIMs
f(k(7)) stBaistercst MOHOTOHHOI 110 T Jiisi Jit06oro gyHknuonata f € ext S*
(3mech m HmKe ext S* — MHOXKECTBO KPaiHUX (IKCTPEMAJbHBIX) TOUYEK €JIH-
HUYHO# chepbl S* CONMPSKEHHOrO MPOCTPAHCTBA). S3aMKHYTOE MHOKECTBO Ha-
3BIBACTCS MONOMONHO Aunetno ceaznom (cM. [1]), ecan mobbre mBe ero Tou-
K1 MOXXHO COCIMHUTHL HEIPEPLIBHOW MOHOTOHHOI KPUBO, JieKalleil B 3TOM
MHOYKecTBe. MOHOTOHHAST JIMHETHAsT CBSI3HOCTD SIBJIsieTCst 00J1ee CJ1adbIM CBOT-
CTBOM, U€M BBIIIYKJIOCTh, U O0Jiee CUJIbHBIM, 9eM JIMHEHHAsT CBI3HOCTD.

[lesbto pabOTHI sABJIAETCS XapaKTepu3allds TPEXMEpPHBIX MPOCTPAHCTB,
B KOTOPbIX JIF0OGOE CTPOroe COJIHIE MOHOTOHHO JIMHEHO CBsi3HO (Teopema 1).
Ha mrockocTn, B TpocTpancTBax £,° U B TPOCTPAHCTBAX BUA Y] PBog. . -Boo Yo,
rie dimY; < 2, g0b6oe cosiHIle MOHOTOHHO JIMHEHHO CBsI3HO. TpexmepHbie
HGaHaxoBbl 1POCTPAHCTB, B KOTOPbIX JII000E 4eObIIIEBCKOE MHOXKECTBO MOHO-
TOHHO JIMHEHHO ¢BsA3HO, oxapakTepu3oaunbl A.P. AnuvosoiMm u B.B. Ben-
HoBbiM [2|. Tpexmeprble IPOCTPAHCTBA, B KOTOPHIX JIHOO0E 3aMKHYTOE MHO-
KeCTBO C HEIPEePbIBHOU (HOﬂyHenpepblBHof/’I CHI/ISy) METPUAYICCKON TTPOEKITHN-
eil MOHOTOHHO JIMHEHHO CBsI3HO, oxapakrTepuzoBanbl A.P. Ajmmosbiv [4].
A.P. Asmmmvos u U.T. apskos [5] ycranousiu, uto B mpocrpatcree C(Q)
OTPAHMIEHHO KOMIIAKTHOE MHOYKECTBO sIBJISIETCST COJTHIIEM €CJIN U TOJIHKO €C-
JIL OHO MOHOTOHHO JIMHEHHO cBsizHO. [I0 1OBO/Y ja/IbHERIINX PE3YJIbTATOB
cM. Takxe [6].

Teopema 1. B mpexmepnom nopmuposanmom npocmpancmee X cmpozoe
COANUE MOHOMONHO AUHETNO CBAZHO, ECAU U MOALKO ECAU GOINOANEHO 00HO
u3 cAedyUUT I8YT YCA0GUI:

1) npocmpancmeo X enadro (m.e. sm S = 9);

2) npocmpancmeo X umeem yusundpuseckyro nopmy, m.e. X =Y DR,
dimY = 2.

[Ipu jgoKazaTesbcTBe TEOpPEeMbl 1 BaXKHYIO POJIb MUTPAECT HOBBINA Allapar
BBIMTYKJIOCTH MHOYKECTB 110 KacaTeJbHBbIM HalPaBJICHWAM €INHUIHON cde-

pbi [3].
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YIK 517.9

O HEKOTOPbBIX CIIEKTPAJIbHBbIX MCCJIEJ0OBAHNAX,

CBA3aHHBIX C TeOpI/Ieﬁ O6paTHbIX 3ada4!
M. Aamoxamen, 1. B. Tuxonosn
(MockBa, Poccus)
mssrmtzQgmail.com, ivtikh@mail.ru

B Teopun o6paTHBIX 33125 /17151 9BOTIOIUOHHBIX YPABHEHHH BCTPEIAIOTCS 0COObIE CIIeK-
TpaJibHbIE COOTHOIIEHNS, MPEICTABJISIONINE ONpEIeeHHbI nHTepec. B HacTosAmei
3aMeTKe PaCcCMATPUBAETCS OJIHA XaPaKTepHas CIEKTpabHas 33Ja4a Jijisi OObIKHO-
BeHHOrO 1 hepeHInaIbHOr0 YpaBHEHUS BTOPOTO MOpAaKa. /laHo omucanue ee Crex-
Tpa B 3aBUCHMOCTH OT BHIOODA IAPAMETPOB B OCHOBHOM KPAEBOM YCJIOBUU. Y KA3aHbI
TMPUJIOXKEHUs K TeOpUu O00paTHBIX 337a4. OTaembHO 00CYKIAETCsT BOIPOC O BIUSHUU
KPATHBIX TOYEK CIIEKTPA HA 3JIEMEHTAPHBIE PelleHrsl UCXOIHOM 00paTHON 3a1a49u.

Karwuesvie ca06a: CIEKTpaIbHAs 33/1a49a, XapaKTepUCTHIecKasi (byHKIINsI, PACIPE/Ie-
JieHme Hysel, obparHas 33/1a9a, KPUTEPHUil e TMHCTBEHHOCTH PEIeHNs, 3JIeMEeHTaPHbIE
pellleHn s, MPUCOEIMHEHHBIE 3JIeMEHTaPHbIE PETTeHNs .

Baazodaprocmu: pabora Bblo/iHeHa 1py GUHAHCOBOI moauepkke Munobpuayku P®
B paMKaxX peaju3anuy mporpaMmbl MOCKOBCKOTO IeHTpa (DyHIaMEHTAIbHON U Mpu-
KJAaaHOI MareMaruky 1o corsamenuto Ne 075-15-2019-1621.

On some spectral studies related to inverse

problem theory!
M. Almohamed, I. V. Tikhonov
(Moscow, Russia)
mssrmtzQgmail.com, ivtikh@mail.ru

Some special spectral relations often arise in inverse problem theory for evolution
differential equations. These relations may be quite interesting. In the note we consider
one typical spectral problem for an ordinary differential equation of the second order.
A description of its spectrum is given. It depends on a choice of parameters in a main
boundary condition. Applications to the theory of inverse problems are pointed out.
We discuss separately an influence of multiple points of the spectrum on elementary
solutions of the original inverse problem.

Keywords: spectral problem, characteristic function, distribution of zeros, inverse
problem, uniqueness criterion, elementary solutions, generalized elementary solutions.
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B reopun obpaTHbIX 3a/1a4 Jijis aOCTpaKTHBLIX Jud hepeHinaibHbIX ypaB-
Henuii Broporo nopsjka (eM. |1]-[5]) Berpeaaercs cnekrpasnbias 3a1ada ciie-
[UAJBHOTO BHJIA,

Y1) =Ay(t) +1, 0<t<L, (1)
y(0) = y/(0) = 0, 2)
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ay(l) + By'(1) =0 (3)

¢ dbukcupoBatubiMu 3Hadenusmu o, f € C, |a| + || > 0. 3uech A — crek-
TpasbHblil mapamerp. Tpebyerca naiitu snauenus A € C, mpu KOTOpBIX 3a-
nada (1)—(3) umeer pemenue y € C2[0,1].

3 coornomenwit (1), (2) Bugno, uro Takoe pernerue (mpu (hbUKCHPOBAH-
HOM \) MOxKeT 6bITh TOJIbKO oj1HO, npudem y € C'[0,1]. Tounee, pemenue
sajgaan Komm (1), (2) umeer Bug

ch \/_t —1 i 1242

(25 4+ 2)!

y(t,\) = (4)

7=0

C TIPOU3BO/THOM

sh \/_ M\t i {27+l

2] +1)! (5)

yi (L, \) =

YkazaHmble QYHKIAN ABISIOTCS MEJIbIMA KaK 10 mepemennoii ¢t € R, tak u
o napamerpy A € C.
I[Ipu moscranoske (4), (5) B coorHomenne (3) mogydaeM ypaBHEHHE

chv —1 sh v\
a——+ 0
A VA
OTHOCHUTEJIbHO Hem3BecTHOi nepementnoir A € C. Takum obpazom, MHOXKe-

CTBO CIIEKTPAJbHBIX 3HaueHui 3aa1m (1)—(3) coBnajaer ¢ MHOXKECTBOM KOP-
Heil ypaBHeHus (6) WK, 9TO SKBUBAJEHTHO, ¢ MHOXKECTBOM HYJI€il

=0 (6)

A=A(,8) CC (7)
CIeNMaJIbHON xapakmepucmuyeckots ynruuy

ch\/X—l sh v\
>\ +/B \/X Y

L(\) = L\ a,8) = AeC.  (8)

OTmeTuM JpyTyio 3aIuch

23\/X<ozsh\/X ﬁ)
5 :

CYIIECTBEHHO 0bJIerdaolyto nsyienne muokecrsa (7). fcuno, uro pesysabrar
Oysier 3aBucerb ot Bbibopa napamerpos «, 5 € C, |a|+|5] > 0. Iepeuncium
OCHOBHBIE 3aKOHOMEPHOCTH.
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1) Ilpu sr060oMm BBIOGOPE 3HAUYECHUH «, 5 B MHOXKeCTBO (7) mOMaIaeT yHU-
BepcaJibHas cepust HyJIen

A = —ak’r? ke, (10)

JaBasi CIeKTpaibHbIe 3HadeHus 3ajgadn (1)-(3) ¢ cooTBeTcTByOMUMHI COO-
creennbiMu bynkiuamn yi(t) = (1 — cos 2kmt) /(4k*7?).

2) Cayuait o # 0, =0 sBasiercss ocobbim. 3jech dhopmyda (10) naer
Bee Hyu Gyukimn (8), u KaxK bl U3 Hyjeli UMeeT KpaTHOCTD JIBA.

3) [lpu =0, B # 0 uynu yukiwu (8) BeIpasKaOTCsT B BUJIE
A = —m*m?, m € N, (11)

npudeM Bee OHU sBJsAOTCA npocTbiMu. Popmyna (11) oveBuiHO cojepKuT
yHUBepcabHyto ceputo (10) 1 JOMoNHUTEIBLHY IO CEPUIO )\22) = —(2k — 1)%7?
¢ aymepanueit k& € N. Hajyuume momoOHOI JTOMOJIHUTENBHON Cepun Xapak-

TEPHO U JIJIST CJIEJLYIOINIEro cjydast «ODIIero moJIoXKEeHUs .

4) Ilpw Beex a, f € C\ {0} xapakrepncrndeckas dbyHkims (8) moMumo
yHuBepcasibHOit cepuu (10) umeer BTopyio ceputo Hysiedi

A =aPp), keJ=Jp) Cz, (12)

sapucstyio or mapamerpa p = 203/a € C\{0}. Cepuro (12) obpasyior nymnu
9JIEMEHTAPHO 11eJIoN PYyHKITUU

H()\):H()\;p)z%sh@erch@, A e C, (13)

OYEBU/IHO CBSI3AHHON C MOCJEHUM COMHOXKHUTEeM B paszsoxkenun (9). Muo-
xkecrBa (10) u (12) me nepecekatorcst. Ocobblil HHTEPEC MPEJICTABISAECT Belle-
crBentblit cayqait — korga p € R\ {0}. 3uech ecrb onpejiesientast pasHuna
MEKJIY TOJIOKUTEILHBIMI U OTPUNATEILHBIMU 3HAUCHUAME .

5) [Ipu p > 0 Bce nynu yukimn (13) ABAAIOTCA BEIECTBEHHBIME, OT-
PUIATEIbHBIMU U TIPOCTHIME, MPEJCTABUMBIMU B BUJIE

—oo<...</\,(fll</\,(f)<...<)\§2). (14)

[Ipu mo6om dpukcuposannom k € N nyian )\,(f) = )\,(f) (p) crporo Bo3pacTaer

¢ poctom p € (0,4+00), HEMPEPHIBHO JIBUTASICH OT JIEBOH JI0 MPABO# TPAHUI[bI
B unreppage (—4k*n?, —(2k — 1)%7?).

22



6) [Ipu p < 0 Bce mynu Gyukimn (13) ABAAIOTCA BEIMECTBEHHBIME U IPO-
CTBIMU, MTPEJICTABUMbIMU B BUJIE

—oo < ... <A <P <P <l (15)
[Tpu m06om dpukcuposannom k € N nyin )\Ef) = )‘1(3) (p) cTporo BO3pacTaer

¢ poctoM p € (—00, (), HEMPEPBIBHO JIBUTAsICh OT JIEBOIi JI0 TPABO# IPAHUIIBI
B unrepsaie (—(2k + 1)272, —4k?7?). Kpome Toro, mMeerca crengaabHbIi

HYJIb /\(()2) = A(()Q)(p), KOTOPBIH CTPOro BO3PACTaeT B HHTepBase (—m2, +00),

HEIIPEPLIBHO JIBUrasCh OT JIeBOIi JIO NpaBoii rpaHKIlbl TaK, UTO )\(()2) (p) =0
npu p = —1, )\62)(19) >0 mnpu p € (—1,0) u /\(()2)(1)) ~4/p* mpu p — 0 — 0.
Kax ciencrsue ckazaHHOro, MoJayvdaeM Takoil pesysbrar.

7) Tlpu mobom BoibOpe o, B € R\ {0} Bce nynm xapakreprcTryeckoii
dbyukiuu (8) sABISAIOTC BEIECTBEHHBIMU 1 IPOCThiMU. OHU COCTOAT U3 JIBYX
cuernbix cepuii (10) u (12), npuuem 3uavenns (12) Haxomarces Kak HyJIH 1ie-
qoit dyukumu (13) ¢ napamerpom p = 23 /a. B 3aBucumocru or roro, yjer
o p > 0 wm p < 0, nuynu cepun (12) momyckator 3amuch B Buje (14)
i (15) ¢ coOTBETCTBYIOIIMMU MHTEPBAJIAME JIOKAJIU3AIMN U3 TYHKTOB D)
win 6) Boire. CrpaBe/[iIuBO TaKXKe CBOMCTBO MEPEMEKAeMOCTH: MEXKIY JIBY-
Mst JTIOOBIMHU TIOCIIEIOBATEJILHBIMI HYJIsIMU 13 cepur (12) pacrnoyioxkeH poBHO
onuH Hysab u3 cepun (10).

[lepeuunciennbie yrBepx ienus 1)-7) gaor 6a30Boe MPECTABICHAE O PAC-
npejieJieHun HyJeil xapakrepucruieckoit Gynkimn (8), a, ciaegoBaTesabHo, 1
O pacrpe/ieJeHnl CIIeKTPATbHBIX 3HadeHnit 3amaqan (1)-(3).

Bce 910 HaxXoUT TPUMEHEHWE TTPU U3YyUYeHNUN JIMHEHHO 00paTHO# 3aiauu

u'(t) = Au(t) +g, 0<t<1, (16)
u(0) = 4/(0) = 0, (17)
au(l) + gu'(1) = 0. (18)

Cootrommennst (16)-(18) paccmaTpuBaeM B KOMIUIEKCHOM OGAHAXOBOM MPO-
crpatcTBe F ¢ IMHEAHBIM 3aMKHY TBIM OIEpATOpOM A, 3alaHHbIM Ha 061acTH
onpesenennst D(A). Oyuknumio u € C?([0,1], E') co suadenusivmu 8 D(A) u
sneMenT g € E cunrtaem nemssectupiMu. 3ajgada (16)-(18) Bcerga nmeer Tpu-
suasibhoe perierne u(t) = 0, g = 0. CraBurcs BOIPOC O €JMHCTBEHHOCTH
Takoro perenus. Crpasenms caemyionmit oomnwmit kpurepuit (cm. [2]-]5]).

Teopema 1. Obpammas 3adava (16)—(18) ¢ aunetnvim 3amrnymoim one-
pamopom A umeem moavko mpusuasvnoe pewenue u(t) =0, g =0 moeda
U Moavko mozda, koz2da nu 0dun HYab Tapaxmepucmuyeckol dynruyuu (8)
HE ABAACTNCA COOCEEHNIM 3HAYEHUEM onepamopa A,
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[TosiHOE TOKA3aTEILCTBO TEOPEMBI ITOJIYIAeTC CPEACTBAMU TEOPUHN TIEJIBIX
byHKImii, HO «HEOOXOUMOCTLY B KPUTEPUU IIPOBEPAETCS MPOCTO.

HeitcTBUTENILHO, TyCTh HEKOTOPBIHA HylMb A = a € C u3 muOX)ectBa (7)
sIBJIsTeTCsT cCOOCTBeHHBbIM 3HavdeHnem oneparopa A, t.e. Af = af ¢ cobcrBen-
ubiM BekTopoM f € D(A), f # 0. Torma napa

u(t) =y(t,a)f, g=1Ff (19)

JlaeT HeTpUBHAJbHOE perienne obparHoii 3ajaun (16)—(18). st npoBepku
HaroMunM, ato dbyuknus y(t, ) u3 dopmyss (4) npu A = a Oyjer yjaoBie-
TBOPSATH BceM coorHomennsm (1)—(3), Tak Kak A = a ecrb HyJib XapakTe-
puctuaeckoit Gyuxmmu (8). Herpusuasnbusie pemenus Buga (19) nazbiBaem
INEMEHTNAPHOLMU, Pewtenuamy 00paTHoi 3aaqn (16)(18).

Boo0biiie 1oBopst, HEJIb3si UCKJIIOYATh, YTO A = @ $BJISETCS KPATHbIM HY-
JeM xapakTepucTriaeckoil dbyukiuu (8). Herpyao yoeuThest mpu 9TOM, 9T0
KPaTHOCTH HyJIeil He MOryT ObITh Bbiie AByX. JlomycTumM, 4To BHIOpan nMeH-
HO TaKO# KpaTHBIA HYJb A = a, U OH XKe SBJISIeTCsS KPATHBIM COOCTBEHHDLIM
3HaYeHneM oneparopa A B TOM cMbICIe, UTO

Af=af, Aff=af'+f (20)

¢ cobcrBernbiM BekTopoMm f € D(A), f # 0, u npucoeMHEHHBIM K HEMY
sekTopom [T € D(A?%), f+ #0.
Ucexoms uz popmysnt (4), onpegennm HyHKITHIO

dy(t,\) VAtshvAt—2chVAt+2 i (j+ 1)+

HA) == R = N2 (27 + 4)!

9

7=0

zapucsmyo or t € R uw A € C. 1o onpejenenrie BMeCTe ¢ COOTHOITEHUSIMU

{yﬁ(t A) =Ay(t,N)+1, 0<e<1, 1)
y(0,A) =y (0,\) =0, ay(l,\)+ By, (1,\) = L(\)
HOK&SBIB&GT7 qTO
2t A) = Az(6,N) +yt ), 0<t<], 2
2(0,A) = 2/(0,A) =0, az(1,A)+ Fz/(1,\) = L'(\)

npu Beex A € C. Ucnoubsyst (20)—(22), a rakxke ycanosue L(a) = L'(a) = 0,
BEPHOE JIJIsi KPATHOTO KOPHS A = @, HETPYJHO YCTAHOBUTD, YTO Tapa,

u(t) =y(ta)f" +2(ta)f,  g=f" (23)
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naeT HerpuBuasbHoe perrenue 3agaqn (16)-(18). Pemenus takoro Buga Oy-
JIEM HA3bIBATH NPUCOCOUNENHBIMU INCMEHMAPHBLMY DEULEHUAMY OOPATHOM
saaqan. [Ipn momormu sBHBIX Bepakenuii 1 y(t, A) u z(t, A) dynkimmo u(t)
B mape (23) MOXHO 3aIucaTh B BUJIE

ch\/_t—l \/_tsh\/_t—2ch\/_t—|—2

2a?

u(t) =

[TokazkeM, KaK 9TO BBINJIAJIUT Ha IIPAKTHKE.
Paccmorpum obparnyio 3agady (16)—(18) co snauenusivu o # 0, 5 = 0.
Kak 6b110 oTMeueno B myHKTe 2) Boiie, dhopmyia (10) cogepkut Bee HyJH

(24)

, . . (1
xapakrepucruieckoit dyukiun L(N), u kax/plii u3 Hysei A,g) = —4k>7?
UMeeT KpPaTHOCTH JiBa. BblieuM OJMH TakKoil HyJb ¢ KOHKpeTHbIM k € N
1 0003HAYMM ero depes a. Kpome TOro, npejojoxum, uro a = —4k?m?

ecTh KpaTHOE cOOCTBeHHOE 3HadYeHue oneparopa A B cmbicie (20) ¢ cobeTBeH-
HbIM BekTOpoM [ = fi # 0 u npucoeannennsim Bekropom [T = fif # 0.
Torma manHoMy a = —4k?7? 0TBeUaeT sJEMEHTAPHOE peIleHne BHIA, (19) m
IPUCOEIMHEHHOE 3JIEMEHTAPHOE pelieHre Bujia (23).

YKaxKeM siBHbIe BbIpazKeHusl Jjisi KOMIOHeHTa U(t) B TaKuX KOMOUHAIIUSIX.
[Ipu a = —4k*7? snementapuoe pemenue (19) comepxxur GyHKITIO

1
u(t) = e (1 — cos 2knt) fi

¢ cobcrBeHHbIM BekTOpoM fi. # 0. Boutee cioxHoe nprcoennuenHoe pereHne
Bra (23) comepKut BhyHKIUIO

1

u(t) = Tori T (1 — cos 2kmt) (fi + 4k*7* f;) —

= sin 2k7t - fi

¢ coberBeHHBIM BeKTOpOM fi # 0 m mpucoesunenubiM Bekropom [ # 0.
Boisoy, nnocsiesineit hopmyiibl jiist w(t) nosydaercst mpoctoii 06paborkoit (24)
C yUeToM KOHKpPEeTHOro s3Hadenus a = —4k*m?. Wznoxennble coobpaskeHns
aKTyaJIbHbI Ha IPAKTUKE: U3BECTHBI NPUMepPbl «(hu3ndecKkuxy AudQepeHim-
AJILHBIX OIepaTopoB A ¢ 6eCKOHETHBIM HADOPOM KPATHBIX COOCTBEHHBLIX 3HA-
aennii o tuny (20) (cm. [6]).

BosnukaeT BONpoc: BO3MOXKHDI JIK JIPYTHAE COOTHOIIEHUST MEKTy MapaMeT-
pavu «, 5 € C, |a| + || > 0, npu KOTOpBIX XapakTepucTrieckas QyHK-
nust (8) umeem kparubie nyiau? Kak caejyer us nyukros 1)-7) Bbiiie, B Be-
IECTBEHHOM CJlydae Bee ucuepibiBaercs npumepom « # 0, f = 0 (Koropbiit
MbI y2Ke paceMmorpesin). CrienuasbHOe HCC/IeI0BaHme, TPOBEJICHHOE aBTOPAMU
copmectHo ¢ B. B. [IlepcTioKOBBIM, JIONOJHIIO KAPTUHY CJEIYIONUM 0bpa-
30M: OKazbiBaercs, ecsin koadgdunnentor «, 5 € C\ {0} cBsasanbl ycaosuem

a+ (1+chz)s=0
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C HEKOTOPBIM KOMILIEKCHBIM KopHeM 2z 7% 0 ypaBhenust shz = z, 10 xa-
pakTepucrudeckas dyHkius (8), TOMUMO OECKOHEUHOTO YUCIIa TIPOCTHIX HY-
Jieii, IMeeT POBHO OJIMH HYJIb A = 28 KpaTHocTH jiBa. JIpyrux BosmoxHocTeii
JUist KpaTHbiX HyJeil ner. I[logpobuee nipo 3to — B 3amerke M. B. Tuxonosa,
B. B. IlepcriokoBa, M. Anvoxamena (¢M. HACTOSIIIHNA COOPHUK).

OTMeruM B 3aKJIIOUCHUE, ITO PUCOCIUHEHHBIC perieHust Buja (23) Bbl-
3bIBAIOT MHTEPEC B CBSI3U C IPODJIEMOH CIIEKTPAJILHOIO CUHTE3a, JJ1sd OJHOPO/I-
Hoit 0OparHoii 3ajaun (16)-(18). Peun uger o mpepcraBieHn mpous3BOJILHO-
ro pemenusi (u(t), g) UpU HOMOIIM FJEMEHTAPHBIX PEIIEHUH, COOTBETCTBYIO-
IMUX HyJSIM XapaKTepucTuaeckoil dyukimu L(A\) ¥ BOSMOXKHBIM COOCTBEH-
HBIM 3HaUeHusAM oneparopa A. B takom ciaydae, Ipu HAIMYNU KPATHBIX HY-
Jieil ¥ PaABHBIX MM KPATHBLIX COOCTBEHHBIX 3HAYEHUIT, TOTPEOYIOTCS HE TOJLKO
OOBIUHBIE BJIeMeHTapHbIe periernst Buja (19), HO U MpHCOeMHEHHbIE K HUM
SJIeMEeHTapHbIe perierus Buja (23).
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O MoJI0XKUTEJHLHOCTHU CPEeIHINX CYMM
CAHYC-PSAJI0B C MOHOTOHHBIMU

Ko punueHTamMn’
E. 1. Andeposa, A. O. ITonoB (Mocksa, Poccus)
elena.alferova@gmail.com

M3BecTHO, 9TO CyMMBI HEKOTOPBIX CHHYC-PAJIOB ¢ MOHOTOHHBIME KO3(MDHITeHTAMI
MPUHAMAIOT OTpUIaTesbHble 3Havenust Ha (0,7). B pabore mokaszaHo, 4To Ha <«He
CJIUIIKOM KOPOTKHX» OTPE3KaX BO3MOXKHBIE OTPUIATELHBIE 3HAYCHUA KOMIICHCHDY-
IOTCS TTOJIOKATETHHBIMEI: CPEHNE 3HAYEHUST CyMMBI TIPOU3BOIBLHOTO CHHYC-PAIA C MO-
H?TOHHBIMI/I K03 dUIHEHTAME TTONOKATENBHBI Ha BCeX oTpeskax [a, 8] C (0, ), ecm
B/a > 2.

Karouesvie car06a: psaabl IO CHHYCaM, MOHOTOHHBIE KOI(DPUITHEHTHI.

Baazodaprocmu: pabora BeinoHeHa npu (buHAHCOBON mozepkke POPU (mpoekt
Ne 20-01-00584).

On the positivity of the average sums of sine

series with monotone coefficients!
E. D. Alferova, A. Yu. Popov (Moscow, Russia)
elena.alferova@gmail.com

It is known that sine series with monotone coefficients can have negative values on
subsets of (0,7). In this paper, we show that for sufficiently long segments possible
negative values are always compensated by positive ones. Specifically, we show that a
sum of such series has a positive mean over all segments [a,b] C (0,7) with b/a > 2.

Keywords: sine series, monotone coefficients.

Acknowledgements: this work was supported by the Russian Foundation for Basic
Research (project No. 20-01-00584).

0.0}
Pacemarpuatores psagst g(b;x) = ) bysin(kx), nmociemosaresbHOCTH
k=1
K09(DuImeHToB KOTOpbiX b = {bk}reny MOHOTOHHO CTPEMATCS K HYJIFO:
by > 0, bry1 < by VE € N, klim b = 0. Kilacc Bcex Takux 1OCJI€/10Ba-
—00

TesibHOCTEl 00o3HaunM ; cyMMbI psijioB ¢ Koadpduimentamu u3 M Hernpe-
pbiBhbl Ha (0,27), a caMu Psijibl PABHOMEPHO CXOJSATCH HA JIIOOOM OTpe3Ke
Buja [0,21 — 4] (0 < < ).

CyMMBbI cuHyc-psijioB ¢ KodddurumenTamu u3 N M0J0KUTETbHBI B HEKO-
TOPO# 11PaBOil 10JIyOKpecTHOCTH HyJist [1], HO pazMep MaKCUMAJbHON Takoi
OKPECTHOCTHU CYIIECTBEHHO 3aBUCHT OT mocjenoBaresbroctu b |2]. Mbr 06-
HApPYKUJIN cienyiomiee sipjienne. [Ipn wHTErpupoBaHnN CyMMbI CHHYC-Psijia
¢ MOHOTOHHBIMH KO3(DMUIMEHTAMHI 110 «HE CJIUIIKOM KOPOTKOMY» OTPE3KY,

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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aexariemy Ha (0, 7], TOJOKUTETBHBIC 3HAYCHUST BCETIA KOMICHCHPYIOT OT-
puliaTesbHbIe.

Teopema 1. IIpu wwobwx y, v € (0,7), y < x/2 6epro nepaserncmeso

/ gbit)dt >0 Wb e M. 2)

Y

Ecm ¢ = 7,0 < y < m/2, 10 HepaBencrBo (2) coxpansiercs. Hepa-
™

senctso [ g(byt)dt > 0 BepHO jyist s10GOH noCIER0BaTebHOCTH b € I 324
/2
uckiiouenneM (b, b1,0,0,0,...) — B 9TOM ciiydae WHTErpaJ paBeH HYIIO.

Teopema 1 onpapibBaeT NOCTAHOBKY CJICLYIONICH 3a1a4M.

Haist ioboro = € (0, 71| Haiitu Beswanny Y (x), paBHYIO TOYHON BepxHEl
rpaHd 3HAYEHUH Y, JIJIs KOTOPHIX BepHO coorHorienue (2). V3 teopembr 1
BUIHO, uTO Y () = /2. [lpn &, OTCTOAUX OT TOUKU 7 «HE OUCHb JTAJIEKO»,
MBI TAKKe HAILJIA TOYHOE 3Hadenue Y ().

Teopema 2. IIpu z € (arccos(—3/4), | cnpasedauso pasencmeo

Y (z) = arccos(—1 — cosz), Y (arccos(—3/4)) = m/2.
Teopema 3. IIpu x — 0+ cnpasedisuso nopadkosoe coomHOULEHUE
r—Y(z) < 2%
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OnTuMu3als TPOeKIMOHHOTO MeToda AJIs

obOJiacTell Mexkay cdhepamu’

. K. Auapeituenko, K. II. Auapeituenko, /1. B. Meaban4ayk
(Caparos, Poccusi)
andreichenkodk@gmail.com, kp andreichenko@renet.ru,
melnichukdv@sgu.ru

s 9uCIeHHOrO MHTErPUPOBAHUS YPABHEHUN MaTeMaTHIecKol (hU3UKU B 0DIACTIX
MEK Iy KOHIIeHTpuIHbIMU cepamu u 1uddHeoMopdHBIX M 00aCTIX TTPEIJIOKEH Ba-
PHAHT MPOEKIIMOHHOrO MeToa [ajsepKuHa, MO3BOSIONNN N30eKaTh BOSHUKHOBEHWS
0COOEHHOCTEH B MOII0CAX CPEPUIECKON CHCTEMBI KOOPIMHAT.

Karouesvie caosa: ypaBHeHUsT MATEMATUIECKOHN (DUBUKH, TPOEKIIMOHHBIN METO/I.

Baazodaprocmu: pabora BbinojHeHa npu (dbuHaHCOBON mozuepxkke POPU (mpoekt
Ne 19-37-90017).

Optimization of the projection method for

areas between spheres!

D. K. Andreichenko, K. P. Andreichenko, D. V. Melnichuk
(Saratov, Russia)
andreichenkodk@gmail.com, kp andreichenko@renet.ru,
melnichukdv@sgu.ru

A variant of the Galerkin projection method is proposed for numerical integration
of mathematical physics equations in the regions between concentric spheres and
diffeomorphic regions, which avoids the occurrence of singularities in the poles of a
spherical coordinate system.

Keywords: equations of mathematical physics, projection method.
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BBenenue

Maremaruueckue MOJIeJIM THIPOJIMHAMUIECKUX 110/(BecoB [1,2] npejcrapistior
co0Oil CBA3AHHBIE MTOCPEICTBOM I'PAHUYHBIX YCJIOBUN W YCJIOBUI CBA3U CHUCTE-
MBI OOBIKHOBEHHBIX I DepeHInalbHbIX YPaBHEHU 1 YpaBHEHWH B 9aCTHBIX
IPOM3BOJHBIX 1IPH COOTBETCTBYIONIMX HAYAJIbHBIX yCJIOBUsAX (T.H. KOMOMHM-
pOBaHHbBIE JMHAMHUUYCCKHE CHCTeMbl). B cdepuaeckux ruipouHaMIIecKuX
nojsecax |1,2] nojiepuBaroiiuii cioi BA3KO# XKuIKOCTH 3aHUMaeT 00J1acThb
MeXK/]1y TOJIBUKHBIME cpepami, 1ud deomopdHO 0TOOparkaeMyo Ha 00J1aCThb

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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MEXK/]ly KOHIIEHTPUUIHBbIME chepamu. B jaHnHOM ciiydae npuMeHeHne KOHeUHO-
PaA3HOCTHBIX METOJOB JUCKPETU3AIMKA YPABHEHUI MaTeMaTuiecKoi (pu3nuku
OCJIOXKHSIETCSI OCOOEHHOCTSIMU B MOJII0CAX CheprIecKoil cucTeMbl KOO/ INHAT,
a TTPUMEHEHNe MeTO/[a KOHEUHBIX 3JIEMEHTOB — MOJIBUKHOM rpanuieit. Onru-
MUBAIHS IPOEKIIMOHHOIO MeToja ['ajgepKuna s obsacTeil mojg00HOro TUIIA
BBIIIOJIHAETCA HAa OCHOBE MHBAPUAHTHOCTH OIlepalldii BEKTOPHOI'O aHaJIU3a.

OcHoBHBIE yTBepXK/IeHUS

[Iycts mekaprToBbl (x,%y,2) u chepudeckne KOOpAUHATHI (7,1, ) CBSI3aHBI
COOTHOLIEHUSIMU T = rsindcosp, y = rsinvsing, z = rcost, u B
IIPOEKIUAX Ha JIKAPTOBbL ocu e, = (sin cos @, sindsing,cos?)’, ey =
(cos ¥ cos g, cos U sin g, —sind)?, e, = (—sin p, cos ¢, 0)". na ckansiproro
f = f(r,9,¢) usekropuoro F = F,(r,9, p)e, + Fy(r, U, p)eg+ F,(r,9, p)e,
noJieit ocobennocTu B nojiocax ¥ = 0, m onepaiuii BeKTopHOro ananansa V f,
V-F, V X F B chepuueckoit cucreme Koop/iMHAT UCUEPIIBIBAIOTCS 0COOEHHO-

CTSIMU WX ccbepﬂquKHX cocrapistonux V) f = af 5€9 + Slrll ﬁgé ey, Ve .F =

bmﬁ ( (Fysindd) + ) CrpaBemyiuBa cJieJyronias

Teopema 1. Hycmb KOMNONENMYL Uy U Uy, GEKMOPNO20 NOAL U =
uy(V, p)ey + up(d, p)e,, (J,¢) € 0,7 xR, uf, o =ul, [u] <oo dsa-
otcovl dudpdeperuupyemot, 3a UCKAOUEHUEM, B03MONHCHO, Nostocos ¥ = 0, T,
uV® . u=0, V& . (e, xu) =0. Toeda u = 0.

[TosiHasi B TpOCTpaHCTBE HENMPEPBIBHBIX Ha TTOBEPXHOCTH €IMHUYIHOM cde-
pbl (DYHKIMI CHCTEMa OPTOHOPMUPOBAHHBLIX CHEPUUECKUX TapMOHUK HMe-

eT BUJ Yk(m)(ﬁ ©) = 3121/2]3,5 )(00819) cosme, m = 0,k,k = 0,1,2,....;
Yk(fm)(ﬁ, ) = sk%/QPk( )(cos J)sinme, m=1,k, k=1,2,3,..; P,gm>(z) =

m gk+m 27 (1469 ) (k+m)!
(Qkk)l (1- ) me(l -z ) Skm = ékilm) Ektmgl'

[TycTh KOMIOHEHTA U, BeKTOpHOTO moJisg U = u, (U, ¢)e, + uy(V, p)ey +
uy (9, p)ey, (V,9) € [0,7] xR, u|, ., = ul,, [u|] < oo no kpaiineii Mepe
HeNpepbiBHa Ha MOBEPXHOCTH eJMHUYHON cdepbl, a KOMIOHEHTBI Uy U Uy,
JBaXK bl AudHepeHnrpyemMpl, 3a UCKIIOUYEHNEM, BO3MOYKHO, TTOJIOCOB 1) =
0, 7. B cuity nosiHotTbl cpepuyueckux rapMOHUK, U3 YCJIOBUM

T do [Tsinddduw, Y™ =0, k=0,1,2,... m=—Fk k (1)
0 0 k

fo% dy fO7T sin ﬁdﬁYk(m)V(s) U= — foQW dy foﬂ sin Ydvu - V(S)Yk(m) =
=0, J)7 dp [ sindddy;" V6 - (e, x w) = — [T dp 2)
T sinddde, x u- VOV =0, k=1,2,3,..., m= k&

(mpu k = 0 ycoBus (2) BBIMOTHEHBI TOXKIECTBEHHO) caeayer u = 0.
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MoaenupoBanue cepuiecKoro mojaBeca

Maremaruueckasi MOjIe/ b CHEPUIECKOr0 I'MIPOMHAMUIECKOro nojBeca [1]
IOCJIe TTPeHeOPEKEHNsT CKUMAEMOCTBIO YKUJKOCTH W PaJIMAJLHBIMUA COCTAB-
JISTIOTIUMU JIOKAJIHbHBIX YCKOPEHWI TPUHUMAaET BUI:

Bl — 1w = v[2 — 1](g — ap — wmar) + =Q — ((kiaW + koqw)-

o L0 O 0y o) RO
eq(ar))eq(on), )7 = wy e (0 ), Q) = Bi(a)dy’ + wy e o)+
i (ed” ad?), @ = (" + mwi)eu(ar) — Alon)[Bi (o)t
+w2ea(a2)], QQ = (UJQ, O, O)T + w(T), w(r) = B(ag)d2+
+ AT (o) Blaw)od, 2(J€ + w) x J€) = 2L AT () AT (01 )M

4o
(1)

W = (wx,wy,wz)T, Q9 = (O, a9, 0123)T, ] = ag ) + poy

J = diag(Jy, Ja, J2), Ji > Jo

(3)
h=B"H[(1+8)*+ *((w-e)? — w)]/? — 1} W e,
v = fuv.e, + vgey + Vp€y, Ur = ( + ﬁg fo 1 + 55 Vdé (4)
p=p@£+6ﬁ@&Hﬂ—%Q”+uJ¥5XVemﬁ

81} 9%v ov
” = Sy, Sy = 14365819+ (afﬁg + 20 19)"‘]:19["]

av“" =Sy, Sp = 1+[3§bnln9§£ + (5 +258%) + Folv]

Jﬂ]:—mu+ﬁ@ 0 x e, — v@«99+nﬂﬁ>xa«w—
4a+6w—%99+un“wmwwm@+mm%v@«wx (5)

xv) + (1= BE)[(er x V)V - (e, x v) — V& (13 +02)]+

+2[VE(VE) . v) —e. x VE(VE) . (e, x v))]/o

Vile—o = =K+ €, Vile_p(gpn = 6@=«ﬂ@+uﬁﬁbxw«%

Upleg = =2 €9, Vole_pypp = —BIW — (@ + Q) x Wl -e,

Q= fow sin v'dv f027r d@[g(eﬁ%%ﬁf + @83? £0 )_ p‘g:oer] (6)

= 57BQ + [ sinddd [ dple,(Ovy/0E)]_ — es(9v,/IE)]_)

VO . ®[v] =0, ®[v] = [ (14 BE)(vgey + vge,)dE+
+5(1+ B[ — (27 + @) x w]

Bnech (1 + BE,19, ) — chepuueckas cucrema KoopanHat, Ge3pasMepHbIC
nepemennbie, mapamerpsl u dyuknnn e,(a), f,(a®, a), A(a), B(a),
Bi(a) cosmayaior ¢ [1]. B kadecrBe mavambubix yciosuii quis (3)-(7) 3a-
patorest Wl_o, Wli_o, wal,_g, a2, |igs G2,lig: a2gli—gs A25lips Voligs Veli—g;
Pl,—o- Ilocre mepexona x HoBOI HezaBucuMoil koopaunare x = £/h, x € [0, 1]

(7)
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K 1peobpasoBanubiM ypasaenusam (4)-(7) nmpumensicsa ocnoBanmbiii na (1),
(2) BapuaHT MPOEKIMOHHOIO MeTO/Ia ['ajilepKuHa ¢ MpejiCcTaBIeHUsIMU BH 1A,

v = Bue, + VOU —e, x VOV, p| _ 0= Z m,fkpkm(t)Yk(m)(ﬁ, ©)
U, 9, 0,1) = 3002 o0, W=#%MﬂTQx—D (9, )
Vot t) = S0 S, S Vo (0720 — Y0, ),

T, (z) = cos(n arccos z), N1 > % 1/4, Ny > B23(3q)1/3

Huckpernble ananorn ypasaenuit Hasbe-CToKCa ¥ TpaHUYHBIX YCIOBHMil
(5), ypaBHeHust Hasanca pacxojia XKUJKOCTH (7) TPUHUMAIOT BUJ

f7T sin 9dvd f%d fol dxT,(2x — 1)(0v /0t — W|v,p]) - V(S)Yk(m) =0
[y sinddy fo dyp fo daT,(2z — 1)e, x (3¥ — ¥[v,p]) - vEY™ =0
Wlv,p] = Syey + Sye, + Z ™ n=0,N Nl,kzl—]\fg,m: "k
SV (1) U = 0, 007 Unien = B, ZN1+2( 1) " Vikm =
= S,%, SNy =0, k=1, Ngym = —k, k; Skm = 5} (4m)1/2
(B 0,160 + ), (81, S174, S10)T = G {0
Q) X W w), S =0, k=m=0, k=2,N;, m=—k, k

Tsin9dd [T dp®[v -v< >Y< V=0, k=1,Ny, m= k. k
0 0 k

(8)

Ypasuenus (3), (4), (6), (8) mpeacTaBagior coboii cucreMy OOBIKHOBEH-
HBIX JipdepeHIua bHbIX YPaBHEeHU

Y - F(t7Y)7Y - (w$7 wy7 w27w$7 wya w2’7w27 0422, 0523, d?g) d?ga Unkm7
n = 17N17k — 17N27m - _ka_kyvnkman - O7N17k — 17N27m — _ka_k)T

KOTOpas UHTEIPUPYETCsA YUCJICHHO HPU HAYaJbHBIX YCIOBHAX Y |,_, = Y,
COOTBETCTBYOIIMX paBHOBecHOMY cocrosinuio, T.e. F(—0,Y) = 0. [Tokazano,
YTO MOJBEC C JIETKAM BHYTPEHHUM TEJIOM OBICTPO HEHTPUPYETCs IIPU BO3PAC-
TaHUKM KOJIEOATEJILHOrO 4uca PeilHo/b/Ica, U IPU BHE3AITHOM BO3DACTaHUK
BHEITHEH Ieperpys3kn OLICTPO MEPeXOJNUT U3 OJHOTO PABHOBECHOTO COCTOS-
HUS B JIpyToe. Pe3ysibraThl YNCICHHOTO MOJIEIMOBAHUST XOPOIIO COTJIACYIOTCS
C pesyJbraTaMy aCUMITOTHIECKOTO WHTErPUPOBAHUsT U3 paboTh [2].
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IIpenayaabHble IPOCTPAHCTBA JIJIsI
IPOCTPAHCTBA (P, ¢)-MyJIbTUILINKATOPOB

1 UX mpuMeHeHune B 3ajade CTedKkmHA
0 IpudbJMKEeHNN oIepaTopOB

nnddpepeHTMPOBaHNIST!
B. B. ApecroB (ExarepunGypr, Poccus)
vitalii.arestovQurfu.ru

Byzner mpusenena KOHCTPYKIWSA TTPEIIyaJhbHOTO MPOCTPAHCTBA F), , JJI MPOCTpaH-
crBa M), o Myiabrumnkaropos napst (Ly, Lg) npocrpancrs Jlebera na R™, onucan-
Has B IPYTUX TEPMUHAX B CPABHEHUU C IPEIyaJbHbIM mpocTpancTsom A, , A. Figa-
Talamanca u G.I. Gaudry (1967). Byzmer o6cysk1aTbCst IpUMEHEHHe IPOCTPAHCTB F), ,
B 3ajade CredkuHa O NPUOIMKEHUHU ONepaTopoB AuddepeHnupoBaus JUHEHHBIMA
OTPaHMIEeHHBIMA OTIeEpaTOpaMn B MpocTpaHcTBax Jlebera L., 1 < v < 0o, Ha 9NCIOBOH
ocu.

Karoueevie ca06a: TPOCTPAHCTBA MYJIbTUILIMKATOPOB, MPEJIyaIbHOE NPOCTPAHCTBO,
oneparop nuddepeniupoBanus, 3aa4a Creaknna, HepaeacTBo Kosmoroposa.

Baazodaprocmu: pabora BbimojHeHa 1pu ¢unancoBoil noguepxkke PH® (mpoekt
Ne 22-21-00526).

Predual spaces for the space of (p, ¢)-multipliers

and their application in Stechkin’s problem

on approximation of differentiation operators!
V. V. Arestov (Ekaterinburg, Russia)
vitalii.arestov@urfu.ru

A construction of the predual space F,, will be given for the space M,, of
multipliers of the pair (L,,L,) of Lebesgue spaces on R™ described in other terms
in comparison with the predual space A,, of A.Figa-Talamanca and G.I.Gaudry
(1967). We will discuss the application of the spaces F), ; in Stechkin’s problem on
the best approximation of differentiation operators by bounded linear operators in
the Lebesgue spaces L, 1 <y < 00, on the real axis.

Keywords: spaces of multipliers, predual space, differentiation operator, Stechkin
problem, Kolmogorov inequality.
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OcHoOBHBIE 0003HAYEHUI

IIycts R™, m > 1, ecth m-MepHOE €BKJIMIOBO ITPOCTPAHCTBO CO CKAJISPHBIM

npoussejienueM tn = »  t;n; Touek t = (t1,t2, ..., tm), 1= (N, M2, -+, M)
j=1
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€ R™ u nopwmoii |t| = v/tt. Huxe ucnoib3ylores cramjapTable 0603HauCHHs
KJIACCHIECKNX (DYHKIMOHAIBHBIX KOMIUIEKCHBIX rpocTpancTs: L, = L, (R™),
1 < v < 00, — mpoctpaHcTBO Jlebera mamepumbrx Ha R™ dyHKIuit x, y Ko-
Topbix 2|7 cymmupyem Ha R™; Ly = Loo(R™) — npocTpatcTBO H3MEpUMBIX
cymiecTBeHHO orpannydenubix (yukiwii va R™, C' = C'(R™) — npocTpancTso
HEIPepbIBHBIX orpanndeHnbix dyukiuii Ha R, u Cy = Cy(R™) — noamnpo-
crpaHcTBO GyHKIMI 13 C, UMEIOIIMX HYJIEBOH 1pejies Ha DECKOHEUYHOCTH.

[Tycrsb najee S ectb npoCTPaHCTBO OLICTPO YOBIBAIOIIUX OCCKOHEUHO Ji(d-
dbepentupyembix dyuknmii na R™, a 8§’ — coorsercTByIoniee JBORCTBEHHOE
IPOCTPAHCTBO 0000mennbix Gyuknuit. 3nagenue dynknuonana 0 € S’ na
ssiemente © € S Oynem obosuadaTh uepes (0, x). [Ipocrpanctso S’ comepxkur
muoxkectBo £ = L(R™) dyHKImit £, "3MEPUMBbIX, JIOKAJIHHO CYMMUPYEMbIX
na R™ u yjosnersopstiomux yeaosuio [(1+ [¢])%x(t)]|dt < oo ¢ nekoTopbIM
d = d(x) € R; 31ech u Huke B nHTErpasiax mo R MHOXKECTBO HHTEIPUPOBa-
Hust He yKasbisaercs. Oynkuun x € L conocrapisiercs pynknuonas x € S’
no dopmyane (z,¢) = [x(t)p(t)dt, ¢ € S.

[IpeobpazoBanne Pypbe yHKIIMI (Ho KpaiiHeii mepe, U3 IPOCTPAHCT-
Ba L = L1(R™)) onpegennm dbopmynoit T (t) = [ e *™x(n) dn; obparnoe
HpeO6pa30BaHI/Ie Oypbe OygeM 0003HAUATD CHMBOJIOM Z . [TpeobpazoBanue
Oypoe 0 Jynknnonana ¢ € S’ ectb QyHKIOHA )eS , JIERCTBYIOMHUI 110
dbopmyJe (6,96} 0,7), x € S.

Conps»KeHHOCTh TPOCTPAHCTBA MHBAPUAHTHBLIX OIepaTo-
poB

Hns 1 < p,q < oo obozuatnm depe3 T, = Tp,(R™) MHOKECTBO JTHHEHHBIX
orpanuveHHbix oneparopos u3 L, = L,(R™) B L, = L,(R™), nuBapnanTHbx
oTHOCUTENHLHO (J1100010) ciBura. CBOHCTBAM MHBAPUAHTHbBIX OMDAHMYCHHbIX
OIEPaTOPOB TIOCBSIIEHBI O0MUPHBIE HccaeoBanus (M. [1-3] u mpusenenmyto
tam Gubsmorpaduio). Tak ussectHo, 4ro ecam p > ¢, 1o |1, Teopema 1.1]
npu p < 0O MHOMXKECTBO 7, , COCTOUT JHIIb u3 omeparopa 1" = 0, a mpu
p = oo cyxkenue oneparopa I € T, na Muoxecrso (L) dynkimit u3
Lo, IMEIONMX HYJIeBOi Ipejies1 Ha OeCKOHEUHOCTH, €CTh HYJIeBOI oIeparTop.
B cBsi3u ¢ atum muzke Oyner npegnonarathes, 9ro 1 < p < g < 00.

A. Figa-Talamanca u G.1. Gaudry (1967) B coBmecrHoii pabore [4] noka-
zasu, aro npu 1 < p < ¢ < oo npocrpancrso T, ,(G) suneiinbix orpaHuien-
HbIX o1epaTopoB u3 L, (G) B Ly(G) Ha 10KaIbHO KOMIIAKTHON abesieBoii rpy1-
e G, MHBAPUAHTHBIX OTHOCUTEJILHO CIBUTA (TOUHEE, OePAIU MPYIIIIbI ), B
JISIETCS COIPSIZKEHHBIM IIPOCTPAHCTBOM JJIsi KOHCTPYKTHUBHO OMUCAHHOIO UMY
dynrkionasbroro npocrpancrsa A,, = A, ,(G). Tounee, B [5] u [4] 6bn
nocTpoensl GyHKInoHabHbIe npocTpancTsa A, , = A, ,(G) Takue, aTo mpo-
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crpanctBo 7, ,(G) NHBAPHAHTHLIX OLEPATOPOB M30METPUYECKH N30MOP(DHO

o * .
nBoficreennomy npocrpanctsy Ap s npocrpanctsa Ay, = A, 4(G) dbynk-
it Ha G, ABJISIONMXCA cCyMMaMu (bYHKITHOHAJIBHBIX PsIJIOB

h = Zfl/ * gy fz/ S C{OO; 9v S COOQ Z ||fz/||LpHgl/HLq/ < 0, (1)
v=1

v=1

rie Cog = Coo(G) ecrb npocTpaHcTBO HElPEPbIBHBIX (DYHKIUHE ¢ KOMIIAKT-
HpiM Hocutesiem Ha (. Hopwma smemenra (dbynkruu) h € A, , onpenensercs

dopmyJioit

o

[#lL,, = {3 1Al lgplleys =3 f .}
v=1

r=1

3/1eCh HUXKHsIsl IpaHb Oepercss 1o BceM npejcrapiennsm (1) dbynkiun h.
Nmeer mecro Bnoxkenwne A,,(G) C L. (G), 1/r = 1/p — 1/q. Nzomop-
busm mexy mpocrpancTsamu T, (G) u Aj - ocymecTsigerca 1o ciie-
aytomemy mpasuiy: stementy 1T € T, .(G) conocrasisiercss dyHKIHOHAI
o0
or(h) = > (Tf, *g9,)(0), h € A,,. IBymsa rogamu pamee (1965) A. @ura-
v=1
Tanamanka [5] mosryau nogobHbIi pesyabrar juis ciaydas 1 < ¢ = p < 0.
OTHOCUTENILHO Hapbl JIMHEHHBIX HOPMUPOBAHHLIX HpocTpancTs X, Y co
cBoficTBOM, uTO Y siBJIsieTcsi colipsikeHHbIM Jiist X, T.e. X* = Y, ropopsr
TaK>Ke, YTO IPOCTPAHCTBO X ABJIACTCA IPeJIyaJbHBIM JJd Y. B 9Toil TepMu-
HOJIOTMHU IPOCTPaHCTBO Ay o(G) ABIISIETCS IPEJJIYaIbHBIM JIJIst TPOCTPAHCTBA,
Pesynbraret pabor [5] u [4] cipaBeiiiuBbl, B 9aCTHOCTH, JIJIsT TIPOCTPAHCTB
Tp.q(R™) nnueiHbIX OrpaHuYeHHbIX OllepaTopoB u3 npocrpancTsa Ly(R™) B
npoctpatcTBo Ly(R™), nHBADHAHTHBIX OTHOCHTEJILHO I'DYIIIBI C/[BUTOB.

ITpoctpancTBo (P, q)-MyJAbTUNJMKATOPOB U €My Hpey-
ajlbHOE IPOCTPAHCTBO [

Nseecrro (em. [1, Teopema 1.2] wim |3, rut. I, Teopema 3.16]), uro ecain g > p,
to Ha S oneparop I € T, , umeer Bun cBepTku I’z = 02, v € S, ¢ anemen-
tom 0 = fp € S’ Muoxkecrso M, , = {0p: T € T,,} C S’ asasierca bamaxo-
BBIM IIPOCTPAHCTBOM OorHOCUTENLHO HOpMBL [|07 || ar, = || 1|1, —1,- Diemento
0 e M,, 1<p<q< oo, Ha3BIBAIOT (P, ¢)-MyIbTUINIIKATOPAMH.
KoncrpyKTuBHOE ONUCAHNE MYILTUILINKATOPOB U3BECTHO JIMIIL B OT/E/Ib-
HbIX ciaydasx. VsBecrra crpykrypa npocrpancts M(2,2) uw M(p,00) =
M(1,p) (em., mampumep, [1, §1.2], [3, r1. 1, §3|); a umenno, cnpape/IuBbI
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PaBEHCTBa (BMECTE ¢ PABEHCTBOM HOPM 3JIEMEHTOB)
MQ’Q = Loo = {0 = Loo};

M,w=Myy=Ly npu 1<p<oo,
Moo,oo = Ml,l = V7

sneck V = V(R™) ectb mpocTpaHcTBO (KOMILIEKCHBIX ) OrpAHUYICHHBIX Gope-
JIeBCKUX Mep Ha R™.
ITpu 1 < p < q < oo onpeieIuM Ha, MHOYKECTBE S (PYHKITMOHA

1@llp.g = sup{l(0, )] 6 € Myy, [10]lar,, <1}, ¢ €S. (2)

[Ipu Becex 1 < p < ¢ < oo dyskrmonas (2) Ha MHOXKecTBe S KOHEUEH U
ABJISIETCsT HOPMOIA.
J— m
IIpu 1 < p < q¢ < o0 obozuaunm uepes F,, = F, (R™) nonosuenue
npocrpaHcTBa S OTHOCHTETbHO HOpMBI (2). IlpuBeeM HECKOJIBKO CBONCTB
POCTPAHCTB F), ; J1Isi KOHKPETHBIX 3HAYEHHUH [apaMeTPOB.

JIlemma 1. IIpocmpancmeo F, , obaadaem caedyrousumu c60Gcmeami.
1. IIpug=o00 (p=1)

F(p,00) = F(1,p') = Ly, 1<p<oo,
F(o0,00) = F(1,1) = Cy.

2. llpuqg=p=2
Fo=L={fecCy:fell, |flm=IFflr, f€Fn.

3. ycmv ¢ = p up = max{p, p'}. IIpocmparcmeo F,, nop ne yoweaem,
a mounee, ecau 2 <Py < Py < 00, MO

Fp17p1 C Fp27p2 u ”fHFp2,p2 S Hf”Fpl,pl7 f 6 Fp17p17

8 wacmmocmu, npu ecexr 3navenusr p, 1 < p < 0o,

Fp’p CCyp u HfHFp,p > Hf”coa f S Fp.p7
Foo Clyp uw |[fllg, <l =11, f€Fo.

OCHOBHBIM B JIaHHO# paboTe sIBISIETCS CJIe/IYIOIee YTBEPXK IeHHe.

Teopema 1. Jaa aobvr 1 < p < q < oo npocmpancmeo M, , acrsemca
conpavicennvm 0aa npocmpancmea I, o

* —_—
Foo= Mpy.
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Teopemy 1 MOXKHO, B 9aCTHOCTH, BOCHPHUHUMATDL KaK €Ile OJHO JI0Ka3a-
TeJILCTBO conpszkennocTu npocrpancrsa M, ,, 1 <p < g < oo.

Coruyacio pesynpraraM pabors [4] u Teopeme 1 mpocrpamncrsa A, ,(R™)
u F,,(R™), no xpaiireit mepe, npn 1 < p < ¢ < 00, UMEIOT OJHO U TO
JKe colpsizKeHHoe npocTpanctso M, .. B obmiem ciyuae oTciofa He ciejyer,
YTO 9THU J[BA MIPOCTPAHCTBA COBIA/IAIOT. TeM He MeHee, B JIaHHOW KOHKpPETHOI
CUTYaALMU UMEET MECTO CJIC/LYIOIIEe yTBEPXK ICHKE.

Teopema 2. Ilpu scex 1 < p < q < oo npocmpancmea F,,(R™) u
A, (R™) cosnadarom:

Fp,q(Rm) - Ap,q(Rm)-

Ilpn ¢ = p komcTpyknua npocrpancrsa F, = [, , 1 JI0OKa3aTeJIbCTBO
teopeM 1 u 2 Gbuin Jlanbl B pabore apropa [6]. Vccsegosanue obiero ciydast
p < ¢ ToTpedOBAJIO MPUBJIEUECHUS JOIOJHUTEIbHBIX COODPasKEeHUIA.

ITpumenenne B 3agade CTedKnHA 0 HAMJIydMIeM IIPUOJIN-
KeHnu oneparopoB anddpepeHnTmpoBaHTS

Ilycts p,q,7,s — mapameTpbl, yAOBJETBOpAIONMe orpanudeHusaMm 1 <
p,q,7,8 < oo. [na menoro n > 1 onpenesum npocrpancrso W2, dynk-
muit f € L,, kotopbie n — 1 pa3 nenpepbiBHO juddepeHimpyeMbl Ha OCH,
nponssoanas f"~ Y mopsaka n — 1 J0KaJIbHO abCONIOTHO HEIPEpLIBHA, &
f" € L,. B npocrpancrse W}, BbljesmM Kiace

b= e Wl I, < 13

Ob6osnauum yepe3 B(L,, Lg) MHOXKECTBO BCEX JIMHEHHBIX OrPAHUIEHHBIX OTIe-
paropoB u3 L, B Ly, a 1epe3 B(N; L,, Ls) ipu N > 0 — MHOXKeCTBO oIiepa-
tropos 1" € B(L,, L) ¢ wopmoii || Tz, —»z, < N. Ilycrs 0 < k < n — nedbie,
npuueM k > 0, eciin v = 5. st onepatopa T € B(L,, Lg) nonoxum

U(T) = sup{|| f* — Tfl1,: f € QL };

ecin pasnocts f*) — T'f we npuHAUIEKUT TPOCTPAHCTBY L,, To cunraewm,
aro ||f®) —Tf||z, = co. pu N > 0 sennuuna

En,k(N) - En,k(N; r, 8P, q) - 1Ilf{U<T) T e B(Na Lra Ls)} (3)

ecTh HamJIydInee npubsmkenne (B npocrpancrse L,) oneparopa auddepen-
unposanusi D¥ na kiacce Q) , MHOXKECTBOM JIMHEHbIX OrPaHUYEHHbIX Ollepa-
topoB B(N; L, Ly). Sagada Creukuna COCTOUT B BHIUNCICHUN BEJIHIHHBI (3)
¥ 9KCTPEMAJBLHOIO OIePaTopa, Ha KOTOPOM B (3) J0CTUIaeTCsl HUZKHsIS IDaHb;
cM. |7] m 0630p mccsenoBanuit B 910N 3amade B [8].
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[Tycts K ecTh Hammydmias KOHCTAHTA B HEPABEHCTBE

|2Olle < K2l llz"™ 5, (4)

p,q

o\ n—k+1/qg—1/p
n+1/q—1/p+1/r—1/s’

Teopema 3. Ecaus>r>1,qg>p>1, npuvem s > r npu k =0, mo
o 1106020 3navenus N > 0 umeem mecmo pasencmeo

6=1-a.

Enk(N) = fa®/PKMIN=/0,

ede K — naumenvwan xoncmanma 6 (4).
O6cyum ciydaii p = ¢ = 00, 1 < s = r < 00, uccsepobannbiii B [9,10].
B srom cayuae Hepasenctso (4) umeer Bujl

k

n—k n
lePlle < Kar)lzl g, (12*02.) " (5)

IIpu s = r = 00 9TO eCTh KJIaCCHIECKN BAaPUAHT HEPABEHCTBA MEXK Ty PABHO-
MEePHBIMU HOpMaMu TTPou3BOAHBIX, n3ydennniii A. H. Kosxmoroposeiv. B ciry-
qae 1 = 2 HepaBeHCTBO (D) NPUHUMAET BUJ

L_k n
2 Plle < Kna@)31;7 (Ie).)" (6)

st Hamrydamux KoHCTaHT B (5) U, B uacTHOCTH, B (6) cripaseyuso [9,10]
nepasenctso K, ;(r) < K, ;(00), 1 < r < oo. st HedeTnsix n > 3 nmeer
MecTo pasenctso K, x(r) = K, x(00), 1 < r < oco. [nsa gernsix n > 2 910,
BOODIIE TOBODsI, y:Ke He Tak. [lo kpaiineit mepe, mpu n = 2 (k= 1), r = 2
HepaBeHcTBo crporoe [9):

o ~1/2
T (4 1
K2’1(2) = — | — Z —_— < KQJ(OO) — 2.

3
2\ 7= (20+1)
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YIK 517.9

HeKOTOpre OIITIMU3alINOHHbIC 3aJ1a91 C

MHO2KECTBOM JOCTU>KMMOCTHU JUHENHO
YIIPaBJIdeMOIl CUCTEMbBI!

M. B. Bagamos (Mocksa, Poccust)
balashov73@mail.ru

Just nuneiiHoit ynpasisiemoii cucrembt ' € Az + U, 2(0) = 0, nae © ecTb n-MepHBIit
BekTop, A marpuna n X n, U — komnakt, onpejeaum M (t) — MHOXKECTBO JOCTUXKU-
MOCTH 3TO# cucTeMbl B MOMeHT ¢ > 0. IIycts M — BBITYKIBIT n-MePHBIH KOMITAKT.

PaccmarpuBaerca 3amada o ToMm, BepHO Jm pasenctBo M (t) N M = (), sxmouenne
M(t) C M n r.. IIpu HEKOTOPHIX HEOOPEMEHUTEIBHBIX YCIOBHAX MOKA3aHA BO3MOK-
HOCTD PEIIeHns TAKOM 3a/1a4u C IOMOIIBIO METO/A IPOEKINK IPATIAEHTA.

Karoueevie cao6a: CUIbHAST BBINYKJIOCTh, DPABHOMEpHAs IJIQJKOCTh, YyCJIOBHE
Jlexkanckoro-Ilosisika-JlosiceBuda, MeTo IPOEKIUU TPAJUEHTA.

Some optimization problems with a reachable

set of a linear controled system!
M. V. Balashov (Moscow, Russia)
balashov73@mail.ru

For a linear controlled system 2’ € Az + U, x(0) = 0, where z is an n -dimensional
vector, A is a n X n matrix, U is compact, we define M (t) as the reachable set of this
system at the time ¢t > 0. Let M be a convex n-dimensional compact.

We consider the problem of whether it is true the equality M (t)NM = (), the inclusion
M(t) € M, etc. Under some non-burdensome conditions, the possibility of solving
such a problem using the gradient projection method is shown.

Keywords: strong convexity, uniform smoothness, the Lezanski-Polyak-Lojasiewicz
condition, the gradient projection method.

BBenenue

Pacemorpum yupasisiemyto cucremy ' € Ax + U, x(0) = 0. Buech x €
R" A € R, U C R" — KOMIakTHOE IIOAMHOMKECTBO, cojepxKaiiee 0.
Pacemorpum mnoorcecmso docmuatcumocmu M (t) 91oit cucreMbl B MOMEHT
t >0, re. M(t) = {x(t) : Ju(s) € U — namepumblii cenextop: '(s) =
Az + u(s) n.s. s € [0,t]}. Jlerko nosyanth, aro

t

M(t) = /eASU ds, (1)

0

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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rje MHOIMO3HAYHBIA MHTErpa HOHMMaeTcs B cMbicje Aymana uiau Pumana,
cM. jierasn B [1]. V3 BbIyK/I0CTH M 3aMKHYTOCTH MHOIO3HAYHOIO MHTErPAJIa
caenyer, 9T0 M (t) ecTh BBIMYKJIBIH KOMIAKT jijist Joboro ¢ > 0. Ormernw,
aro, B cuily Teopembl JIsiynosa [2|, komnakrHoe MHOXKecTBO U B cucreme
¥ UHTerpaJje MOXKHO 3aMEHUTDL Ha ero BBIIYKJIYIo 060g0uKy. Ilosromy naee
OyaeMm cuntarh U BBITYKJIBIM KOMIAKTOM. Kpome Toro, B Culy BKJIIOYEHUST
0 € U, MHOXKECTBO JIOCTUKMMOCTU MOHOTOHHO BO3PACTAET 10 BKJIIOYECHUIO:
ecm 0 <t < t9, TO M(tl) C M(tQ)

[Tycrs M C R"™ — BoinykJjbiit komnakT. Mbl paccMoTpum cjiejyroriue
3a,/1a40.

Bamaua 1. st momenta t > 0 BuisicHUTE, BepHo Jm, aro M (1) N M = ()7

Bamaua 2. s momenta t > 0 BbisicHUTb, BepHO Jin, aro M (t) C M?

BO3MOXKHBI ¥ APyTHE MOCTAHOBKHY.

I[Iycrs (x,y) — ckajgpHoe 1pousBefieHne BeKTopos x,y € R™ ||z]|? =
(z,z), B,(0) — saMKHyTbI#i map pajuyca r ¢ MeHTpoM B Hyse. Onopnot
Pynruyued komnakra M C R™ naswiBaercst s(p, M) = max,cp(p, x), p € R".

st Beimyksioro kommakrta M u Bektopa p € R™ ompenenum M (p) =
{r € M : (p,z) = s(p, M)}. Muoxecrso M (p) siBasiercsi cybzpaduenmom
onopuoii byukuu Js(p, M) 1 HA3BIBAETCST 0NOPHYIM IAEMEHMOM MHOKECTBA
M st BekTopa p [3].

st muoxkecrsa M (t), 3aBucstinero or napamerpa t (HalpuMep, MHOXKe-
CTBa JIOCTUKUMOCTH ), OMOPHBIA 3JIEMEHT JiJIsi BeKTOpa p OyjieM 0003HAYATD
M(b)(p).

Hanomuum, uro muoxkectBo M C R" cuavro svinyx.ao ¢ paduycom R > 0,
ecn M MOXKHO IPEJCTABATH B BUJIE IEPECEICHUS 3AMKHYTBLIX IAPOB Py~
ca R. CunbHas BBITYKJIOCTD BBITYKJIOTO KoMakTa M ¢ paguycom R 9KBUBa-
JieHTHA yesoBuio Jlumimmia rpajnenta onoproii dbyukiwn M (p) Ha eauHd-
noit cepe: szt seex [|p|| = [|gl| = 1 eumonneno [[M(p) —M(q)|| < Rllp—q||
|3, Teopema 4.3.2].

Byjem rosoputh, uro muoxkectso M C R™ pasnomepro enadkoe ¢ xom-
cmanmot r > 0, ecniu M moxuo npejcrasuth B Bujie M = My + B,.(0), e
My — BBINYKJIBII KOMITAKT.

ITycte ¢ > 0, Sp C R"™ — riajkas MOBEepXHOCTH 0Oe3 Kpasi, T € Sy.
st nudpdepentiupyemoii byukmnuu f : Sy + int B-(0) — R onpenennm S =
{z € Sy: f(z) < f(T)}. Hycrb S — ruajkasi 10BepXHOCTH ¢ Kpaem 0S5 =
{r € Sy: f(x) = f(Z)}. Byaem rosopurn, 4ro ma S BLINOIHIETCS YCAOBUE
Jearcancrozo-Tloasra-Jloacesuna (LPL) [4, §3.2] ¢ koncranroit p > 0, eciu
Q = Argmingegs f(x) # 0 u qu1st Becex © € S BBINOJHEHO HEPABEHCTBO

1Pr, f (@)1 > u(f(x) — £(Q)). (2)
3nech T, — KacaTeJIbHOE TOAIPOCTPAHCTBO K S B Touke € S, Pr. — opTo-
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ronaJibHbIil ipoekTop Ha T, f'(x) — rpaguent Gyukuuu f B Touke T € S.

OcHoBHOIiI pe3yJbTaT

Mbl OyjeM paccMaTpuBaTh CUTYAIMH, KOIJIA MHOXKECTBO JIOCTUKUMOCTH
M (t) (1) cunbHO BBIIyKJIO ¢ KoHctanToit R s Beex t € [0, 1], T > 0. Ilo-
CJIeJIHEe UMEET MECTO, KOTJIa MHOMKECTBO €U CUIILHO BBIYKJIO C PaJInycoM

R(s) > 0. Torma B cumy [5| u quHEHOCTH HHTErpasa MO OTPE3KY WHTEIPHU-
T

posanus nogydaeM, uro M (t) cuibno Bbinykio ¢ pagunycom R = [ R(s)ds
0
agist Beex t € [0,T].

OTMmernM, 4To JaxKe JIJIsi HECTPOTO BBIYKJIOrO MHOMKeCTBa U nMeercst psij
curyaiuii, Koryia M (t) cusibHO BBITTYKJI0. JaCTHUHO OHM OMUCAHBI B paboTe
|6].

[Ilycrb T > 0 u jJist ynpaB/isieMoOil CHCTEeMbl MHOMXKECTBO JIOCTUZKUAMO-
cru M (t) cuibno BbiyKJIO ¢ pajguycom Rp > 0 upu secex t € [0,7T].
Ilycts Boimyksibiit kommnakt M C R" paBHOMeEpHO TJIaJKuil ¢ KOHCTAHTOM
r > 0, ree. M = My + B,(0). Ilorpebyem rtakxke, aro muON)ecTBO M)
CHUJIBHO BBITYKJIO ¢ paguycom Ry > 0. Pacemorpum mpu ¢ € [0,7] muo-
x)ecrBo Z(t) = M(t) + (—Mp). MuoxecrBo Z(t) CHIBHO BBITYKJIO ¢ Da-
maycom R = Rp + Ry Kak cyMMa, CHJIBHO BBIMYKJIBIX MHOXKECTB |3, MyHKT
3 npeyoxenns 4.3.1]. Ouesngno, uro pasencrso M(t) N M = () moxno
nepedopMyIInpoBaTh Tak: paccrosiiue ot Hyds jo Z(t) 6osee > 0. Eciu
s1o Bepno, To 0 ¢ M(t) + (—M). Ha s3bike onopupix dbyHKImit mocseumii
BOIIPOC CBOJMTCA K perienuto 3ajaqu: st Gyuxiun f(p) = s(p, Z(t)) =
s(p, M(t))) + s(p, — M) maiitu

min f(p) = J. (3)

Ipll=1

Eciu J < —r, 10 paccrosiaue ot wyis 10 Z(t) 6onee r. Eciu J > —r, 10 TO

paccrosinne ot HyJs 1o Z(t) ne 6osee r > 0 u 3naunt 0 € M(t) + (—M).
¢

Bamerum, uro f'(p) = M(t)(p) + (—My)(p) = f(GASU)(p) ds + (=Mo)(p),

0
cm. [1].

[Tosoxum S; = {p € R" :||p|| =1}.

Teopema 1. [Tycmov ¢ € (0,1) u e (3) J < 0. IIpu npusedennviz cviuse
yeaosuar 6 sadave (3) dynwyus f ydosaemeopaem ycaosuro (LPL) (2) na
S={pe S : f(p) <0} c koncmanmot p = |J| u umeem 6 e-oxpecmuocmu
cpepor S1 aunwuyes epaduenm ¢ konemanmot Ly = R/(1 — ).

Hoxka3zarenbcTBo. [lycrs py € S; — pernene (3). B cuity neobxopnmoro

yeaosust skerpemyma f(po) = (po, f'(po)) = —||f'(po)||. Torna Pr, = I —pp”
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ns gnoboro p € Syou (I — ppD) f/(p)I* = I (p)|I* — f*(p). Orcrona anst
J060r0 p € S umeem

1" ®)I1> = ) = (L @) — fF@) UL DI+ flpo) + f(p) — f(po))-

N3 mepasencrsa f(p) < 0 u toro, aro f'(py) — 5TO OHOpHBIH jEMEHT
Z(t)(po) ¢ naumenbineit Hopmoit, seirekaer, uro || f/(p)|| — f(p) > ||f (p)|| >
1f'(po)ll = |J]|. Ocranocy samernts, aro [[f'(p)ll + f(po) = [If' (0l —
1f'(po)ll = 0.

st 1100bIX HEHyJIeBbIX BEeKTOpoB p,q € R" nmeem H”% —ﬁ” <

ot e onpecrnoenn Sy ] 21— <, all 21— = T

mmieBoctb rpajguenta f'(p) B e-okpecrHocT S1 CJlejlyer u3 OlEeHOK

Rlp—dl _ R

< lp—ql. O
Vel - gl — 1—¢

Kak nokazano 8 [4, Theorem 2|, [7, Theorems 2, 3; Corollary 2|, yrepx ienus
TeopeMbl 1 JI0CTaTouHO, 4TOOLI HPOCKIMOHHDI anropurm p; € S, ppp1 =
Ps,(pr —tf'(px)) ¢ mocraTodno Masibim marom ¢ > () CXOMUIICS K PEIIEHHIO Py
(3) co CKOPOCTHIO TEOMETPUUECKOf MPOIPECCHi MPU TIPOU3BOJILHOM BBIOODE
HaJaJbHON TOUKU p1 € S.

AHaJIOPMUHBL Pe3yJILTAT UMEeT MeCTO Jilsd 3aa4u 2.

ool
1) = Pl < anu L <
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VIK 517.53

O06 oaHOM CBOIICTBE KOPHEBBIX MHOXKECTB
dysKmii kaaccoB AX°, rae o > —1, Ha
OJHOCBSI3HOII 00/1aCTH KOMILJIEKCHOI IIJIOCKOCTHI!

B. A. Beanax, /I. C. EpmakoBa (Bpsanck, Poccus)
vera.bednazh@mail.ru

B pabore mokazano, uro Hyau aHamuTudeckoit Gyukimn F € A% (G), a > —1, MOXKHO
BBIJICJINTD, He BbIXOAd u3 mpocrpancTBa A (G), rme G — oxHOCBsi3HAs 06IACTh Ha
KOMTIJIEKCHOM TIJIOCKOCTH, TPAHWIIA, KOTOPOH COMEp:KUT 00JIee OIHON TOUKH.

Karouesnie caosa: eTUHAIHBIN KPYT, AHATATHIECKAA (DYHKITHS, HY/IH aHATATHIECKOM
byHKIINN, KOMITJIEKCHAS TLIOCKOCTh, OECKOHEYHOE TTPOU3BEICHNE.

On one property of the root sets of functions of
classes A>°, o > —1, on the simply connected

domain of the complex plane!
V. A. Bednazh, D. S. Ermakova (Bryansk, Russia)
vera.bednazh@mail.ru

It is proved that the zeros of an analytic function F' € AX(G), « > —1, can
be distinguished without leaving the space AS°(G), where G is a simply connected
domain on the complex plane whose boundary contains more than one point.

Keywords: unit disk, analytic function, zeros of an analytic function, complex plane,
infinite product.

[Tycte D = {z: |z| < 1} — ejunuunblil KPyr HA KOMILJIEKCHOH ILJIOCKO-
cru, H(D) — mMHO)KecTBO Beex ananutudecknx B D dyuxrmmit. B 1914 roxy
Xapjan paccmorpen kiaacc HP, p > 0, anamurndeckux QpyHKIMA, yIOBIIE-
TBOPSIONINX YCJIOBUIO

s
0\ |P
sup /’f(rew)} df < 4o0.
O<r<1

—T

Ha cerogusininmii eHb XOpOINO U3yYeHbl KOPHEBbIE MHOXKECTBa (DYHKIL
kyacca HP. Ussecrno, uro ecsim dynknus f € HP(D), 0 < p < +o0, 10
nymn {23 1,25 DYHKIMN TOTMUHSIOTCS H3BECTHOMY YCIOBHIO Bisimke

“+00

> (1) < +oo.

k=1

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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BBejiem B paccMoTpeHue Kjaace pyHKIHi

A3(0) = {7 € HD): 176 < = b,

rjie ¢y — MOJIOKUTeIbHAA OCTOAHHAA, 3aBUCAIasd TOIbKo oT f, a > —1.
B pabore @. A. [Mlamosina [1| ycraHOoB/IeHO, 4TO HyJIM AHAJIUTHYECKOMH
(DYHKITMH MOXKHO BBIJIEJIUTD, HE BBIXOJS u3 mpocTpancTtsa A% (D).
O06001IM TOT pe3ysbTaT Ha CJaydail IIPOU3BOJIBHON OJHOCBA3HOM 00JIa-
CTU KOMIIJIEKCHOM TIJIOCKOCTH.
Ob6o3HaINM

A3(6) = { £ € HO) s Pl < e |

rie dist(w, 0G) — paccrostHue OT TOUKHK W JI0 rpanuipl obnactu 0G,

CF — IOJIOKUTEJIbHASL IOCTOSIHHASL, 3aBUCAIIAs TOJbLKO oT F, o > —1.
Teopema 1. Ecrm dbynxmua f € AY (D), a > —1, 1 f(z) =0, k =

1,2,....,2; € D, Torna dpynknus % € AX(D), vue B(z,z;) — beckoneuanoe

IIPOU3BEICHAC BUJIA

+00
Bz z) =[] 2= bk (z2))  be(z.2), 2, 2, € D.
k=1

Teopema 2. Ilycts G — ojHOCBsA3HAS 00JACTH HA KOMILJIEKCHON TLIOC-
KOCTH, TpaHuila KOTOPOH cojepKuT Oosiee ojHO# Touku. Ecmu dyrxiums
F e A°(G), a>—-1,uF(w) =0, k=12, w € G, torna
dbyuKIuS % € AX(G), tae B (w, wy) — GeCKOHETHOE MTPOU3BE/ICHIE BUJIA

—+00

B (w,wy) = [ ]2 = bx ((w), ¥ (wp))) - by (d(w), b (wy)), w,wy, € G,

k=1

Y(w) — yuknums, KoHGOPMHO oToOpaXawIas 00sacTh G HA €IUHUIHBII
Kpyr D.
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Amnajioru OnIcTporo nmpeodpa3oBaHUda Xaapa!
M. C. Becnasos (Bmagumup, Poccus)
bespalov@vlsu.ru

[IpuBegeHbl HOBBIE MATPUIHO-AJITOPUTMUYECKHE (POPMBI 3aMUCH OBICTPOTO TTPEoOpa-
30BaHns Xaapa, KOTOpbIe IOMyCKaloT p-udHoe obobOmenue. IIpemmoxkensr meiicTBu-
TeJIbHbIE C TTPOPEKUBAHUEM TI0 YACTOTE W MO BPEMEHW BAPUAHTHI STUX O0OOIIEHUIA.

Karouesvie cao6a: nuckpernoe mnpeobpasoBaHne Xaapa, OPTOrOHAIbHAS CHCTEMA,
OBICTPBII AJITOPUTM.

Analogues of the fast Haar transform:
M. S. Bespalov (Vladimir, Russia)
bespalov@vlsu.ru
New matrix-algorithmic notation forms for the fast Haar transform, which admit p-ary

generalization, are presented. Real versions of these generalizations with decimation
in frequency and in time are proposed.

Keywords: discrete Haar transform, orthogonal system, fast algorithm.

Cpenin OBICTPBIX AJITOPUTMOB UG POBOIT 00PAOOTKN CUTHAJIOB, K KOTOPHIM
oTHOCsATCs ajroput™m Kymn - Thioku JUisi JUCKPETHOIO MPeoOpa30BAHUS
Dypoe (AID) u anropurmbr Lyma st auckpernoro npeobpasoBanust Yo-
amra (JITTY), Bbiiesisiercst aaropuTM peajns3alini JUCKPETHOTO Mpeobpas3oBa-
rnst Xaapa (JII1X) B Buge 6wempozo npeobpazosanus Xaapa (BIIX). Ecan
qpncsio onepanuit st IO wian JAITY nopsiika N = 2™ onieHuBaeTCst: BeJIdIn-
noit N2 B cayuae npamoro Beraucienus, sesnannoit nN = N log N B ciayuae
obicTporo ajaropurma, 1o jiuist BIIX ono pasuo N. ITpuuem jyis 11D 310 orne-
paIy KOMILJIEKCHOI'O CJIOXKEHUSI IIJII0C KOMILJIEKCHOTO YMHOXKeHus. Pazyaue
Ha TOPSI0K B 3TUX nudpax obycaoByieHo ocodbiMm BugoMm AITX, MuanMmu3u-
pyeleM YKCJIO Olepaluii Ha KJjacce CTYIeHIaAThIX (PYHKITHA.

B o630pe [1] mo sroit remaruke cam anaropurm BIIX He npusogurest. B [2]
oTMedeHo, 4To Kpome ocHoBHoro JIIIX, rje npopexkuBaHue sjieMeHTOB beper-
cd 1Mo JacTtore, cymecrByeT BapuanT JIIX ¢ mpopexxuBanmem 1o BpeMeHH.

Anaropurm BIIX mo uactore.

s k om 0 don —1 svinosnaem

(0as § om 0 do 2" F~1 — 1 ewnoanaem
a2n—k—1+j = T2j — L2541, T = T2j + $2j+1). apg = Xy.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Aaropurm BIIX mo BpemeHmn.
Has k om 0 don —1 evnosnsem
(Ona j om 0 do 2" F~1 — 1 ewmosnaem

:C] = :Cj + xQn—k—1+j ag = xo
a?’n*k}*lJ’»j = .I'J — LUankflJrj

B 3Tux ajaropurmax B KadecTBe pabodero MaccuBa MUCIOJIB30BAIN HCXOJ-
HBI MaccuB. Bo BTopom ajiropuTMe MOXKHO OIPAHUIUTHCST BCEIO OJITHUM MaC-
CUBOM, 3aMEHWB BBLIXO/IHON MaccuB A = {aj}j-v: _01 Ha BXOJIHOI MaccuB X, Tak
KaK Pe3yJIbTaThl ONMEPaIii MOMEIIAITCS B T »Ke T9eiKn, OTKYyIa 0epyTcs.

B [1] amropurm JAIIX (#o we BIIX) npusenen B yaurapHoii (hopme mat-
puunoro BapuanTa. CpaBHuUBaThH €ro ¢ ObicTphiMU ajroputMmamu Jijisi JIITO
u JIITY zarpyjuure/ibHO, TaK Kak JiJjis MOCJIEHUX CYIIECTBYET MaTPUYHbIN
BapuaHT OBICTPOrO AJITOPUTMa B BUJE (haKTOPUBAIINN.

[Tpeuioxkum MaTpuaHO-aJropuTMuyieckyio kouctpykiuto BITX. st aro-
TO BXOJIHOI OJIHOMEPHBIH MAaCCHB & IMPEACTABIM B BHJe MaTpuinl X myse-
BOTO Iara (BepxXHUil MHJEKC yKa3biBaeT 1ar ajiropuTMa) pazmepa 2 X 2771
[Tpuuem, Jij1st aJITOPUTMAa TI0 YACTOTE PACIIOJAraeM T B MATPHIIE TTO CTOJIOIAM
(To ecTh MO Mapam), JJsi AATOPUTMA TI0 BPEMEHH PACTIOIaraeM T B MATPHUIIE
110 cTpoKaM (II0JI-MacCHBa BBEPXY U 110J-MaccuBa BHU3Y ). CyMMa CTPOK Mar-
purel X obpasyeT BXOIHOI OHOMEpHBI MaccuB x! ciejpylomero mara, a
Pa3HOCTB ITUX YKe CTPOK 3allOMIUHACTCH B BBIXOJAHOM Maccue m' Kak Habop
CIIEKTPaJIbHBIX XapakTepucTuk. I Tak maJjee.

Marpuuno-aaropurmudeckuii Bua BITX.

Jasa k om 1 don svnosnsem

k
$k _ 1 1 Xt (1)
m 1 -1

2de mampuua X* uz deyxr cmpor ecmuv npedemasaenue 00HOMEPHO20 MaC-
cusa TF: no cmosbuyam 6 cayuae aAZOPUMMAE N0 YACTNOME UL NO CIMPOKAM
6 CAYUAE AA2OPUMMA O BPEMEHL.

Buixoduoti odnwomepnoiii maccus (cmpoka) gopmupyemes us odnomeprolx

MACCUBOB PA3H020 00BEMA 6 CAEIYIOWEM NopAJKeE
A= (z"m"m" . mh).

IIpepnozkennas (1) dopma (-) = HX* ! anropurma BIIX momyckaer
cJejiytoriee p-uaHoe 0600IeHrne, KOTOPOe CTPOUTCs 3aMeHOl Marpulibl H Ha
IIPOU3BOJILHYIO0 HEBBIPOXKICHHYIO MATPHUILly () MOPSAJKA p ¢ HAYAJILHON CTPO-
Koit n3 exunnil. IlepponadasnbHo OyjieM cUMTaTh, YTO CTPOKHU (p; STON Mar-
putpl () oproronajbibl. HoBble BapraHThl Takoi MAaTPHUILI () 71T BXOIHOTO
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oaHoMmepHoro Maccusa x € RY npu N = p" upemyoxens B [3]. Ecim p camo
SIBJISIETCSI CTEIeHbIO JIBOWKM, TO B KadecTBe () mojoiiger marpumna JITY. Ec-
JIA Pa3pelInThb IepexoJi K KOMIIJIEKCHBIM YUCIaM, TO B KadecTBe () mojoiier
marpuna JI1D.

MaTtpudHo-aJITOpuUTMUdecKuii p-udHblii anajgor bBIIX.

s k om 1 don evinoansem

SUk

Mk :Q'Xk_17

1 eCcmb npe&cmae,/tenue OaHOMepHOZO

ede mampuua X* pasmepa p X p”_k_
maccusa ¥ (empoku): no cmosbuam 6 cayuae aAZoPUMMaA No “aACTOMe Ul
no0 CMPOKAM 6 CAYYAE AN2OPUMMAE N0 GPEMEHU.

Buvizodnoti maccue A = (z" M™ M1, .. M1).

Qopwmy npejicTaBieHus BbIXOHOTO MaccuBa A Jijisi pa3HbIX CJlydaeB aJi-
TOPUTMa CJIeTyeT MPOAYMATh.

Matpu4uHo-ajaropurMudeckuii ooparsabiii p-ABIIX.

s k omn do 1 evnosnaem

.%'k

k=1 _ -1
X - Q ) k )
M
2de =¥ ecmv passepmra (no cmoabuam 6 cayuae aN20PUMMAE NO MACTMOME
UAU MO CTPORAM 6 CAYHAE AA20PUMMA NO 6pemenu) mampuuv, X* 6 cude
CMPOKU.

-1 __ *
B ciydae opToronaibHOCTH CTPOK (0 Marpuipl () nmeem @~ = Q* - D

¢ JWaroHaJbHOi [, y KOTOpOWl Ha JMArOHAJJU PACIOJIOXKEHBI UHCIa ”(;"2.
J

B uacrnocru, s anropurma BIIX (1) ¢ marpuneit H umeem H ! = %H,
OTKYy/Jla BbITeKaeT, 4To 1npu obparHoM BIIX Bbraucssiem 1mojiycyMMbl U 10JIy-
PA3HOCTH.

B kauecrre npumepa paccMorpum ciydaii p = 4. B [3] B kauecrse marpuiy

() IpesIoYKeHbI MATPHUIIBI

1 1 1 1 1 1 1 1
3 —1 —1 —1 1 —1 0 0
& : (2)
0 2 —1 —1 0 1 —1 0
0 0 1 —1 0 0 1 —1

HoBbIit BapuaHT ¢ JUCKPETHBLIMU (DYHKIUAMU YOJIIIa B KadecTBe Oa3u-
ca R* ¢ marpuneit Q = H®? B Buje kpoHekepoBa Kpajpara Marpuisl H. B
9TOM CJIyUae JIJId MAaTPUIbl () MOXKHO TPUMEHUTDH OBICTPHIi anropuTtm ['yia B
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a1060M U3 JIByX BapuaHTOB. B 4] mpe/jioxkena 3anuch OCHOBHOTO aJiIlTOPUTMA
['yia ¢ ucnosb3oBarnem onepain b-lpousBeIeHnsT MATPUIL (CHMBOJI OTlepa-
mn Q) H®? = (H © E)?, rje E — euanunas MATPUIA BTOPOTO TOPSIKA.

[Tpeuioxkennasi hopma 3a1uCy pejirnoJiaracT uCoJIb30BaHUE MapaJlie/b-
HBIX AJTOPUTMOB, TO €CTh BBIYUCJICHUST B BeKTOPHO# (hopme. ObosHauuM (Ha
KazKJIoM k-M Imare) cTpoku obpabareisaemoii Marpunpl X ¥~ cumsomamu X,
X1, Xo u X3. B cayuae marpunpt @ Buja (2) dbopmydibl, Bbilucatubie B |3]
IS 3JIEMEHTOB, MPe/JIaraeTcs NCIOIb30BaTh I CTPoK. B cayuae Q = H®?
9TO BBITJISJIUT TaK: BbIUUC/IsieM HOBbIE CTPOKU B nopsijike X+ Xo, Xo — Xo,
X1+ X3, Xi — Xj3; nepeobosnavgaeMm ux npe:kHEMHU cuMBojsiaMu X, X1, Xo
n X3; moBTopsieM mpeab Ayl mar. Yucso onepannii #Ha 1 CTPOKaMu: B 1ep-
BOM CJydae — 2 yMHOXKeHus u 7 caoxennii (Xo + X3 cuntaem omuH pas),
BO BTOpOM — 6 cjioXKeHui (BbmHTaHHﬁ), B TpeTheM — 8 cinoxkenuit. [Ipocrto-
T& BBIYMCJICHHsI BO BTOPOM CJIydae KOMIIEHCUDYETCsi DoJiee CJIOXKHBIM, 9€M B
TIEPBOM U TPETheM CIIydasx, BIJIOM 06paTHOIl MaTpHIsl Q1

BapuanT ajropurma ¢ TPOPEKMBAHUEM 10 BPEMEHU JIOMYCKAET PeaJivi-
a0 6e3 GopMIpoBaHud MaTpuIbl X ! ¢ p crpoKaMu Ha KaxKJIOM Iare.
MoxxHo 1npocro obpabaTbiBaeMblii OJJHOMEPHBIN MacCUB pa3dbUTh Ha P JU3b-
IOHKTUBHBIX OJIMHAKOBBLIX IO 00beMy mnoamaccuBoB — Xg, X1, Xo n X3 B
paccMOTpeHHoM ciaydae p = 4.

Bcio KOHCTPYKIMIO HE CJIOYKHO 1epeOpMyIMpoBaTh B TEPMUHAX CTYIICH-
JaThIX (PYHKIWH Ha €JMHUIHOM OTpe3Ke. B 3ToM ciiyvuae KOHCTPYKIHS MTPe/i-
craBJjisier cobOi MOJIeJILHBIN cjiydail p-uaHOM BEWBJIETHONW CXeMbl Ha, KJIACce
CTyHEeHJIATHIX (DYHKIU, TJIe TOXKJIECTBEHHAS €JIMHUIA €CTh MacIITabupyio-
mas QpyHKIMs, ocTajgbubie p — 1 pyHKIWMT 6azuca cocTapsioT HabOp MaTe-
PUHCKUX (DYHKIINN, & TAKXKe BBIJICTSTIOTCS P-UIHbIE CKATUS U CJIBUTH,

CIINCOK JINTEPATYPHI

[1] Baamanszon JI. A. Tlpeobpazosanua @ypbe, Youmra, Xaapa U UX TPUIOKEHHS B
ylpaBJjieHu#, cBg3u u jipyrux objacrax. M. : Hayka. 1989. 496 c.

[2] Mawapexui C. M., Manozemos B. H. XaapoBcKue CIIEKTPhI TUCKPETHBIX CBEPTOK |/
ZKypHaj BBIYHCJIHTENbHON MaTeMaTUKH n Maremarudeckoit dpuzuku. 2000. T. 40,

Ne 6. C. 954-960.

|3] Becnanos M. C. BeiiBaerHble p-aHAJOIM JHCKPETHOrO TpeobpasoBanust Xaapa //
NsB. Capar. yu-ta. Hos. cep. Cep. Maremaruka. Mexanuka. Uudopmaruka. 2021.
T. 21, Ne 4. C. 520-531.

|[4] Becnanos M. C. HoBble paznozxkenust Kporekepopoit crenenu no ['yny // TTpoGuembr
nepenaan nadopmarmn. 2018. T. 54, Ne 3. C. 62-66.

49



VJIK 519.63

OO0 ogHOM HUTEepaIMOHHOM MeTOoJie pelleHus

nmapadomdecKnX ypaBHEeHMI!
. B. Boiikos, B. A. Pazannes (Ilen3a, Poccust)
1.v.boykov@gmail.com, ryazantsevv@mail.ru

B pabore npeanoxen 3¢ GEKTUBHBIN YUCAEHHDIN METOJ, PEIIEHUS IPSIMbBIX U OOPATHBIX
3a/1a9 JJIst TapaboINYecKuX ypaBHeHu (TMHEHHBIX W HeJIMHeHHBIX ), OCHOBAHHBIN Ha,
HEIIPEPHIBHOM METOJe PeIlleHrs] HeJIMHEHHBIX OepaTOPHBIX ypaBHeHuit. Paccmarpu-
BAIOTCS TIPSIMBbIE 3341 /71 HeJTMHEHHBIX YPABHEHNH 1 0OpaTHBIE 33,/1a41 151 Tapabo-
JINYEeCKUX YPABHEHUH B CJIEAYIONINX IMOCTAHOBKAX: KO3 dunmenTHas 3a1a4a, 331398
BOCCTAHOBJIEHWST TPAHWYHBIX YCIOBWH, 3a/a9a BOCCTAHOBJIEHHUS HAYAIHHBIX YCIOBHUI.

Karouesnie caosa: oOpaTHbIE 3371a491, HEKOPPEKTHBIE 33a491, TapabOTuIecKue ypaB-
HEHUsI, TEOPUs YCTONIUBOCTH, JOrapudMUIecKas HOPMA.

On an iterative method for solution of
parabolic equations’
I. V. Boykov (Penza, Russia), V. A. Ryazantsev (Penza, Russia)
1.v.boykov@gmail.com, ryazantsevv@mail.ru

In this paper we propose an efficient numerical method for solution of direct and
inverse problems for parabolic equations (both linear and nonlinear). The method is
based on the continuous method for solution of operator equations. We consider direct
problems for nonlinear equations and the following statements of inverse problems for
parabolic equations: inverse coefficient problem, the problem of recovering boundary
conditions and the problem of recovering initial conditions.

Keywords: inverse problems, ill-posed problems, parabolic equations, stability theory,
logarithmic norm.

[TpubuzkeHHbIM MeTOJIaM PelleHus IPAMBIX 1 0OpaTHBIX 3aJa4 JJjis I1a-
paboJiMuecKux ypaBHenuii nocssiiena obiuphas jureparypa [1], [2], [3], [4]-
Tem He MeHee, pa3paboTKa HOBLIX METOJIOB PEIIeHHUs dTHX 3aJiad siBJISETCS
aKTyaJIbHOM 3a/a1ueil. 9T0 00YCIOBIEHO KaK MOSIBJIEHUEM HOBBIX MTPUKJIATHBIX
3aJ1a4, MOJICJIUPYEMBbIX [TapabOIMICCKUMI YPABHEHUSIMU U UX CUCTEMaMU, TaK
1 BO3PACTAMOIIMMU TPEOOBAHUSAMU K TOYHOCTU U YCTOWUMBOCTU UMCJICHHBIX
METOJIOB.

B Tedenne HECKONIBKHUX MOCEIHUX JIET aBTOPDBI UCCTEYIOT ITPUMEHUMOCTD
HEIPEPLIBHOIO METOJIA PEIIEHUs HeJIMHEHHbIX OllepaTOPHbIX ypaBHenuii [5] k
PEIIeHUIO IPSMBIX 1 00OpPaTHBIX 3314 JIJIsd HapaboJInIeCKuX U Iuiepbosnie-
cKkux ypapHeHuii. Boibop 3Toro mMerojia o0yC/I0BJI€H JIByMsi OOCTOSATEIbCTBA~
mu: 1) B ormmmuume ot meroga Heiotona - Kantoposuua meros we Tpebyer
obparumoctu npoussoHoil @perie (mm Taro) HeswHeitHoro oneparopa Ha
KaXXJIOM IIIare UTEPaImoHHOTO IIporecca. bojiee TOTO, OH OCYIIECTBAM Jla-
JKe IPU BBIPOKJICHUH TPOU3BOJIHON HA HEKOTOPOM MHOI00ODA3uu; 2) METO/

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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OCHOBaH Ha TEOPHUH yCTONIMBOCTHU JIAMyHOBa M yCTOHYMB IPU BO3MYIIECHUN
3JIEMEHTOB YPaBHEHU 1M HAYaJbHBIX YCJIOBUN.

B pabotre jan 0030p psjia pe3ysabTaToB, MOJYUYEHHBIX B 9TOM HallpaBJie-
HUMN.

Janmm KpaTkoe onmcaHue HEMPEepbhIBHOIO OMEpaTOpHOro Merona. Ilycth
Tpedyercs HaiTH pelleHrue HeJMHEHHOIO OllepaTOPHOIO YpaBHEHUS

rie A: X — X — HejmHeRHbBIN omepaTop, oToOpaXKarmuii 6aHaxoBO MPOC-
TpanctBo X B cebst. Ypashenuto (1) craBurcst B coorBercrBue 3ajada Koriu
dx(s)

ds

= A(x(s)) = f, (2)

z(0) = xy. (3)
Nmeer mecro cueyionas TeopeMa.

Teopema 1. Ilycmov 3adavwa (2)-(3) umeem pewenue x*, u Hna 6cA-
kol dugppepenyupyemots kpusot g(s), pacnoroscennot 6 wape B (x*, 1),
cnpasedausv, caedyrouue yeaosus: 1) npu arobom s (s > 0) ewnoansem-

S
ca nepasencmeo [ A (A (g(1))) dr < 0; 2) umeem mecmo mepasencmeo
0

1 S
lim = [A (A (g(7))) dr < —a,, ay > 0. Toeda pewenue sadauu Kowwu
S0

S$— 00
(2)-(3) npu s, cmpemawemes % beckonewnocmu, crodumca x pewenuro
ypasuenua (1).

Yepes A (A’) obosnauena Jsorapudpmuueckasi HopMa oreparopa A’ sis-
asttoterocst mpoussoaoit @perte (mpoussojuoit ['aro) omeparopa A. Jlo-
rapudmvndeckast Hopma A(A) omeparopa A @ X — X omnpejensiercs [6]

rocpeicTBoM hopmysibl A(A) = l}%l (%), rJie CUMBOJI | O3HAYAET MO-
HOTOHHOE CTPEMJICHUE K HYJIIO. '

B pabore [7| mocTpoenbl qucieHHbIE METOJIBI PEIeHnsT 0OPATHBIX KO-
GUIMEHTHBIX 33189 JIJIsT OJIHO- U JBYMEPHBIX YPABHEHU TEIJIONPOBOIHOCTH

B CJIEAYIOIIUX IMTOCTaHOBKaX.

Hana 3aaqua Korru:
ou 0?u  0u
_ —_— _— 4
Ji 7<ax2+ay2>’ (4)

w(0,2,y) = ¢(z,y),
riet > 0, —o0 < x,y < 00, u B T0uKe (¥, 2% y*) usBecTHO ee perienne
u (t*, x*, y*). Tpebyercs naiitu kKoabdumnuent .
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Hano ypasuenue (4) ¢ HATAJBHBIM YCIOBAEM

u(0,2,y) = p(z,y), (z,y) € [0;4 (5)

U TPAHUIHBIMU YCJIOBUSIMU
u(t,xz,0) = q(t,z), wu(t,z,l) =gt x), (6)
u(t, 0,y) = qs(t,y), ult, £,y) = q(t,y). (7)

MsBecrHo pemienne rpannanoil 3agaqau (4)-(7) B rouke (t*, 2%, y*). Tpe-
Oyercs onpesiesiuTb KOIMPUIUEHT 7.

[TokaszaHo [8], 4T0 MeTO/ IPUMEHUM JIJIsT HAXOXK JIEHUsI JIBYX HEM3BECTHDIX
IOCTOSHHBIX KO3(DMUITMEHTOB B HEJIMHEHHOM ypaBHEHNN

8U(t,l’1,l’2) 82U(t,l’1,$2) 82U(t,£1317£13'2)
—_— = a

ot ox? dx3

+ bU(t, X1, xg),

U(O, 331) - Sp(xlﬂ .732),

e —o0 < x1,Ty < oo, 0 < t < T, koapdunueHT a moJIOKUTE b
Hblii. [Ipeanonaraercs, 4To JOMOJTHUTEILHO M3BECTHBI 3HAUCHUSA PEIICHUS

1) .1 (1) 2) .(2) (2)
U(t( )7x1 ) ) 1 U(t( )7331 ) )

B pabore [9] pesysibrarsl paborsl 7] pacipocrpanenb Ha napabosimieckue
ypaBHEHUsI ¢ HEM3BECTHBIM KOAMDMUITUEHTOM, 3aBUCSIIIIM OT BPEMEHH.

B pabore [10] HEIIPEPLIBHBIN ONEPATOPHBLIA METOJ| PEeIIeHus HeJINnHe-
HbIX OIIEPATOPHBIX YPaBHEHU I ITPUMEHETCs Ui pellieHus 3ajiauu Koru jijist
HEJIMHEeHHOIO 1apaboJInIecKOro ypaBHeHUsI

% — a% + & (¢, z,u(t,z)), (8)
w(0, ) = ¢(). (9)

[IpenBapurenbho 3amada (8)-(9) cBOAUTCS K HEJMHEITHOMY HHTErDATbHO-
MY YDaBHEHHUIO

00 t oo
ut,z) = [ @(§)G(z,€,t)dE + O (2,8 ulz,§)) Glz, &t — ) dS ds,
/ [
rie G(x,&,t) = 2\/%exp [—%}.

Ha ocHoBe HelpepbiBHOTO O1IepaTOPHOTO METO/Ia ABTOPAME TaKKe YCIIelll-
HO TIOCTPOEHB! 3D DEKTUBHBIE TUCTEHHBIE METO/IBI PENIeHHsT CIIEIYIONHX 3a-
Ja JIJist IMHEHHBIX 1apaboJIMIecKiuX ypaBHeHuit: 1) BoccTaHOBJICHWS HaYab-
HBIX yesoswil B 3amade Ko [11]; 2) BoccTanoBIeHNsT TPAHITHOTO YCIOBH B
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MepBOii 1 BTOpOit KpaeBoit 3aade [12| u 3) BoccranoBiennst KO3 huImeHToB
IPAHUYHBIX YCJIOBUET B Tperbeil Kpaesoit 3ajade [13].
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Hemnonubie obpaTHbie 3a1a9m IJIs

auddepeHInaIbHbIX OIIepPaTOPOB Ha rpadax!
H. TI. Bougapenko (Caparos, Poccust)
bondarenkonp@info.sgu.ru

B craTbe mpuBemeH 0030p pe3yIbTATOB IO HETIOJHBIM 00pATHBIM 3amadam s audde-
PeHIAIbHBIX OIeparopoB Ha rpadax. Takue 3a1a4n COCTOAT B BOCCTAHOBJIEHHH KO-
sabdunuenrTos nuddepennmanbubix Boipazkenuii (Hanpumep, norennuanos Irypma-
JluyBusiis) Ha HEKOTOPBIX pebpax rpada o CleKTpajbHbIM XapaKTEPUCTUKAM [PU
ycsoBum, 910 KO MUIUEHTBI HA OCTAJbHBIX Pedpax m3secTHbl anpuopu. OObrdHO
B HEMOJIHBIX OOpPATHBIX 33Ja9ax TPEOYETCS MEHbINE CIEeKTPAJbHBIX JAHHBIX, 9€M B
nosiHbIX. PaceMmorpensl aud deperiimaabable Oneparopbl KAK ¢ PEryasipHbIMU KOI()-
dunmenTamu, Tak U ¢ KOIPDUIHEHTAMA U3 KJIACCa (DYHKIUIT-paCIpeIe/IeHuiA.

Karouesvie caosa: oOpaTHbIe CEKTpaIbHbIE 3a0a9u, oneparopsl 1ITtypma-JInysusiis
Ha rpadax, auddepeHnuantbHbe OMepaToOphbl ¢ KOIDPUITNEHTAMA-PACTIPEICTCHUSIMH.

Baazodaprocmu: pabora BeimmonHena B - CapaToOBCKOM TOCYJAPCTBEHHOM — YHU-
BepcureTe 3a cuer rpanta Poccumiickoro wmaygynoro donga Ne 21-71-10001,
https://rscf.ru/project,/21-71-10001/.

Partial inverse problems for differential

operators on graphs!
N. P. Bondarenko (Saratov, Russia)
bondarenkonp@info.sgu.ru

The paper is an overview of the results on partial inverse problems for differential
operators on graphs. Such problems consist in the recovery of differential expression
coefficients (e.g., Sturm-Liouville potentials) on some edges of a graph from spectral
characteristics under the assumption that the coefficients on the remaining edges
are known a priori. Usually, partial inverse problems require less spectral data than
complete inverse problems. We consider differential operators with regular coefficients
and also with distribution coefficients.

Keywords: inverse spectral problems, Sturm-Liouville operators on graphs, differential
operators with distribution coefficients.

Acknowledgements: this work was implemented in Saratov State University
and supported by Grant of the Russian Science Foundation Ne 21-71-10001,
https://rscf.ru/en/project /21-71-10001 /.

JloKJ1a] ITOCBAIIEH HEMOJIHBLIM OOPATHBIM 3a/iadaM, COCTOSIIUM B BOCCTA-
HOBJIeHWY D EpPEeHIINaATBHBIX OMEPATOPOB IO WX CIEKTPAJIbHBIM XapaKTe-
PUCTHUKAM IPU YCJIOBHH, UTO KOIPPUIMEHTHI OrepaTopa 9acTUIHO HU3BECT-
HbI anpuopu. Kiaccuyeckoil HeroJiHo#i oOpaTHOi 3aj1aueil SABJisdeTcs 3a/1a4a
Xoxmmragra-JInbepmana, koTopasi cocrout B ciejyiomiem. Paccmorpum kpa-
eByio 3ayaqy [llTypma-JInysumimns:

—y"(z) + q(@)y(x) = Ay(z), =€ (0,1), (1)

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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y(0) = y(1) =0, (2)

rie g € Ly(0,1), A — cnekrpanbhbiii mapamerp. X. Xoxmrajar u B. Jlubep-
mat [1] nokasasu, 4ro eciu norexnuas () U3BECTHEH AllPUOPU HA UHTEPBA-
ae (0,1/2), ro q(z) ua (1/2, 1) 0IHO3HATHO OIPEJIENISIeTCs O CIIEKTPY 38 1a9u
(1)-(2). Bamerum, uro corsacuo pesyabrary I. Bopra [2], pist equncrBenHo-
CTH BOCCTaHOBJIEHUs moTennnana ¢(z) na scem narepsase (0, 1) Tpebyorcs
JIBa CIIEKTpa KPaeBbiX 3ajad Jyist ypaBHeHust (1) ¢ pasindabiMu HabopaMu
KPaeBbIX YCIIOBUIL.

Paccmorpum HekoTopbie 00001IeHns 3a1a9u XoxInrajra-JInbepmana Ha
JnddepenialibHble ollepaTopbl Ha reomerpuyeckux rpadax. B kauecrse
IpUMepa IPUBEJIEM IIOCTAHOBKHU IOJHOM M HEMOJHOH 0OpaTHBIX 3ajad JIIst
orneparopa rypma-JInysuiis na rpade-3sese. Ilycrs G — rpad-38e31a ¢
m > 3 pebpamu {e;}7" onunakosoit jymnbl 7. Kazxoe pebpo e; coeunser
BHYTPEHHIOIO BEpIIUHY Uy ¢ IpaHn4Hoi Bepmmnoii v;. Ha kaxjiom pebpe e;
BBesieM mapamerp x; € [0, 7). Bnadenne x; = 0 COOTBETCTBYET I'DAHUIHON
BEpIINHE V), & T; = T COOTBETCTBYET BHYyTpPeHHefl Bepinne vy. PaccmMoTpim
Ha rpade G ypasuenust [Irypma-JInyBuiiist

—y;i(z) + q;(x))y;(z) = Myj(2y), 25 €(0,7m), j=1m,  (3)

C BelleCTBEHHbIMHU ToTeHInataMu ¢; € Lo(0,7), j = 1,m, u crangaprubie
YCJIOBUS CKJIEHKM BO BHYTPEHHEH BepIInHE:

yl(ﬂ) = yj(ﬂ)7 J=2,m, Zy;(ﬂ) = 0. (4)

O6ozaaunm aepe3 A u A, k = 1, m, cieKTpbl COOTBETCTBYIOIIIX KPAEBBIX
sajiad L u Ly, k = 1, m, s cucrembl ypaBHenuit (3) ¢ ycJIoBUsAME CKJICHKH
(4) u cenyOMuMH YCIOBUSIMU B TPAHUIHBIX BEPITHHAX:

L: y;(0)=0, j=1m,
Liy: y,(0)=0, y;(0)=0

CrexTpbl IPUBEJIEHHBIX 3324 [IPEJICTABJISIOT COO0i CUeTHbIE MHOXKECTBA Be-
IIECTBEHHBIX COOCTBEHHBIX 3HAUCHMIA.

[Tonas obparnas 3ama4a g oneparopa Lrypma-JIuysuiiisa Ha rpade-
3Be371e (POPMYJINPYETCs CIIELYIONUM 00pa3oM.

 j=Tm\k

Oo6parnag 3amaua 1. Ilo cnexmpam A, A, k=1, m — 1, nocmpoumuv
nomenyuave {q; L.

ObparHag 3ajada 1 mnpejcrapjseT coOOil YaCTHBIA ciydail oOpaTHOI
crieKTpaJibHOW 3ajauun Jiisi oreparopoB Ilrypma-JluyBuiis nHa rpadax-
nepeBbsx (T.e. rpados 6e3 mukI0B), n3ydennoii B [3|. B pabore [3] nokazama
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eIMHCTBEHHOCTD pellleHrs oOpaTHO! 3a/auy 1 pa3paboTal KOHCTPYKTUBHDIA
AJITOPUTM BOCCTAHOBJICHUS IIOTEHIIMAJIOB, OCHOBAHHBINA Ha METOJIE CIIEKTPAJIh-
HBIX oToOpaxkenuit (cM. [4]). BameTnM, 9TO JIJTsT BOCCTAHOBICHUS TOTEHIHA-
JIOB Ha Bcex pedpax rpada MCIoIb3yeTcsi JI0CTATOUHO OOJIBITOe KOJTIECTBO
JIAHHBIX — M CIIEKTPOB. Bompoc 0 MUHUMAIBHOCTH 3TUX JAHHBIX, HACKOJILKO
M3BECTHO aBTODY, sIBJIsIeTCs OTKPBITHIM. B HemaBaux pabdorax |5, 6] monydena
XapaKTepU3alus CIeKTPaJbHbIX JanHbix onepaTopos rypma-JInyBuiis na
rpadax ¢ peryJsspHbIMU ¥ CUHIYJIAPHBIMA HOTEHIMAIAME, OJIHAKO UCIIOJIL3Y-
eMble B HUX CIEKTPAJbHbIC JAHHBIC ABJISIOTCA M30BITOUHLIMU M COJCPIKAT
nanubie B. A. FOpko [3] B KadecTBe MOMHOKECTBA.

B ciyuae, ecan moTeHnuasbl U3BECTHLI allpUOPH Ha 4acTu pebep rpada,
KOJINYECTBO JIAHHBLIX 00paTHOI 3a/1aun MOXKeT ObITh yMeHbineHo. B. H. [Tuso-
BapUuK 7] 3aMeTUII, 4TO €C/IU HOTEHINAJIBI ¢ 3a/IaHbl Ha BCEX pebpax, Kpome
OJIHOTO, TO IOTEHIMAJ Ha OCTABIIEMCs pebpe OIHO3HAYHO ONpPEJIe/IseTcs 110
osHomy criekrpy. U.-®. dur [8] nokazas, uro B 910M Ciyvae Tpebyercs He
BEChb CIIEKTD, a JIOCTATOYHO %—ﬁ JACTH CIIEKTPA.

[Ipu xaxgom j = 1,m obosnaunm wepes S;(z;, \) peinenue ypashe-
nust (3), ysiosaersopsiioniee Hauaabubim ycaosusm Si(0,A) = 0, .55(0,A) = 1.
CobcrBennble 3HaueHus 3a0a49n L cOBIAJaIOT ¢ HYJISIMU XapaKTePUCTUICCKO
dyHKIMN

m

m
o !/
AN =Y Sim ) [ Selm, A) (5)
j=1 k=1
k#j
¥ MOTYT OBITH 0003HAUEHBI Uepe3 {Ankt,>1 r_15m C YI€TOM KpPATHOCTEH B
COOTBETCTBUN C aCUMIITOTHYECKIMU (DOPMyIaMn

Vii=n—tro@m), (6)

2
2,m. (7)

\/)\nkszrO(n_l), k

Henosnas obparhast 3aa9a u3 (8] hopMmyIupyercs caeayonmm 06pasoM.

m
Obparnag 3amada 2. ITycmo nomenyuans {q; Ly sadanvl anpuopu.
Io cobcmeennoim snavenuam { Ak fn>1 k=12 Hatdimu q;.

[TocnenoBarenbnocTs {Ank bn>1 k=12 MOXKET COJEPKATH KOHETHOE THCJIO
KpPaTHBIX 3HAYEHUH 1 onpejessercs acumnrornkamu (6)-(7) HeoJHO3HATHO.
ObpaTHas 3a1a9a 2 MOXKeT OBITH pellleHa 1o JitoOoMy HabOPY COOCTBEHHBIX
3HaueHuit, yoBaeTBopsionux (6)-(7) u IOMOJHATETHHOMY YCJIOBHIO:

(PA3IEJEHHOCTD): Hu ays opmoit maper (n, k), n > 1, k = 1,2, ne
CYIIECTBYET WHJEKCOB ¢ 1 j, 2 < 4,7 < 'm, 1 # j, npu KOTOPHIX S; (7T, Apk) =

Sj (7T, )\nk) =0.
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Eciu yenosue (PABAETEHHOCTD) HApyIIAeTCs, U JIJIsi HEKOTOPOTO COO-
CTBEHHOT'O 3HAYEHUS A, CYIIECTBYIOT WHIEKCHI @ £ j, 1,] > 2, Takue, 9To
Si(m, Ank) = S;(m, Aux) = 0, To cormacuo dbopmyie (5) 3HateHne A, He HeceT
nH(OpMaIMK O MOTEHINAJIE (.

B pabore [9] mpesioxken KOHCTpYKTHUBHBIH METOJ pelieHusi 0OpaTHOI
3a/Ja4K 2, OCHOBAHHBI Ha ee cBejeHuK K Kjaccuieckoil sajadue [rypma-
JIMyBULIsI HEe KOHEYHOM HMHTEpBaJje, COOTBETCTBYIOIIEM peOdpy ¢ HEM3BECT-
HBbIM [OTEHIMaJ0oM. MeTos OCHOBaH Ha MCHOJIL30BAHUU CIEHUAJbLHOrO Oa-
suca Pucca B mpocrpancTse BeKTOP-(QYHKIMHA, TOCTPOCHHOIO MO UCXOAHBIM
JTaHHBIM 0bpartHoil 3agaun 2. Ilpu momorm sToro Merosa B |9 mokasanb
JIOKaJIbHAsl PA3PEIIMMOCTb U YCTOWYMBOCTH OOPATHON 3ajiauu, a TaK»Ke MU-
HUMAJIbHOCTD €€ JIAHHDIX.

Brocencteun Ha ocHoBe ujieii paborer [9] 61T pazpaboran yHUBUIEPO-
BaHHbIi 1107x0/1 (cM. [10,11]), mpuMeHUMBIil K TTUPOKOMY KJIACCY HEOJHBIX
oOpaTHbIX 3aja4 Ha uHTepBajax U Ha rpadax. OH OCHOBAH Ha CBEJACHUU K
sajade lrypma-JInyBusis ¢ nespbivu anamuTudeckuMu QyHKusMu fi(\)
v fo(A) B OJIHOM U3 KPAEBbIX YCJIOBHIA:

—y"(x) + q(x)y(z) = Ay(z), =€ (0,7), (8)
y(0) =0, fi(NY (7) + fo(Ny(m) = 0. (9)

CobcrBennbie 3HadeHnst Kpaepoil 3aj1auu (8)-(9) coBnajaioT ¢ HyJIsMU Tie-
Jo# pyHKIIUM

AN = (NS (m, A) + fo(A)S (. A), (10)

rie S(x, \) — pererue ypaBHenus (8), yIOBIETBOPSIONIEE HATATBHBIM YCJI0-
pusim S(0,A) = 0, S’(0,A) = 1. Cpasnusast (5) u (10), HerpyaHO BUIETh,
qTo KpaeBas 3ajava L sxBuBasentHa 3amade (8)-(9) c ¢ =q u

m

A =TSN, o) = Sim A ]S 11
k=2 j=2 k=2

k#j

[TosTomy obparHas 3a1ada 2 CBOAUTCS K CJIENyIOIIeil oOpaTHOM 3aate:

O6parnas 3agaga 3. [Ipednonooicum, wmo gynruyuu f1(A) u fo(A) us-
secmmol anpuopu. Ilo nodenexmpy {\,} wpaesot zadavu (8)-(9) u wucay
W= %foﬁ q(x) dx nocmpoumo nomenyuan q.

Oyuxrun f1(A) u fo(A\) crpostes o dopmynam (11) MO U3BECTHBIM MO~
TeHImaam {q; 1Ly, Iucio w moxer GHiTh HallJIeHo 13 aCHMIITOTUKH 3a/1aH-
HOT'O T10/ICIIEKTDA.

B paborax [10,11] nocrpoena noJiHas Teopust 06paTHO 3aja11 3: 1Oy ue-
HbI HEOOXOIMMBIE U JIOCTATOYHBIC YCJIOBYSI €JIMHCTBEHHOCTH €€ PEIeHus, TTpU
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JIOTIOJTHUTENILHBIX YCIOBUSIX HA MOJCIEKTD { A, } MOydeHbl KOHCTPYKTHBHOE
perienue, riaodaJbHast Pa3pelmMOCTDb, JOKAJIbHAA PA3PEITMMOCTh U YCTONn-
BoCcTh. B [12] nannast Teopusi nepenecena ua ypasuenue [rypma-JInysuis
(8) ¢ CHMHIYJISIDHBIM TOTEHIMAIOM ¢ W3 Kjacca (yHKIUH-pacipeieseHui
Wy (0, 7). OTMeTnM, 9T0 HECKOTBKO PAZIHIHBIX MOIXOA0B K ONPEIeIeHHT0
oneparopos LLTypma-JluyBuist ¢ MOTEHIMAJAMHI U3 9TOIO KJIacca ObLIH Ipe-
aoxenbl B pabore A. M. Capuyka u A.A. Hlkamukosa [13]. B wacruocru,
ypasnenue (8) ¢ nmorennuanom ¢ € Wy (0, ) MoKeT GLITL IPEICTABICHO B
CJIeAYIONIEH SKBUBAICHTHO# (hopme:

—(Y = o)yl — *(2)y = Ay, =€ (0,7), (12)

rie ¢ = o', 0 € Ly(0,7), y!! =/ — oy — xBasunpoussoguas. Ananornano
obparnoit 3ajavde 3, B [12] uccienoBana obparHas 3ajada JJIs yPaBHEHUsT
(12) ¢ KpaeBbIME yCJIOBUSME

y(0) =0, fi(Ny(7) + fo(A)y(m) = 0. (13)

O6patuag 3aga4da 4. [Ipednoarooicum, wmo dynkyuu f1(N) u fo(X) us-
gecmmor anpuopu. Ilo nodcnexmpy {\,} xpaesot sadawu (12)-(13) nocmpo-
umos GyHryuo o.

Ha ocroBe perennst obpatHoii 3a1a1m 4 B [12] nceseoBana nemnoHass 06-
paTnas 3ajJa9a s oneparopa [Hltypma-JInyBusis ¢ cuuryasspubIMu MOTEeH-
uaJaMy Ha rpade nporsBoJIbHOM IeOMETPUIECKON CTPYKTYPbI, COCTOSIIAs B
BOCCTAHOBJICHUY TTOTEHITHAJIA HA OJTHOM I'PAHUIHOM pedpe 10 YacTh CIEKTPA.
[Torennmasbl Ha ocTaabHBIX pebpax rpada CauTarTCs U3BECTHBIMU.

Mzyyanuch Apyrue THIILI HEMOJHBIX OOpaTHBIX 3ajad juid JuddepeH-
IMAJIBHBIX OonepaTropos Ha rpadax. Hanpumep, B [14] noctpoero KoHCTPYK-
THBHOE perreHne oOpaTHoi 3amaun mjs oneparopa Itypma-JIuysuiis Ha
rpade-jiepene ¢ M3BECTHBIM TTOTEHI[MAJIOM Ha, OJIHOM BHYTpeHHeM pebpe. Tpe-
Oyercsi Ha, OJMH CIIEKTP MEHbIIIe, YeM IIPK PEIIeHUH HOJHOH 00paTHO 3a1a91
B [3]. B [15] Takxke paccmorpen omeparop Ilrypwma-Jluysusis na rpade-
JIepeBe 1 MCCJIEI0BaHa 3a/lada BOCCTAHOBJIEHUSI TIOTEHIMAIOB Ha HEKOTOPOM
HOJIJIepeBe 10 YaCTIM HECKOJIHKUX CIIEKTPOB MPHU MPEIOJ0KEHUN, ITO 10~
TEHIMAJIbI Ha OCTABIIEMCST MOJJIEPEBe 3a1aHbl.
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VJIK 517.537.32

O cBg3u MexK1y HYJAdMHI 1 TeHJIOPOBCKUMH

KO3 puimeHTaMu 11eJ10ii PyHKIINI!
I'. . Bpaiiyes (Mocksa, Poccus)
braichev@mail.ru

B Teopun pocra nenbix QyHKIINE KCTOPUIECKH CIOXKUINCDH IBa HanpasiaeHus. [lepsoe
CBSI3QHO C BBIYMC/IEHHEM WJIA OIEHKAMM XAPAKTEPUCTUK POCTA MAKCUMYMA MOJYJIs
uesiofl dyskumu (HOPsIOK, Tull U apyrue) depe3 Koddduuuenrsl ee psaga Teiino-
pa. B paborax BTOpOro HampaBeHUsS UCCJIEIYETCS 3aBUCAMOCTb POCTA (DYHKIUU OT
pacupenenenus nyneit. Ileab coobiienns — 0OCYIUTh HEKOTOPbIE HEIIOCPEICTBEHHBIE,
TPSIMBIE CBSA3U MEXKY HYJISIMU M TEHTOPOBCKUMU KOddduimeHTaMu mesoi QyHKImn,
YUYUTBHIBAsE KAK KJIACCHYECKUE, TAK W HEJABHUE JOCTUKEHUS B PACCMATPUBAEMON 00-
JIacTH.

Karouesnie caosa: Hymn 1esoi (pyHKIMH, TEHIOPOBCKHE KO3 (DUIMEHTDI, CIIPsAMIeH-
Hble 10 A amapy Koa(bdUIneHTH.

On the connection between zeros and Taylor

coefficients of entire function:
G. G. Braichev (Moscow, Russia)
braichev@mail.ru
Historically, two directions have developed in the growth theory of entire functions.
The first one has to do with calculation or estimates for growth characteristics of
the maximum modulus of an entire function (order, type, and others) in terms of
the coefficients of its Taylor series. In works of the second direction, the dependence
of the growth of a function on the distribution of zeros is investigated. The purpose
of this note is to discuss direct connections between zeros and Taylor coefficients of

an entire function, considering both classic and recent advances in the field under
consideration.

Keywords: zeros of an entire function, Taylor coefficients, Hadamard regularized
coefficients.

By,ueM pacCMaTpuBaTb OTJWMYHbLIE OT MHOI'OYJI€Ha IIEJIble Cl)yHKU;I/II/I

F) =3 fuzn, zec, (1)

n=0

¢ GECKOHEUHBIM YucJIoM HyJielt, caurast st npocrorbl f(0) = 1. IMocueosa-
TeJIbHOCTD HYyJIeil TaKo# (hbyHKIIMK 3allUIleM B IOpsiiKe HeyObIBaHUs MOyJIeil
u ¢ yderom kparnocreit. Yepes My(r) oboznatum MaxcuMyM MO/t (DyHK-
nun f B Kpyre |z| < 7.

Ckopoctb crpemiiennst K OeCKOHEUHOCTH MakcuMyMa Mogyiist My(r) css-
3aHa C ACUMITOTHYECKHMM IOBEJICHUEM IIOCIEJI0BATEILHOCTH TEHIOPOBCKUX

koappunmentor ® = {f,}, ., 1 nociaenosarembroctu nymeir A = {A,}, cy

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

60



dyukmun f. OJHEM U3 IOAXOJOB K OINKUCAHUIO «COBMECTHOI'O M3MEHEHWS»
YUCJIOBBIX TOCaeoBaresbHocreii @ u A sBisiercst npuBiedeHre U3BECT-
HBIX (POPMYJI ISl BBIYKMCICHUST MOPsIKa, THUIA ¥ HEKOTOPLIX JPYIUX Xa-
PAKTEPUCTUK POCTA T1eJION (DYHKIMK, ONPEJICJIEHHBIX OCPEICTBOM BEJINYN-
uel In M (7). Tak, 9. Bopens [1] Ha pyGexke AeBATHAIIATOTO U JABAJIATOTO
BEKOB BBeJI HOPSJIOK ¥ HUXKHUI MOPSIIOK TeJI0il (PYHKIMU COOTBETCTBEHHO
paBeHCTBAMU
— Inln Mg(r) . Inln My(r)
p= lim ————=, A= lim ————.
00 Inr o too Inr

SHaUYeHNs ITUX XapaKTEPUCTUK MOXKHO OTPEJICJIUTD 110 TeHTOPOBCKUM KO-
duruenTam:

m nlnn _ Tm Inn A = lim nlnn ~ im Inn
P= 0 InF - I 5o InR,’ oo lnF— o InR,

(2)

3uech F,, — «cupsimyiennbie 10 Ajiamapy» KO3M@MUIMEHTbI CTEIeHHOTO Pas-
noxenus (1) u R, = F,_1/F,. l'oBops uyrb moppobuee, F,, = =G pre
y = G(r) — ypaBHeHUE IDAHUIBI BBITYKJIOH 0DOJOUYKH MHOXKECTBA TOUYEK
(n, —In|f.]), n € Ny, npencrasmsiomeit coboit Tak HA3BIBAEMYIO JIOMAHYIO
Hrrorona—A mamapa. [TocienoBarenbHocTh {Fn_ 1}n€NO JIOTapupPMUIECKN Bbi-
MyKJa, 9TO O3HAYaeT BO3pacTaHue 3HadeHunit R,. Eciu nepBoHavasbHas mo-
CIeJIOBATENLHOCTD { | fo] }, e, OTapudmuieckn soinykia, o |f,| = F, npn
Beex n € Ny. B o01iem ke ciiydae Takoe paBeHCTBO HMEET MECTO B abDCIuccax
BEPIINH JIOMAHOI.

HamomunMm, 910 mokasaresib CXOAMMOCTH TOCaeaoBaTesbHocT A Hysei
f Moxer ObITH HaltjieH 110 hopmyIie

1
p1 = lim T (3)

n—oo In |)\n‘

Ecmu nopsiiok p GyHKIWKA f He sBISETCS TEIbIM YUCIOM, TO TOKa3aTe b
CXOJIIMOCTH OCJIEIOBATELHOCTH HYJIell f COBIAJaeT ¢ ee MOPSIKOM, T.e.
p1 = p. B rakowm ciyuae, conocrasistsi (2) u (3), Haxopum

= Inn > lim Inn = In R, T In R,
im —— > lim im —— =\ lim ——
P oo In M| =~ noee IN R, n=oo In |\ n—oo In [\, |’

Takum obpaszom, jutst GyHKINNE f HEEJI0ro mopsijika P BBITTOJHEHO HePaBEH-
CTBO

= In R, p
11m -
n—oo In |)\n|
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OmupeenuM Ternepb TUI U HUXKHUANA THUI HEJI0# (DYHKIMA OTHOCUTEIHHO
Beca h(r) coorBercTBeHHO (hOpMYyTAMU
— In My(r)

T = T —(f) = lim M)
I'= Th(f) a rgg—noo h(?“) ’ = th(f) B rg_inoo h(’l“) .

(4)

Ecau Bec h ynoBJjieTBOpsieT YCJIOBUIO

—§ 5 (5)

KaK, HATIPUMeED, MOJIebHbIH Bec h(r) = In” r, To dopmymst (4) 3amaror Tun
Y HYDKHUIA THI 1es107 (DYHKIMK OTHOCUTEILHO JIOrapupMUIECKOTO YTOUHEH-
HOI'O MOPSIJIKA.

st bOpMyIMPOBKY CJIE/IVIOIETro pe3yJibTraTa MoTpedyeTcs olpeeieHne
h-tiornoctu Ap,(A) nocnenosarensroctn Hyneit A = {\, }, oy Gynknun f:

n(r)

An(A) = Tm

r—+oo 1Th'(r)

Buech n(r) = max{n € N : |\,;| < r} — cuuramomas dyukius nocieosa-
TEJIbHOCTU HYJICH.

B juccepraiyu [2] jyist nesibix GyHKmMi J0orapudMuIeckoro mopsijiKa,
OOJILIIIErO eMHUIIBI, JIOKA3AHO TAKOEe YTBEPXK ICHUE,

Teopema. ITycmv gynryua h(r) ydosisemsopaem ycaiosuro (5) ¢ p > 1,
u k(C) — obpammnas pynxyua x h(e")/r. Hycmov, dasree, yeaas dynryua f
maroea, wmo Ap(A) < oo u Tj,(f) = T, ty(f) = t. Toeda umerom mecmo

bopmy.av

1 = T p—1 6

”ggo lﬂ‘)\l)\g)\n| p—l( P) ? ()
: nk(n) ) 1

1 = to)r1 7
nlilo In Ao oo A p_l(p) ’ (7)

Toyr1 < T
(T'p) A ]
k(n 1

(1) (p)itr (9)

Toyrt < li
(@Tp)rt < lim g

ede ay, as (a1 < 1 < ag) ABAAIOMCA KOPHAMU YPAGHEHUA

pa+ (1 —p)a?P=V) =¢/T.

Cpasnusast opmyiibl (6)—(9) ¢ coorBercrByomuMu GOPMYIaME JIJIst Bbi-
YUCJCHUsT JIOTAPUPMUICCKUX TUIIOB 11eJIoi (hyHKIUKM 110 KoddpunmeHTam
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Teitnopa, 3aMedaeM <«HOIDAPHYIO MJICHTUIHOCTL» YKA3aHHBIX COOTHOLICHMI
C OrOBOPKOIi 0 3amene |\, | Ha R,. BbinojHus Takyio 3aMeny, JIErko moJiy dum
OIICHKH

a\" I In |\, o In |\, o (@2

— < lm — < lim ——— < (= ;

as nooo 1IN R, n—oo In R, aq
ENFT L A A o WA Ae N (TN
T o InE o Inky :

CBsABbIBAIOIIME HYJIU 11€JI0H (DYHKIMHU C ee TelJIOPOBCKUMU KO DulineHTramu
(cripsimsternbIME IO AjTamapy).

PesynbTarhl M0I0OHOTO POJIa JIOMYCKAIOT KOHKPETUZAIWIO TTPHU JTOTOJTHH-
TeJIbHBIX TpeOOBaHMSAX Ha Teiljopockue KodddunuenTol. Hanpumep, erie
Basiupon (cm. [3, ¢. 134]) nokazas, uro s nenoit dynkiun (1) npu ycso-

BUU
fn—lfnJrl
i
BepHa (CBsI3bIBatONas Hyu u Kodbhdunuentsr Teitopa) acuMnToTudecKast
dopmyiia
fn—l

Y
Jfn
OtrmernM, 4TO 1esble (PYHKINKT, KOI(MMOUIMEHTHI KOTOPBIX IMOJINHEHB Tpe-
bosanmnio (10), IMEOT MeJJIeHHBIH POCT, TOUHEe, YJOBJIETBOPSIIOT YCIOBUIO

— 0, n — 0o, (10)

A~ —

n — oQ.

In M¢(r
i 2D _
r——+00 ln r
B nejasueit pabore asropa [4] paccmorpen obumit ciryuait nesoit ghyHk-
1M ¢ OECKOHEUHBIM YHCJIOM HYJei, IMeroleil Tporn3BOIbHbIM (HyﬂeBOI‘/’I, KO-
HEYHbI Uan 6eCK0Hequ1ﬁ) IOP4AJIOK, W JIOKa3aHbl HeyJydIliaeMble HepaBeH-
CTBa

An
Lm /EMAg - ... - A > 1, lim |R—| > 1.

n—00 n—o0 n

B jokiajie mianupyercst TakyKe MPeCTaBUTh PE3YJIbTAThI O BJAUSHUN T10-
BeJICHUS TEHIOPOBCKUX KOAMDPUIMEHTOB T1ejIoi (DYHKIUU HA PACIOJIOKEHHIEe
ee HyJieit B KOMIIJIEKCHOM TIJIOCKOCTH.
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JluckpeTHas KpaeBas 3a/a4a C HEJIOKAJILHBIMU
I'paHNIIHbIMNA YCJIOBI/IEIMI/I1
A. B. BacuiabeB (Mocksa, Poccus), B. B. Bacunbes (Bearopopn,
Poccus), A. A. XoxgsipeBa (Bearoposa, Poccus)
alexvassel@gmail.com, vbvb7@inbox.ru, anastasia.kho@yandex.ru

B pabora paccMarpuBaeTcst TUCKPETHOE SJLIHNTHYECKOe TceBnoanddepeHnmaibHoe
ypaBHEHHWE B KBaJpaHTe M CBs3aHHAs C HUM JUCKpeTHas KpaeBas 3amada. Onuca-
HBI YCJIOBUSI PA3PEIUMOCTH JUCKPETHOW KPAaeBO# 3aa4Yi B MWCKPETHBIX AHAJIOTAX
npocrpancrs Cobonesa-Cimobozenkoro. Jlaercss cpaBHEHWE IUCKPETHOrO pPEIeHust ¢
pellleHneM COOTBETCTBYIONIEN KOHTHHYAJIBbHONW KPAaeBoil 3a1a9M B 3aBUCUMOCTH OT TIa-
pameTpa IuCKPETH3AINH.

Karoueevie caosa: MUCKpeTHBIN nceBaoAuddepennnanbablii onepaTop, JNCKpeTHAs
KpaeBas 33/1a49a, OIeHKA IMOrPernIHOCTH.

Baazodaprocmu: pabora BbITIOIHEHA TpU (DUHAHCOBOI moaaepkke Munobpuayku P®
(upoexr Ne FZWG-2020-0029).

Discrete boundary value problem with

nonlocal boundary conditions!
A. V. Vasilyev (Moscow, Russia), V. B. Vasilyev (Belgorod,
Russia), A. A. Khodyreva (Belgorod, Russia)
alexvassel@gmail.com, vbvb7@inbox.ru, anastasia.kho@yandex.ru

The paper considers a discrete elliptic pseudodifferential equation in a quadrant and a
discrete boundary value problem associated with it. The conditions of solvability of a
discrete boundary value problem in discrete analogues of Sobolev-Slobodetsky spaces
are described. The discrete solution is compared with the solution of the corresponding
continuum boundary value problem depending on the discretization parameter.

Keywords: discrete pseudo-differential operator, discrete boundary value problem,
error estimate.

Acknowledgements: this work was supported by the Ministry of Higher Education and
Science of Russia, (project No. FZWG-2020-0029).

BBenenue

ABTopbl Havasu paspaboTKy JUCKPETHO# Teopun TceBpoauddepenHmanh-
HbIX YDaBHEHUIl ¢ CHHTYJISIPHBIX HHTErpasioB Kasmbgaepona-3urmyna |1, 3]
KaK TTPOCTERIIEero mpejicTapienns meeBaoand pepennmnaabHbIX OMepaTopos,
HOCTENEHHO TePexX0/ist K MOJECJIbHbIM 1CeB10ind (M epeHInaIbHbIM OlEPATO-
paM ¥ ypaBHEHHSAM (MOKa B KAHOHUYIECKUX OOJIACTSIX) B JUCKPETHBIX TIPO-
crpancrBax Lo(hZ™), Lo(hZ™ L), h > 0, u cpaBHEHUE JIMCKPETHBIX U KOHTHU-
HYyaJIbHBIX PEIICHU.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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OkazaJjioch, YTO KapTHHA Pa3pelInMOCTH JUCKPETHBIX YPAaBHEHUI BbITJIs-
JIAT TTOJ00HO KOHTUHYAJLHOMY CJIy4alio, ¥ B CJydae CTPeMJICHUs] K HYJIIO T1a-
paMeTpa JUCKPeTH3alnK JUCKPETHBIE YCJIOBUS Pa3PEIINMOCTH IePeXoisT B
CBOM KOHTMHYAJILHBINH aHajor. AHAJOIMYHBIE MCCJIeI0BaHns ObLIN TTPOBEIe-
HBI JJIsT O0J1ee 00IUX MOJIEIBLHBIX MCeBI0Aud M epeHInaabHbIX OepaTopoB B
JMCKPETHBIX aHajorax He-mpocrpancts [4,5] co cpaBHEHHEM JUCKPETHBIX U
HeIpPepbIBHBIX perenuit [6,7].

B 370i1 paboTe MBI paccMaTpuBaeM HOBYIO MOJEJbHYIO 00JIACTh — KBa,/I-
panT B R?, Bblje/IsieM JUCKPETHYIO KPAEBYTO 33129y U OMHUCHIBACM €¢ YCIOBH
Pa3PEIINMOCTH, 8 TAKXKEe JIaeM CPaBHEHUE JIUCKPETHBIX 1 KOHTUHYAJIbHBIX Pe-
meHuit. Mbl ncrosb3yeM meprouiecKnii anajaor BOJHOBOM (haKTOpU3alluu [1]
JIJIsT OITUCAHKS PA3PEITMMOCTH MOJEIbHBIX MCeBIoAnddepeHnaabHbIX ypaB-
HEHUI U IIOCTAHOBKHU JIMCKPETHBIX KPaeBbIX 3ajiad. Beromy HMXKe IpejmoJia-
raeTcsi, 9T0 TAKOe CIEeIHaIbHOEe PEICTABICHNE CHMBOJI BO3MOYKHO.

OcHoBHBIE OonpejiesIeHns

Ilycrb Z2 — nejiounciiennas pererka na miockocrd. O6osnaunm K = {r €
R? : o = (w1, 232),71 > 0,79 > 0} nepsblit KBagpanT Ha mIockocTH, k, =
h7Z? N K,h > 0. BeejeM npocTpaHcTBO (QYHKIME TUCKPETHOTO apryMeHTA
ug(Z), T = (21, T9) € hZ?,, yIOBIETROPAIONX YCIOBHIO

O6osnaanm T? ksagpar [—m, 7|2, h > 0,h = h™!. Bygem paccmarpusarh
byHKIINN, N3HAYAIHHO 33/IaHHBIC B KBaJpaTe, KaK Mepuojindeckue (pyHKIUH,
oTIpejiesieHHbIe Ha Beeil mrockocTr R ¢ OCHOBHBIM KBaJ[paToM nepnojion T2.

st Takux (DYHKIMNE MOYXKHO OIPEJIeJIUTh JIMCKPETHOE TTpeodpasoBaHue
Dypne popmytoi

(Faua)(§) = @a(€) = Y e Ttug(F)h*, ¢ € hT?,

T€hZ?

B CJIydae CXOJMMOCTH TAKOTO psja, i HyHKIms Ug(E) OyIer mepuoganaeckoii
bynkimit B R? ¢ ocHOBHBIM KBajipaToM nepuoos AT,

C oMOIIbIO pa3/e/eHHbIX PA3HOCTEH U X JIMCKPETHBIX IPE0dPa30BAHMIA
Dypbe MbI OIIpeIes UM JUucKpeTHble npoctpancTBa Cobosea—Ci10601e1Koro
JIUIST MCCJIEJIOBAHUST PA3PEIINMOCTH IIIHPOKOTO KJIACCA JUCKPETHBIX ypaBHE-
Huit. BBoguTCs quCKpeTHbI aHaJor mpocrpancrsa [IBapia u obo3HavueHne

<2 _ h—Q((e—ih{l . 1)2 + (e—ihfg o 1)2).

Onpegnenenue 1. IIpocmparncmeo H*(hZ?) cocmoum ux duckpemmpix
(0bobuennviz) dynruyuts u asasemes samvikanuem npocmpancmea S(hZ?)
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no HOpMe
1/2

fudll = { [ @+ Dl
TQ

IIpocmpancmeo H*(Kg) cocmoum ux duckpemmnvly dynxyuts us npocmpan-
cmea H*(hZ?), wou nocumenu codepocamcs 6 K,;. Hopma 6 npocmpancmee
H*(Ky) undyuupyemes nopmoti npocmpancmea H®(hZ?).

Ecn gd(f') — m3MepuMas nepuojmdeckas GyHKIUA B R? ¢ OCHOBHBIM
Ky6oM 11eprojio AT?, Mbl HA3bIBAEM €€ CHMBOJIOM.

Onpenenenme 2. /Jluckpemmnvim ncesdoduddepenyuarvnoim onepamo-
pom Ag ¢ cumeonom Ay(€) 6 duckpemmom xeadpanme Ky nasvieaemcs one-
pamop caedyrouiezo 6uda

(Aqua) (@) = ) b’ ¢TI (E)dE, T € Ky,
yEhZ2 KT2

Tosopam, wmo onepamop Agq — sasunmuyeckut, eciu

ess inf |Ag(€)| > 0.
¢ERT?

Mgr 6yieM paccMaTpuBaTh KJIaCC CUMBOJIOB, YIOBJIETBOPSIIONIUX YCJIOBUIO
(14N < [Aa(©)] < o1+ 1)

C MOCTOSTHHBIMU C1, Co, HE 3aBUCSIIUMU OT .

JIucKkpeTHble U HellpepbIBHbIE pelieHnud

MbI nccseiyeM paspenimmMmocThb JUCKPETHOTO yPaBHeHN sl
(Adud)(f) =0, x¢€ K, (1)
B mpoctpancree H*(K ;) ¢ TPAHUIHBIME YCJIOBHSIME

Y ua(@E)h = fa(@2), Y ualii, E2)h = ga(F),

T1€RZ To€hZ 4 (2)

D ug(d, E)h* =0.

FehZy

[Ipy HAJIMYMKM CHEUATLHON MEepHOIUYIECKON BOJHOBON (haKTOpU3AIUN
cumBosia Ag(§) ¢ mHeKcoM g, TakuM, 910 & — s = 1 + 4, [6] < 1/2 moxno
OTMETHUTDH CJIeIYIONuii (haKT.

67



Teopema 1. IIycmo fq,g95 € H*V2(hZ). Toeda duckpemmas wpaecsas
sadava (1),(2) umeem eduncmeennoe pewenue ¢ anpuoprot oyenkot

|[ualls < const(|| fallsr1/2 + [19dllss1/2)

¢ nocmoannot, ne 3asucauiet om h.
KonTunyaJbHBII aHAJIOT — 3TO CJAEAYIoNasd KpaeBasd 3a/1a9a

(Au)(xz) =0, z €K, (3)
/u(xl,:cg)dajl = f(x9), /u(xl,xg)dxg = g(z1), /u(m)da} =0. (4)

rie A — neesoanddepentnmaanibiii oneparop ¢ cumpoiiom A(€), & = (&1, &),
V/IOBJIETBOPSIONIUM YCJIOBHIO

ci(1+16)" < JA(G] < eo(1 + 6.

1 JIOIYCKAIOIMM BOJIHOBYIO (DaKTOPU3AIMI0 OTHOCUTEBHO K ¢ MHJIEKCOM e,
TakuM, 910 & — s = 1 + 0, 0| < 1/2. Cnenuajibubiii mOAOOP JAUCKPETHBIX
dyHKIMI fg, gg 1 FIEMEHTOB TIEPUOIUIECKOH BOJHOBOMN (DaKTOPU3AIUK TTPHU-
BOJIUT K CJIEJIYIOIIEMY Pe3yJIbTaTy.

Teopema 2. ITycmo f,g € S(R), s > 1. Toeda cnpasedausa caedyrowan
ouenka 0aa pewenud u u ug Kowmunyasonot 3adavwu (3),(4) u ee duckpem-
nozo ananoza (1),(2)

[u() — ua(@)] < C(f, )1,

ede nocmoannan C(f,g) sasucum om dynxuyut f,g, B > 0 moocem Gvimo
NPOU3BONLHBIM.
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3ajjada JUHENHOro COIpsXKeHud n

MHTEeTrpajibHbIe Ipeodpa3oBaHN!

A. B. BacuabeB (MockBa, Poccus), B. B. Bacuanes (Besropog,
Poccus), H. B. D6epJieiin (Bearoposa, Poccus)
alexvassel@gmail.com, vbv57@inbox.ru, eberlein92@mail.ru
B npocrpancreax CoboseBa - Cmobomenkoro u3ydaercs OnpeieieHHas 3aada co-
OPAKEHUA OJIA SJIJTUIITHIECCKOrO HCGB,HO,Z[I/I(b(bepeHHI/IaHBHOFO YpaBHEHUA B TIJIOCKOM
cexkTope. Vcrmonb3yst BOMHOBYIO (DAKTOPHUBAIIKIO JIJIsI SJIIANTHIECKOTO CHMBOJIA ¢ KOH-
KPEeTHBIM WHAEKCOM, MBI paccmaTpuBaeM ycaoBua dwpuxie n Heitmana Ha cToponax
cektopa. JIjg 9acTHOrO ciaydas Mbl CBOIUM PACCMATPHBAEMYIO KPAEBYIO 33Jady K

cucTeMe JIMHEHHBIX aJreOpanYecKuX YPABHEHMT OTHOCUTEHHO 8 HEM3BECTHHIX (DyHK-
IIHiA.

Karwuesvie crosa: samuntudeckuii ncesnoanddepeHnnaibHbIil 0neparop, 3a1a49a Co-
MIPSIKEHUST, YCJIOBUE PA3PEITUMOCTH.

Baazodaprocmu: pabora BhITIOIHEHA TPU (DUHAHCOBOI moaaepkke Munobpuayku P®
(upoexkr Ne FZWG-2020-0029).

Linear conjugation problem and integral

transforms:

A. V. Vasilyev (Moscow, Russia), V. B. Vasilyev (Belgorod,
Russia), N. V. Eberlein (Belgorod, Russia)
alexvassel@gmail.com, vbv57Qinbox.ru, eberlein92@mail.ru
A certain conjugation problem for an elliptic pseudo-differential equation in a plane
sector is studied in Sobolev—Slobodetskii spaces. Using wave factorization for an
elliptic symbol with concrete index we consider Dirichlet and Neumann conditions

on sector sides. For a special case we reduce the considered boundary value problem
to a system of linear algebraic equations with respect to 8 unknown functions.

Keywords: elliptic pseudo-differential operator, conjugation problem, solvability
condition.

Acknowledgements: this work was supported by the Ministry of Higher Education and
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BBenenne

B sToit pabore paccMaTpuBaeTCcs OJIHA 3ajada CONPSKEHU B IJIOCKOM YTJIe
JUIs TIPOCTEHRIIINX SJLTUIITHIECKUX TiceBioauddepennnaibubix ypaBuenuit. B
OIpeJIEJIEHHOM CMBICJIE OHa sBJISIeTCsl OOOOITEHNEeM KJIAaCCUYECKO#H KpaeBoil
zajiaun Pumana juist anajautndeckux pynknumii. Meceoanue onvpaercs: Ha
METOJT BOJTHOBO#H (haKTOPU3ATINY, PA3BUTLII B 1], ¥ MTPUBOIUT MIPH HEKOTOPHIX
JTIOTIOJTHUTEJILHBIX TTPEJTIONOKEHUAX Ha CUMBOJT OTIEPATOPa K KPUTEPUTO OJTHO-
3HAYHON Pa3pelMMOCTH TOCTaBIEHHOM 3ajauu cotpsikenus. Mcnosb3yemblit

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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anmapaT BOJHOBOW (DaKTOPU3AIMA € YCIEXOM MPUMEHSIJIC TPU TOCTAHOBKE
¥ MCCJICJIOBAHNY JIPYTUX KPAEBBIX 3aJ1ad sl SJUIMIITHYECKUX rceBoandde-
PEHIMATBHBIX ypaBHEeHHi [2-5).

ITocTanoBka 3aga4n

B npocrpancrse CobosieBa—Ciiobosernkoro H® paccMarpuBaeTcs CJe/yomas
3aJlada; HaiTu pyHKIUIO

up(x), zeCf
u_(z), zeR*\CL

Takyio, urto uy € H*(C%),v- € H*(R?*\ C%), yJ0BJIETBOPAIONLYIO ypaBHe-

(Auy)(z)

(Au_)(z)

~—r

x € CY,

S 1
r e R\ C, 1)

0,
0,
rie Ct = {x € R? : 1z > alzy], a > 0}, T = 9CY, A — snnmnruvecknii
ces o deperimaibhbiii oneparop ¢ cumpojom A(),

ar <A+ ) < e

K ypasrenusim (1) Mbl 106aBJIsIeM CJICIYIONIHE IPAHUIHBIC YCIOBHS;

ou ou_
0. ) U e =y M| == — v, (2
u+‘aC+ tw-u ‘({904_ Ky 1) ( an >|aCi +’Y ( an )301 v ( )

rne 0,w,n,y — KOMILUIEKCHbIE UHCJa, TPUHUMAOIINE Pa3JuIHble 3HATCHUST
na croponax yraa 0C%, u € H*VX(T),v € H*32T)- samanmvie na I
dyHKIMM. .

[Tonobnast 3a1ava paccMaTpUBaIach B [2] mpu JOMONHUTETBHBIX TIPEJIITO-
JIOYKEHUSTX OTHOCUTEIbHO cuMBosia A() n Oblia cBejieHa K HEKOTOPOii crcTe-
M€ OJJHOMEDHBIX WHTErPAJbHBIX yPAaBHEHUi, KOTOPY Mbl obo3Haunm (X).
[Ipejnonaranocs, aro cumbos A(§) jornyckaer BosHoBYIO (hakTopuzaiuio [1]
OTHOCUTEIbHO Konyca CF

A§) = Ax(§) - A=(§)

C MHJIEKCOM 8 TaKuM, 910 & — s = 1 + 4, [0 < 1/2.
Mbl 1IpUBEJIEM HUXKE OIUCAHUE TEPMUHOB, UCIOJB30BAHHBIX B IIOCTAHOBKE
3a/1auH.
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[Tpocrpancrso Cobosesa—Crobogenkoro H*(R?) — 310 ruibbepToso mpo-
CTPAHCTBO C HOPMOW

1/2

1F1]s = ([R/If(é)IZ(Hf)%dé ,

rie f oboznavaer npeobpazopanune Pypobe

f(6) = / e f(2)d.

RQ

Eciu D C R? — obnactsb, To H*(D) — sto noanpocrpancrso H*(R?), cocro-
siee n3 QYHKIUA ¢ HOCHTEIAMI B D.

[Tycrs A(€) — nsmepumas dbynxiust, onpejenennas na R2. [Tcesnoamd-
dbepennuababiM oneparopon A B obactu D ¢ cuvBosiom A(€) HasbiBaeTcs
CJICJIYIONIMI otiepaTop

(Au)(x) = / eTEA(E)a(E)dE, x € D.

RQ

AnredbpamiecKoe ycJioBHA€ Pa3pPeIInMOCTH

C nomoribio smeMenToB BosiHOBOH (BKTOpu3anun Ax(£), A—(§) crposrcs
bynkimn b;(ts_;), Bj(ts—;), j = 1, 2. Ncnonb3zosanne npeobpasosanust Mei-
JIMHA T103BOJISIET TOJLYIUTh CJIEJYIONLYIO PEJLyKIIUIO.

Teopema 1. Ilyemv & = «/2 u commnoocumean Ax(€),A=(§) o0-
nopodnu, cmeneny /2 u Jubdepenyupyemv. 6He HAUAAL KOOPIUHAM,
bi(ts—;) # 0,B(ts—j) # 0,5 = 1,2, Vti,to # 0. Toeda cucmema au-
netnoir unmezparvnor ypaswenud (X) axsusasenmua cucmeme aureli-
nolx anzebpauieckur ypasnenud (3) ommocumenvio neudsecmuvir Gynryul

ék(A% ﬁk‘()‘)a ék:()‘)a Qk(A)7 k=12

Bee xoaddurmentsr cuctembl (3)  mpaBble 9aCTH TAKXKE BBITHCIISIOT-
cst 0 anementam Ax(§), A—(§) n 3ajaHHBIM TPaHUYHBIM ycjoBusM. Ecim
MaTpuily cucreMbl 0603uaunTb A(XN), TO nosydaercs ciaeyionmii Kpurepuit
Pa3PEIMMOCTH 33/1a 1 JIHHEHHOro conpsizkenns (1),(2).

OTMernM, 9TO anprOpHbIE ONEHKH DEIIeHNs MOryT ObITh MOJIYYeHbI 110
cxeMe, omucanuoii B [1].
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9172311()\)01( A) + 91k21(>\)é (A) + 91111D1()\)+
+w1m11(k)f§1(k) + Wit (A) Rz (A) + w1 Q1(N) = (M)
O1k12( A )C'l( )+ Qlkgg()\)C (N + 91l12D2()\)—|-
+wrning(A) Ry (A) + withga(A) Ra(A) 4+ wiQa(A) = fa(N)
02la1C1(N) =+ Oarg1 (N) D1 (N) + 027101 (N) Da(N)
+w2]:21()\) + i«@ﬁll@‘)@l()\) +Aw2]521()\)622(/\) :Aﬂm()\)
02l22Co(N) + Oa112(A) D1(X) + Oanan(A) Da(N)+
+w2f€2(>:> + wz]?m()\)Qﬂ)\A) + wz]§22(>\)Q2(>\) :Aﬂzz(k)
m K11 (N)CL(N) + 01 Ka1 (M) Co(N) +m Ly Dy (M) +
+71M11(>1)}?1(>\)A+ 71M21({\)R2( ) + NQ1(A) = 211 (N)
MmK12(\)C1(N) + 1 Kaa(A)Ca(N) + 1 LiaDa(N)
+71M12(A)f3}@) + 71]\%22(/\)11?2( ) + 1 Q2(A) = P1a(A)
Mo La1C1(N) + 12Nt (A\) D1(\) + 172 No1 (A) Do (M) +

+y2 1 (M) + 7215110\)621()\) 4(72P21( )Q2(X) = 1 (N)
N2 L22Co(\) 4+ 1 N12(A) D1 (N) + 72 Nag(A) Da(A)+
F92 Ry (N) + 72 P1a( N Q1(A) + 72 Pas(N)Qa(N) = ia(N)

_I_

_|_

Teopema 2. B npednonoocenusax Teopemor 1 ycrosue
inf|det A(A)| >0, ReA=1/2

ABAACNCA HEOOTOUMBIM U AOCTNATOUYHBM OAA CYULLCMBOBAHUA COUHCMEEH-
nozo pewenua 3adavu (1), (2).
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Ilonepeunukn mo KojsiMmoropoBy BecOBBIX

KJaccoB CoboJjieBa ¢ orpaHUYeHUIMHI Ha
HYyJIEBYIO U CTapINyI0 MPOMU3BOIHbLIE!
A. A. BacunwseBa (Mocksa, Poccuiickasa ®emeparus)
vasilyeva_nastya@inbox.ru

[Monydennr MOPsiIKOBBIE OIEHKHU MOTIEPEYHUKOB BecoBoro kKjacca CoboseBa Ha 00Ja-
cTH, yaoBaeTBopsioreit yeaopuio Ixxkona. Kiace 3amaercss orpaHndeHUsSIMA Ha, TPOU3-
BOIHBIE TIOPSAIKA T B BECOBOM TIPOCTPAHCTBE Ly, W HA (PYHKINIO B BECOBOM MTPOCTPAH-
cTBe Ly,.

Karoueevie cao6a: KOTMOTOPOBCKHUE TIOTIEPETHWUKHM, Tepecedenns (hyHKIMOHATHHBIX
KJIACCOB, BECOBBIE TIPOCTPAHCTBA (PYHKITHIA.

Kolmogorov widths of weighted Sobolev classes
with conditions on the highest and zero

derivatives!
A. A. Vasil’eva (Moscow, Russian Federation)
vasilyeva_nastya@inbox.ru

Order estimates for widths of a weighted Sobolev class on a John domain is obtained.
The class is defined by conditions on the derivatives of order r in a weighted space
L,, and on a function in a weighted space L,,.

Keywords: Kolmogorov widths, intersections of function classes, weighted function
spaces.

ITycts X — mopmuposannoe npocrpanctso, C C X, n € Z,. Koamoro-
POBCKHM IoIepednnkoM MHoykecTBa C' B mpocTpancTBe X Ha3bIBACTCS BEJIN-
YMHA,

d,(C, X) = inf supinf ||z — y||,
LeLl, yeo yeL

riae £, — COBOKYIHOCTb JIMHEHHBIX HOJIPOCTPAHCTB B X Pa3sMEpHOCTH He
BBIILIE 7.

O6o3ua1uM 1epes3 B, () eBKINIOB map pajuyca @ ¢ IeHTPOM B TOUKE .

Omnpenenenne 1. Ilycrs Q C R? — orpannuennas obiactb, a > 0.
Ckaxem, uro 2 € FC(a), ecau cyecryer rouka T, € ) takast, 410 Jjis
moboro x € ) cymecrsyer uncio T'(xz) > 0 u kpusag v, : [0, T'(z)] — Q co
CJICJIYIOIIMMU CBOMCTBAMU:

1. 7, ©MeeT HATypaJbHYI0 TapaMeTpPU3alNi0 OTHOCUTENIHHO €BKJIUI0BOM
Hopmbl Ha RY,
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2. 7:(0) = 2z, 1. (T(x)) = x4,
3. Bu(7:(t)) € Q nna moboro t € [0, T(x)].

CkazkeMm, aro (2 ynosierBopsier yeiosuto xona, ecin ) € FC(a) mis vexo-
Toporo a > 0.

Omnpenenenue 1. [2] Ilyers ' € R? — memycroit kommakt, h
(0, 1] — (0, 00) — neybwiBatomast dynxiusi. Ckaxem, aro [ siBjisiercst
h-MHOXKECTBOM, €CJIM CYIIECTBYeT KOHCTAHTA ¢, > | M KOHEYHAsl CIETHO-
aJymTuBHast Mepa i Ha RY Takas, aro supppu = [ n

¢, 'h(t) < p(Bi(x)) < ech(t)

st yobeix v € I'm t € (0, 1.

B [2] uzyuasnace 3aja1a 06 onenkax nonepednukos dp, (M, Ly, (£2)), rae

\

M—{f:Q—)R, H

<1, lwfllr, @ < 1},
LP1(Q)

Lq,v(Q) ={f:Q =R, HfHLq,U(Q) = ||UfHLq(Q) < oo}

B gacrHOCTH, OBLI paccMOTpeH IpuMep, Korja {2 — 00JacTh, yI0BIETBOPSI-
forast yeaosuio J[ykoHa, a Beca nMeT BU]L

g(z) = dist P(x, T), w(z)=dist "(x, T), v(z)=dist Nz, T), (1)
rie I' C 02 — h-mHOXKecTBO,
ht)=t", 0<0<d. (2)

ITopsi/iKOBBIE OIEHKH KOJIMOTOPOBCKUX monepedHukoB d,(M, L,,(Q2)) ¢
Becami, 3aJiaHHBIME (1)—(2), OB MOy Y9eHbI TPH JOTIOJHATEILHBIX YCIOBHU-
SIX Ha [apaMeTphbl:

d d d d
r+—-———>0, r+———>0,
q D1 Po D1
d d d—60 d—20
B+o—r——+—>0, B+o0—1— + > 0.
Po D1 Po P

OcraJicst Hepa300paHHBIM CJIy4aii, KOrjia XoTsi Obl OJJHO U3 9TUX HEPABEHCTB
HE BbIIIOJIHEHO.
31ech Oy T MOJIyIeHbI TIOPSIJIKOBBIE OIIEHKW TTOMEPETHIKOB B CJIydae, KO-

mapl<q<p0,fr+pio—pi1<O,B+0—r—dp—_09+dp;1920.
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Teopema 1. IIycmv v, d €N, 1 < p; < ¢ < py < 00, 2 C (—3, %)d _

obaacmob, ydosaemeoparwan ycaosuto Aocona, I' C 02 — h-mmoncecmso,
geca g, v u w 3adanv, (1)—(2). Ioroorcum

d d d d
Y=0, =t = BAA T Gy =0 At
d qa D1 q Po
§— o s + Y4 /Po — V4/4
s + e + Vi (86 + 1/po — 1/p1)’
1_ 1
I q Po
0= S T | 1, 2"
BT

Hycmb Sy + pio - pll < 0; s + Oy +r)/>k/p0 - ’Y*/pl > 0.
Onpedeaum jo € N, 0, € R (1 < 5 < jo) caedyrowum obpaszom.

1/g—1/po 92 _ é

o Ecauq <2, mojo=2, 01 =S5,

e Ecauqg>2,p1 <2 mojo=2,0,=0,0,=0.
o Feauq> 2, p1 > 2, m0j0:3,01:s*,92:6,93:§.

Hycmo cywecmsyem j,. € {1, ..., jo} makoe, wmo 0;, < min,,; 0;, npu
omom 0, > 0. Tozda
do(M, Ly()) < n 0.
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O koppeKTHOoIi pa3peIrnnuMOCTH
nHTerpo-anddepeHmnajIbHbIX YPaBHEHU C
onepaTopHbIMI KoddduiiueHTaMn B
ITPOCTPAHCTBAX BEKTOP-(pYyHKITUIA,

roJIoMOp@HLIX B yIJI€!
B. B. Baacos (Mocksa, Poccus)
victor.vlasov@math.msu.ru

Nsy4atorca narerpo-aud depennuanbHble yPAaBHEHHUS C HEOI PAHTIEHHBIME OIIEPATOP-
vbiMEu KO3 duiimenTaMu B ruab0epTOBOM MpPOCTPAHCTBE. [JIaBHON YacThiO yKa3aH-
HOIO yPaBHEHHS sBJseTcs abCTPAKTHOE MapabOJUYecKOe YPABHEHUE, BO3MYIIEHHOE
BOJIbTEPPOBBIM WHTEIPAJIBHBIM OMepaTopoM. IIpuHnnnua pbHOe OT/IMYne TAHHOW pa-
6OTBI OT MMEIOIIUXCsE COCTOMT B TOM, 9TO Mbl PACCMATPUBAEM U HU3y4aeM HHTErPO-
muddepeHnnatbHbe ypABHEHNS IJIs BEKTOP-(DYHKIINN, apryMEHTbI KOTOPHIX TPWH-
MAOT 3HAYEHUs B YIJIOBOH 0OJACTA KOMILIEKCHOM IIJIOCKOCTH.

Karoueevie cr06a: BONbTEPPOBLI MHTETPO-Aud depenninaibHble ypaBHEeHUs, TOI0MOM-
Hasl B yIJIOBO# 00/TaCTH BEKTOP-(DYHKIIHS, MPOCTPAHCTBO XaP/IH.

Baazodaprocmu: pabora BbinojHeHa npu dbuHaHcoBol nozuepxkke POPU (mpoekt
Ne 20-01-00288).

On correct solvability of integro-differential
equations with operator coefficients in spaces

of vector-functions holomorphic in the angle!
V. V. Vlasov (Moscow, Russia)

victor.vlasov@Qmath.msu.ru

We study the integro-differential equations with unbounded operator coefficients in
Hilbert space. The main part of this equation is an abstract parabolic equation
perturbed by the Volterra integral operator. The fundamental difference between this
work and the existing ones is that we consider and study integro-differential equations
for vector functions, the arguments of which take values in the angular domain on the
complex plane.

Keywords: Volterra integro-differential equations, holomophic in the angular domain
vector function, Hardy space.

Acknowledgements: this work was supported by the Russian Foundation for Basic
Research (project No. 20-01-00288).
Nayuennt kiaccol Reo (S, H) u W3 (Sp, A") dbyukiwmii co 3nadenusiMn
B cernapabesibHOM I'ujib0epTOBOM IpocTpaHcTBe H, TojioMOpd HBIX B 00IacTH
Sy = {7 € C:|arg7| < 0}. lIpu srom kiacc Lo (Sy, H) cocrour usz BeKTop-
GyHKIMA, 1151 KOTOPBIX

sup / Hf (tew)Hth < 00,
0

©:|pl<0
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a knacc W3 (Sp, A") u3 Bekrop-dyHKIH, T KOTOPBIX

7 T
sup/ ‘ﬁu (tew)

ol <8
el )

2

+ HA”u (tew)

H2 dt < oo,

e A — caMoconpsiyKeHHBI TTOJIOKUTEIHHBIH orepaTop B npocTpancTee H,
UMEIOINI KOMIIAKTHBINA 00paTHBIIA.

[Tokazano, 9T0 CHAOKEHHBIH COOTBETCTRYOIEH HOpMOit Kiace Lo (Sy, H)
obpazyer rujib0epTOBO MPOCTPAHCTBO, & TAKXKEe YyCTAHOBJICH aHAJIOl TEOPEMBbI
[Tsu-Bunepa mist Lo (Sg, H) . Jlokazano, 4To cHaOXKEHHbI COOTBETCTBYIO-
et nopmoit kiace Wit (Sy, A™) siBsisiercst rujibOEpTOBbIM TPOCTPAHCTBOM,
YCTaHOBJIEH aHAJIOT TEOPEMbI O MPOMEXKYTOUHBIX IIPOU3BOIHBIX U TEOPEMBI
0 caejax. YCTaHOBJIeHA KOPPEKTHAsT Pas3perimMOCTh HAda bHOM 3a0adu JIjIst
UHTErpo-1ud hepeHnaabHOro ypaBHeHUsI ¢ OIepaTOPHLIMU Ko3h puimenTa-
mu B poctpanctee Wi (Sy, A), panee msyuasmerocss B Monorpacdun [1], a
TakxKe B pabore [2].
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JIBoiiHble KOCMHYC- I KOCUHYC-CIHYC
mpeodpa3oBanusg Oypre u 0000IITEHHBIE KJIACCHI

Jlummmnia B paBHOMEPHOII MeTpuKe!
C. C. Boaocusern, FO. 1. Kporosa (Caparos, Poccusi)
VolosivetsSS@Qmail.ru

Mbl J0Ka3bIBAEM KPUTEPUH MPUHAIIEKHOCTH JBOWHBIX KOCHHYC-TIPEOOpa30oBaHus
Dyphe U KOCHHYC-CHHYC-TIpeobpa3oBanus Pyphe narerpupyeMoii byHkinu 0600IeH-
HBIM KjaccaMm Jlummmuia B TepMUHAX NOBEIEHUs YKA3aHHON Bbile (DyHKIIUH.

Karuesvie crosa: 1BOiTHOE KOCuHyC-ipeoOpasoBanne Pyphe, 1BONHOE KOCHHYC-CHHYC
npeobpazopanne Pypbe, cMelannas Pa3HOCTb, 0OODIIEHHbIE KJIACChI Jlummuia, caa-
0ast MOHOTOHHOCTb.

Baazodaprocmu: pabora EPBOro aBTOPA BBIIOJIHEHA IPU IHOAAepKKe MuHOOpHAaYy KU
Poccuu B paMkax BbINOJIHEHUs rocygapcTBenHoro 3aganus (npoekr Ne FSRR-2020-
0006).

Double cosine and cosine-sine Fourier
transforms and general Lipschitz classes in

uniform metric!
S. S. Volosivets, Yu. I. Krotova (Saratov, Russia)
VolosivetsSS@Qmail.ru
We prove criterions for double cosine or cosine-sine transforms of an integrable

function to belong generalized Lipschitz classes in terms of behaviour of indicated
above function.

Keywords: double cosine Fourier transform, double sine Fourier transform, mixed
difference, generalized Lipschitz classes, weak monotonicity.

Acknowledgements: the work of the first author was supported by the Ministry of
science and education of the Russian Federation in the framework of the basic part
of the scientific research state task, project FSRR-2020-0006).

BBenenune

[Iycrs dynxmmsa f : R2 — C wnnrerpupyema no JleGery ma R2, re. f €
Ll(Ri). Torja JBOMHBIE KOCUHYC- U KOCUHYC-CUHYC-TIpeobpazoannst Dyphbe
OIIPEJICNIAIOTCH PABEHCTBAMU

fcc(ﬂﬁ Y) / / f(u,v) cos ux cos vy du dv,

fcs(SU Y) / / f(u,v) cos ux sin vy du dv.
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B onnomeprom ciaydae cm. [2|. Obe dynkiuu ﬁc(x,y) u fcs(x,y) pPaBHO-
MEPHO HELPEPbIBHbL U CTPEMsITCsL K HYJII0, Korja max(x, y) — 00. OyHKIuio
fcc(as, ) MOXKHO PacCMaTPUBATh, KAK JIBOWHOE KOMILJIEKCHOE [TPe0bpasoBaHme
Dypbe MPOJOJIKEHHOR YeTHBIM 00pa30M 110 00eruM EPEeMCHHBIM dyukmun f,
AHAJIOTMYIHO, XOTsI 1 HoJiee CJI0KHO MOXKHO onpeesnThb fqq(z,y). [lycrs

A st = 33 () () ot (=20 =200

7=0 k=0

eCTb CMeIaHHas PasHOCTh MopskoB m,n € N ¢ maramu t, 7 ynknuu f
B Touke (7,y). Pacemorpum kiace @) nonoxurensunix na R2 1\ {(0,0)}
dbyuxmit w, mig koropbix w(0,0) = 0, w(xy, 1) < w(za,y1), w(xr,y1) <
W(w1,y2) Upn T3 > T1, Y2 > Y1, Ty € Ry, i =1,2.

Ecin w € &) rakosa, uto

I

10 W mpuHAIIEKAT Kiaccy BB. Eciu m,n > 0 u w € ®@ rakosa, uro

w(u, v)
/ / me n+1dxdy<C’u .

TO OyseMm nucarh w € B, B,,.
Host m,n € Nuw € &2 no onpenenenno f € H™"(w), ecin st Beex
01,09 > 0 crpaBe/INBO HEPABEHCTBO

d dy_O( (U,U)), ’LL,’U>0,

wmn(f, 51752) - Sup{|AZl7lnf(;U’y)‘ : 0 S t S 5170 S T S 62} S Cw(51752)7
rie x,y € R,. Paccmorpum Takke Kjacce

hm’n(W) = {f € Hm’"(w) : wmn(f, 51, 52) = 0(&)((51, 52)), 51, 09 — O}

OcHoBHBIE PE3yJabTATHI

Teopema 1. a) IIlyemv f : R2 — C makosa, wmo f € L, .(R%). Ecau
m,n € N, w € BBN Ay u 6unoaneno yciosue

t S
//fwwmw@m:mmﬂw%w» s120, (1)
0 0

mo fo. € H™(w).
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b) Hycmv m,n € N, f : R2 — Ry makosa, wmo [ € él(Ri) Ecau
w € BBN Ay um,n ABAAOMCA YEMHOUMU, MO U3 YcA06UA [ € H™™ (W)
soimexaem, wmo (1) umeem mecmo. Ecau oce m uau n nevemmno v w €
BB N B,,B, , mo ycrosue ﬁc € H™"(w) maxorce saevem (1).

Teopema 2. a) IIycmo [ : R2 — C maxosa, wmo fAG L}, .(R2). Ecau
m,n € N, w € BBN Ay u ewnoaneno yeaosue (1), mo fos € H™"(w).

b) Hycmv m,n € N, f : R2 — Ry makosa, wmo [ € ALl(]Ri) Ecau
w € BBN Ay um wemno, a n newemmno, mo u3 ycrosus fes € H™™(w)
eumexaem, wmo (1) umeem mecmo. Ecau owce m newemmo uau n 4emmo u
w € BBN BB, , mo yeaosue fos € H™"(w) maxoice eaevem (1),

Bynem rosoputh, uto f : Ri — R, sBisiercs cj1abo MOHOTOHHO yObIBa-
owedt, ecou Cf(xy,y1) > f(x,y) nus seex x1 € [x/2, 2], 11 € [y/2,y] (cm.
IOXO2Kee OJTHOMEPHOE OIpe/ieenne B |2].

Teopema 3. Ilycmo f(x,y) Asaqemes caabo MoHOMOHKHO yoLEatOUWET
dynryued, m,n € N, w € BBN B, B, f € L'(R2). Tozda ycaosus

a) f(z,y) = Oy tw(a™y™)), 2,y > 0;

b) fc € H™"(w);

c) fes € H™"(w);

ABNANOMCA IKGUBANCHIMHIMU.

Teopema 4. a) IIycmo [ : RL — C makosa, wmo f € L, .(R%). Ecau
m,n € N, w &€ BBN Ay u ewnoaneno yeaosua (1) u

t S
/ / 2y f (2, y)| dy dr = o(t™s"w(t T s7)), st oo, (2)
0 0

mo foe € K™ (w).

b) Hycmv m,n € N, f : R2 — Ry makosa, wmo f € L*(R%). Ecau
w € BBN Ay 1 m,n AGAAIOMCA 4eMHBLMU, MO U3 YCAOCUA ]/”;C € h"™"(w)
eumeraem, wmo (2) umeem mecmo. Ecau owce m uau n newemmno u w €
BB BB, mo ycaosue fo. € h™"(w) makoce eacuem (2).

Amnajior Teopembl 4 BepeH st ]?CS Teopema 1 0b00III2€ET, 8 TeopeMa 2 pac-
poCTpaHdgeT Ha CJIydail fcs HekoTophie pesynbTaThl B.@rosmon u @.Mopura
13], nosyuenmsie s w(dy,03) = 0965, m=n=1unm=n=2.

CIINCOK JINTEPATYPEI

[1] Tumumapw E. Beenenue B Teoputo unrerpanos @ypee. M. : Tocrexusmar, 1948. 420 c.

[2] Lifitand E., Tikhonov S., Zeltser M. Extending tests for convergence of number
series // J. Math. Anal. Appl. 2011. Vol. 377, Ne 1. P. 194-206.

[3] Filop V., Moricz F. On double sine and cosine transforms, Lipschitz and Zygmund
classes // Anal. Theory Appl. 2011. Vol. 27, Ne 4. P. 351-364.

80



VJIK 517.518

AOcoaroTHasS CXOIUMOCTh PSA0B 110
MYJbTUILINKATUBHBIM CHCTEMaM 1

mpubIMmKeHne B paBHOMEPHOII MeTpuKe!
C. C. Boaocusern, A. H. Munra4des (Caparos, Poccus)
VolosivetsSS@mail.ru

Mb1 JoKa3bIBaEM OLEHKH JIjId OCTATKa, Py, ( f) paja us momyieit koaddunuenros Pypbe
byHKUMK f 110 MyJIBTUILIMKATUBHON CUCTEME IIPH YCJIOBUM YTO HAMJ/LY YlINe PABHOMEP-
Hble TpuONKeHusi f He TPEBOCXOAAT 33JaHHBIX MaXKOpaHT. Takxke Mbl paccMaTpu-
BaeM JBOMCTBEHHYIO 33/a4y.

Karouesvie ca06a: abCOMIOTHAS CXOAUMOCTh, MYJIbTAILINKATHBHAS CUCTEMA, HAWITY Y-
mee MpudJINKEeHNe, PABHOMEPHAST METPUKA.

Baazodaprocmu: paboTa IEPBOro aBTOPA BBINOJIHEHA IPHU HOAAepKKe MuHOOpHAYKH
Poccuu B paMkax BBLITIOJHEHUs] rOCygapcTBentoro 3amanus (mpoekr Ne FSRR-2020-
0006).

Absolute convergence of series with respect to
multiplicative systems and approximation in

uniform metric!
S. S. Volosivets, A. N. Mingachev (Saratov, Russia)
VolosivetsSS@mail.ru

We prove estimates for the remainder p,, (f) of series of modules of Fourier coefficients
of a function f with respect to multiplicative system if uniform best approximations
of f does not exceed given majorants. Also, we consider a dual problem.

Keywords: absolute convergence, multiplicative systems, best approximation, uniform
metric.

Acknowledgements: the work of the first author was supported by the Ministry of
science and education of the Russian Federation in the framework of the basic part
of the scientific research state task, project FSRR-2020-0006).

BBenenne
[Tycts P={p;}32; — HOCJIGILOBaTeJIbHOCTb HATYPAJbHLIX YUCEJ, TAKAA UTO
2<p, <N an Beex j € Nu Z; ={0,1,...,p; — 1}. Onpezennm moce-

JIOBATEJILHOCTD {m]}jzo cneﬂy}omHM 06pa30M: my = 1, m, = m,_1p, Upu
n € N. Torga mroboe ancio z € [0, 1) mpejcraBumMo B Bujie

00
= ijmj_l’ T; € Zj, (1)
j=1
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a KaxkJjioe k € Z, 0JIHO3HAYHO IIPEJCTaBUMO B BUJIC

o0
k= Z kjmj_l, kj c Zj. (2)
j=1
Paznoxkenne (1) Takxke OJHO3HAYHO, €CJHM TP T = S/my, 0 < § < my,

s € Z, bpaTb KOHEYHOE YUCJIO HEHYJIEBbIX T;.
Hns aucen x € [0,1) u k € Z; ¢ pasnoxkenuamu (1), (2) momoxnwm

o0
no onpejenennio xi(r) = exp <2m' ijkj/pj)) Cucrema QyHnkimii
j=1

{xx(2)}72, Ha3bIBaeTCSH MyJIBTHILIMKATUBHON cucremoit. U3Becrro, 4ro ona
opronopmuposana u ossa B L0, 1) (em. [1, ror. 1,§1.5]). Jlerko ujers, uto
npu 0 < n < my, Qyukiys x,(x) nocrosiHua Ha ]f =1[(j — 1)/mg,j/ms),
1<j<my, keZ,.

Hna f € LY[0,1) koabpunmentor Pyphe n gactnanas cymma Pypoe 1o
cucreme {x;(r)}32, 3anaorcs dopmynamu

1

3= [HO@a G ee (D@ =Y Fina), neN

<.
I
jan}

Yepes C*[0, 1) obo3HaunM 3aMbIKaHUE MHOXKECTBA MOJUMHOMOB 110 CUCTEME
{xi}i2o B paBHOMepHO#t HOpME || f|loo = SUp,ep 1) | f(2)]. Kak obbruno, npoc-

1 1/p
tparcTBo LP[0,1), 1 < p < oo, cnabkeno nopwmoit || f||, = (f | f()|P dt) :
0

Mycts P, = {f € LY0,1) : f(i) = 0,i > n}, n € N, Torma omnpese-
qaum Hamtydiee npubsmkenne g f € LP[0,1), 1 < p < oo, dopmyioit
E.(f)p = inf{||f = Qll, : @ € Py}, n € N. Ananoruuno onpejessiercs
En(f)oo s f € C*[Oa 1)

st yObIBatomeil K HyJto nocsejgoBaresabioct {€, 100, Oyjaem mnucarh
f e E(),ecan || flloo <ecom En(f)eo < ey amstBeex n € N. s yObiBatormeii
K HYJIIO MOCIEJI0BATEIBHOCTH { A, }0° 1 paceMoTpum

0.9]

AN ={f€C0,1): = F(k)] < Ayn € Zy .

k:

Byjem ucnosbzoBarh  rtakxke cpejgnue  Basue-Ilyccena vy, (f) =

% Sk(f)-

k=n+1
Bynem nucars A, < B,,, n € N, eciin cymecryior nocrosinnbie C, Cy >

0, rakue uro C1 A, < B, < (C5A,,, n € N.

82



DopMYyJibl, TEOPEMBI

Jlemma 1 ycranosrena B [2].

Jlemma 1. Jlaa aoboz0 n € N cywecmeyem Q,, € Py, , makots wmo 1)
mn_]- —
|Qulloe < Cul®; 2) 32 1Qu(k)] = m.
k=0

Jlemma 2 jlokasbiBaercs aHajorudHo reopeme 4.23 us [3, . 4, §10].

Jlemma 2. f € C*[0,1) ||f —vn(f)lloc < CEW(f)oo, n € N.
Teopema 1. ITycmn f € C*[0,1) u cwvodumea pad > nV2E,(f)w.

n=1

0 ~
Tozda seauvuna p,(f) = > |f(k)| ydosasemsopsem nepasencmesy
k=n

pn(f) <C <n1/2En(f)00 + i kl/QE}f(f)OO) , neN
k=n

Teopema 2. IIycmv nocaedosamenvrocmo {€,}5°, yoweaem x nyao,

(0.}

pad > V2, cxodumea u nocacdosamenvrocmo {n’e, Y2, ne ybwsaem
n=1

dasa nexwomopozo > 0. Tozda

sup{pn(f) : f € E(e)} < Zk_1/2€k’ n € N.
k=n

Teopema 3. ITycmov {\,}°°, yowsaem x nymo u ydosaemsopaem No-
yeaosuro A, < Chopy, n € N. Tozda cnpasedauso coommnowenue

sup{En(floo : f € AN} < Ay, neN
Jloka3zaTeabcTBO. Haunem ¢ oueBu IHOIO HEPABEHCTBA

-~

|f(E)xk(@)] < pulf) < An

WE

En(foo < IIf = Su(f)lloe <

i

n

st f € A(N). C apyroit ¢cropoHbl, ycTh @, = A, — Apt1, 1 € N. Torna jist
o0

byukunn h(z) = Y a,x,(x) HaxouM, 910
n=1

oo = D larl =Y (M = A1) = Auyn €N,
k=n k=n
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po(h) = A— 1 < Ag, TO ecTh. h € A(X). B ey meMMbl 2 1 TOUTH O4EBUIHOTO

paBeHCTBa || Z b Xk oo = Z by ipu by, > 0, nostyvaem
k=0

2n—1

k—
En(h)oe = Cil|h = va(h)]loc = C1 [ > D+ Z a

k=n+1 k=2n

(0. 9]
> E ap = Crha, = CoAn.
k=2n
Takum 0O6pa3oM, COOTHOIIEHUE PE3YJIHLTAT TEOPEMbI YCTAHOBJICH.

Ormerum, 9ro GJU3KHE BOIPOCH JIJIsi TPUIOHOMETPUYECKUX PsiJIOB Pac-
cvatpuBasucs H. A. Wabscosbiv [4].
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YcaoBust KBa3MHMJIBIIOTEHTHOCTH HOJIYTPYIIIbI
IIepeHoca Ha IIoJIyocu!
By Hryen Illon Tyur (Xanoii, Bbernam)
vnsontung@mail.ru

PaccmarpuBaeTcsi omepaTop mepeHoca Ha IMOJIyOCH B BECOBOM OaHAXOBOM ITPOCTDAaH-
crBe Tuna LP. Ykazaubl obiiue ycaoBus Ha BbIOOP BecoBoit dyHkiuu u HA KO3bdu-
[WEHT TIOTJIOIIEHNsI B OTIEPATOPE MEPEHOCA, MPYU KOTOPBIX MOPOXKIECHHAS TOJIYTPYIIa,
OKAa3bIBAETCH KBA3UHUIIbIIOTEHTHOMN (CyLepyCTOiuuBOil).

Karoueevie caosa: oniepaTop MepeHoca, KBa3WHUJIBIIOTEHTHAs IOJIYrPYIIa, BECOBOE
0aHAXOBO MPOCTPAHCTBO.

Superstability conditions for transport

semigroup on the semiaxis?
Vu Nguyen Son Tung (Hanoi, Vietnam)
vnsontung@mail.ru

Transport operator on the semiaxis is studied in a weighted Banach space of LP-type.
We give general conditions for a choice of a weight function and for an absorption
coefficient, for which a generated transport semigroup turns out to be superstable.

Keywords: transport operator, superstable semigroup, weighted Banach space.

Vcnonb3yem crapgaprhbie moHsitust Teopun nosyrpyri (em. [1]-3]). O6-
CYJIUM YCJIOBHUSI, IPU KOTOPBIX OMEPATOP BUJIA

A= _% Ca(z),  we0,+o0), (1)
T. €. OIEPATOP MEPEHOCa ¢ MOMJIOMIECHNEM Ha, TOJIyOoCH, OyIeT MOpOXKIATEL CY-
nepycmotivueyto (WM, 9TO TO JKe CaMOe, K6A3UHUABTOMEHMHYI0) TOJTY-
rpyuiy U(t) wiacca Cy B BecoBoM DaHaxoBOM LpocTpaHcrse Tuiia LP.
B rakowm cayuae (cm. [4]-|7]) sxcnonenmmanbubiit tun wy moayrpymmet U (%)
paBen (—00), a CHEKTP HPOU3BOJIAIIErO oneparopa A sBJseTcs myCThiM.
OTMeTHM, YTO MEepBLIE UCCICIOBAHKS IO TEMe — JIJIs KJIACCa OIIEPATOPOB
Bua (1) — nposejenbl Hamu B pabore [8]. Barem, B pabore [9], Teopusi Gbi-
na gosenena 10 Kouna. Ceiigac Mbl KOPOTKO IIPEICTABUM COOTBETCTBYIOIINE
pesysbrarsbl u3 [9]. TloMumo npouero, ux MOXKHO MCIIOJB30BATH B PA3JIMUHBIX
HEJIOKAJbHBIX M 00PATHBIX 33/la4ax, CBsI3aHHbIX ¢ Teopuedi nepenoca. Obuime
OCTAHOBKHU MOO0HBIX 3a1a1 cM. B [9]-[11].

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Pacemorpuwm na mosyocn Ry = [0, +00) B BecoBoM 6aHAXOBOM IIPOCTPAH-
cree B = LP(R+; e V() dx) C HOpMOIit

“+0o0 1
/p
p,yz(/\h(x)\pe—v<x>dx> . heB
0

muddepentmanbabiii oneparop A uz dopmynst (1), Oyukuuu a(z) u v(x),
a TakxKe KOHEUHOe 3HadYeHue p > 1 cumTaeM 3aJaHHbIM.
Omneparop neperoca A ¢ 001acTbIO ONpe e/ IeHAS

D(A)={he€ ACw.(Ry): he€E, AhcE, h(0)=0}

171l = 17|

nopoxiaet nosyrpyiiy U(t), meficTByoryto Ha 3jeMenT h € F 1o nupaBuiy

0, 0<x<t,
t

h(m—t)exp(—({a(a:—s)ds), t <z < +o0.

Ut)h(z) = (2)

Hamomuuwm, aro AC4.(Ry) — MHOXKECTBO JIOKAJIbHO abCOTIOTHO HEMTPEPHIB-
HbIX yHKIMIT Ha R, .
YKaxKeM eCTeCTBEHHBbIE ONDAHUYEHUsT Ha BECOBOI MoKaszaTesb v(x) U KO-
s dunuent a(x), Tpu KOTOPLIX MOJYIPYTIa (2) ABIACTCA CyIepyCTONInBOl
(kBazuHmbIIOTEHTHON) B E. Peub ujer o nosyrpynnax kiaacca C.
Teopema 1. I[Tycmo v(x) — usmepuman, Heompuyamesvuas, cynepao-
dumusraa Gynkyua na Ry, npuvem

lim v(z)
r—r+00 T

= +o00. (3)

Tozda daa 110001 UBMEPUMOT, HEOMPUUAMEALHOT, NOKAABHO 02PAHUYEHHOT
dynryuu a(x) na Ry noayepynna (2) 6ydem cynepycmotivucot 6 npo-
cmpancmaee LP(R+; e V(@) dx). B wacmmocmu, nodrodum ewbop a(x) = 0.

O6paTum BHUMaHUE Ha COYETaHMe BayKHOrO TpeboBanusi (3) U TOro, 4To
dbyukimst v(z) qomkHa ObITh cynepaddumuenoti va R . [Tociennee o3maua-
er (cm. |12]), aro

v(zy + x2) = v(xy) + v(zs), YV, xe 2 0. (4)

Yernosue (4) 3aBeoOMO BBITOMHEHO, ecn V(x) = x1(T) ¢ HEOTPUTIATETHHOI,
MOHOTOHHO BospacTtatoreit Ha R, dyukimeit vy(x). Ho ecth u mpumepst, vie
TaKoe MpeJICTaBIeHne HeBO3MOKHO (cM. [9]). B mobom caywae mos meficTue
TeopeMbl 1 TOMaIAl0T cranapTHbIe oKazarean suaa v(x) = @ npu a > 1,
win v(z) =z In, x, win v(z) =z In, In, z u rak janee.

meercst BOBMOXKHOCTD U30€KATH CYIIECTBEHHBIX OrpaHuveHuii Ha v/(x)
IPU COOTBETCTBYIOMIEM BbiOOpe KodbduIpenTa a(x).
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Teopema 2. IIycmov a(x) — usmepuman, HeOmMpPuuamMesbHad, ALOKAALHO
oepanuvennas yurxuus wa Ry npuvem
li = :
Tozda npu awbom 6vibOPE HEOMPUUAMEALHOT, MOHOMOHHO Heybvearuel
dynryuu v(x) na Ry noayepynna (2) bydem cynepycmotivucot 6 npo-
cmparcmaee LP(R+; e V() da:). B wacmuocmu, nodrodum evbop v(zx) = 0.

[Ipu joKazaTe LCTBe TeOpeMbl 2 CHOBA, UCIIOJIL3YIOTCA COODparKeHus Cy-
nepajuTuBHOCTH (eM. |9]), meficTBytontue st GyHKITHNT

T

¢(x) = /Teénfoo)a(T) ds, x>0,
0

cBsi3aHol ¢ Koadduimentom a(x). OcHoBHOE yeioBue (5) CymecTBeHHO st
Halllero pesyJbrara. HecMoTpst Ha CBOW OrpaHMYUTE/ILHbIN XapakKTep, OHO
MPUMEHUMO K OOJIBIIIOMY YHCJYy HTPUMEpOB Tuna a(xr) = o’ npu [ > 0,
w a(x) =In, z, wm a(z) = |z — 1|2 u rak nasnee.

B kadgecTBe MpPOCTOTO TPUJIOKEHWS W3JIOKEHHOU TEOpUM YKaxKeM HeJo-
KaJIbHYIO 3a/1a4y
(g 4 u, + a(z)u = 0,

’(;(0, t) =0, (6)
of n(t)u(z,t)dt = uy(x),

¢ neusBecTHOil dyuKImed u = u(x,t) wa moayocu x € Ry mpu t € [0,T].
Oyuknuio up () cauraem 3aaannoii. [lycrs koadduipent a(x) > 0 soibpan
B corstacuu ¢ Teopemoii 2. Torya, Kak caemyer u3 pesynbraros |9, 3amada (6)
Oyser KoppekTHO pazpermmoii B mpocrpancree LP(Ry) ¢ p € [1,+00) npu
Jtobom Bbibope Becosoit dyukuuu 1 € BV|[0,T], rakoii, uro n(0 4 0) # 0.
Bosiee Toro, magambroe cocrosuue u(x,0) = ug(x) permenus u = u(x,t)
KOHCTPYKTUBHO BOCCTAHABIMBACTCS METOJIOM MTEPAILMIi.

AsTop uckpenne Onaromaper M. B. TuxoHoBy 3a mOCTaHOBKY 3aaud 1
TOJIEPIKKY B MCCIICIOBAHNN.

7\
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VJIK 517.538

O06 annpoKcuMaTUBHBLIX CBOMCTBaxX PsiOB

®Oypbe no nojuaomaMm Axodbm — CoboJsieBal
P. M. I'akumup3aes (Maxaukasa, Poccust)
ramis3004@gmail.com

PaccmarpuBaercs 3amaga o npubmmkennn dyskiun f u3 npocrpancrsa W' gactud-
HBIMH cymMMaMu psina @ypbe 1o cucreme nonanHoMoB dkobu {PY "~ (x)}22 , opTo-
FOHAIBHON OTHOCHTENBHO CKaIsApHOro npousseaenns tuna Cobosiesa. OCHOBHOE BHU-
MaHHWe yJeJeHO MOJIYYIEeHNIO OEHKN CBepXy st dbyHKImu Tuna Jlebera 4acTHIHBIX
cymM psga @Pypee mo cucreme { P77 (2) 102.

Karuesoie caosa: monuuombl fkobu, psaabl @ypbe, CKaJspHOE MPOM3BEJIEHUE THIIA
CoboneBa, dyukuus JleGera.

On the approximation properties of the Fourier

series by the Jacobi — Sobolev polynomials!
R. M. Gadzhimirzaev (Makhachkala, Russia)
ramis3004@Qgmail.com

We consider the problem of approximating a function f from the space W by partial
sums of the Fourier series by the system of Jacobi polynomials {P2 """ (x)}22,,
orthogonal with respect to the Sobolev-type inner product. Upper bounds are obtained
for the Lebesgue-type function of partial sums of the Fourier series by the system

(P (@) ao-

Keywords: Jacobi polynomials, Fourier series, Sobolev type inner product, Lebesgue
function.

BBenenne

[Iycts —1 < « — menenoe, p(x) = (1 — x)°, L% — BECOBOE IIPOCTPAHCTBO
JleGera, cocrositee u3 usmepumbix Ha [—1, 1] dyuximit f, st KOTOpbIx

1

/ P(2)p(x)dz < oo

-1

ass r € N gepes W7, ob603HaUuM IPOCTPAHCTBO (DYHKIMK f, HEIPEPHIBHO
L y
P
nuddepenipyempix 7 — 1 pas, npuaem fU~Y abeosorno nenpepbisia Ha
—1,1], a f) e L2 " — KJacc r pa3 HeIpepbIBHO JuddepeHupyeMbIX
1], o W p pep PEHTIIDY:

bynxnuit f, sanannbx na [—1, 1] n gis xoropsix | f| < 1. [lna f,g € Wi,

P

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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OIIpeJIesIUM CKaJisipHoe rpouspeerue CobosieBa CJIeIyoInero Bu/ia,

(f.9)s = Z_:f(”(—l)g(”)(—l) +/f(r)($)9(’")($)p($)dx- (1)

-1
P&CCMOTpI/IM CucremMy II0JIMHOMOB

{M 0<n<r-—1

nl
on(x) = Y ____perere), r<n, 2)

(nta—r)lly/hp? "

rie PY~"7"(x) — nonunom fkobu crenenu n. B pabore [1] 6pu10 nokasaHo,
a0 cucrema (2) nosna B W/, 1 OPTOHOPMUPOBAHA OTHOCHTE/IBHO CKAJISAPHOIO
P

npoussesennst (1). Psg @ypbe 10 910ii crcTeMe umeer Caeyonni Buji

r=l ek X P
f@ =Y T ey AW
k! ha,O [r]
k=0 k=r A\ Iy (K + =)
e
P (t
fi= fsoks—/f PO pea, k>
VR,
Yepes S50, (f) = S50, (f, x) obo3HamM HacTHUHYIO CyMMY Dsfa (3):
n+2r T pa—r,—r
f — 2P (@)
n+2r Z 1)k + Z :

= /R (k4 o — 1)l

B Toit ke pabore ObLIN MCCIIEIOBaHbI AllPOKCUMATUBHBIE CBOMCTBA CyMM
@ o (f) mas dbynkimit u3 npocrpancrsa W', B wacrnoctu 6blia joKa3aHa
ciaenyromast (cm. |1, Teopema 4|)
Teopema A. Ilycmv —1 < a — neuenoe, r € N, f € W". Toeda

_Vl—ﬁ>rw <f<r>,_vl—x2> +

n + 2r n+ 2r

[F(2) = S5a, (F)] < () (

1—1/n?

)= ray [ Q-0 R @l )

-1

ede
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1

Tola) = () [ 0 ) (6)

1-1/n?

w(g,6) = sup  |f(x) = f(D)].

zte[—1,1],|x—t|<o

B cBsi3u ¢ HepaserncTBoM (4) BosHuKaer 3a1a4a 06 onenke Besqnann 14, ()
«
u J2, (), oupejesientbix pasencrsamu (5) u (6) coorsercrsento. OCHOBHbI-
MU Pe3yJIbTaTaMi HACTOsIIIEl paboThl SIBJISIIOTCS TeopeMbl 1 1 2, B KOTOPBIX
noJrydenbl onenku ceepxy st I8 (x), J@ () npu x € (—1,1).

OcHoBHOIiI pe3yJbTaT

CrpaBeJJIuBbI CJIEIYIONINAE YTBePXK ICHUSI.

Teopema 1. ITyemv r — 1 < a — neyeaoe, x € (—1,1). Tozda daa
seaununel 1Y, (1) cnpasedausv caedyrougue oyenmu:

1) ecau x € [0,1— 1},mo

2n2
D () < cla,r)(1 - )2 [ln(n\/l —z+1)+(1- g;)—%—i + 1} :
2) ecou x € (1 — 55,1), mo

T 92y

1 a<r—1
[a X <C CM7’r‘ 7 r—o 1 T
r,n( )— ( ){(11,)24’ O£>T—l'
3) ecou x € [—1+ 2%2,0); mo
I,(z) < c(o,r)(1+ )2 (m(nﬁ T4+ (14 b4 1) ;

4) ecau x € (—1,—1 + L), mo

2n?

PN

ID,(z) < cla,r)(1+ T)2A,

Teopema 2. IIycmo 1 — 1 < a — neyeaoe, x € (—1,1). Tozda dan
seununv, Jp, (1) cnpasedauso caedyrougue oyensu:

1) ecau x € (1—%,1), mo




2) ecau T € [0,1—%], mo

n

« (1 - x)rga—%.
(o) < el ST
3) ecau x € (—1,0), mo
o (1+ )57
Jrn(@) < C(%T)W-
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W310KeHbI pe3yabTATHI O CXOAUMOCTH TTOYTH BCIOY OPTOPEKYPCUBHBIX PAa3JI0KEHUN.
YcraHOBJIEHO, YTO Jjisd OPTOPEKYPCUBHBIX PA3JI0KEHUN, CXOAANUXCA K Pa3JiaraeMmoi

byukmmn, mpozxurens Beitns W (k) = loga(k + 1), Kax i I OPTOrOHATBHBIX PA3JIo-
2KCHUI.

Karouesnie caosa: OpTOPEKYPCUBHDBIE PABTOKEHUA PYHKIHH, CXOAUMOCTh TOYTH BCIO-
Jy, MHOXKHUTETH Beiis.

Baazodaprocmu: mccrenoBanne BBIIOJTHEHO IIPH MOMIEPKKe MexK IMCIunImHaApHOR
HayYHO—00PaA30BaTEIHLHON MTKOIBI MOCKOBCKOTO yHUBEpcUTeTa ""MaremaTnieckue Me-
TONBI AHAJIM3A CJOXKHBIX cucTeM'.
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State results on almost everywhere convergence for orthorecursive expansions.
Establish for orthorecursive expansions convergent to the expanded functions Weil

multiplier W (k) = log3(k + 1) as for orthogonal expansions.

Keywords: orthorecursive expansions of functions, almost everywhere convergence,
Weil multiplier.
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OpropekypcuBHbe pazjoxkenus |1, 2| sapistorest ecrecTBeHHBIM 00001TIE-
HUEM KJIACCUYECKUX OPTOrOHAJILHBIX passoxkenuit. Hanomuum ux onpesese-
HIE.

[Tycrs H — mpocrpatcTBo ¢o cKadsipHbiM mipousBejiennem (-, - ) (s
ONpeJIeJIEHHOCTH OyJieM paccMaTpuBaTh npocrpancrsa Hag R), {e,}°2, C H
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93



— MPOM3BOJIbHAS CHCTEMa HOPMUPOBaHHBIX sjemenTo, f € H — packia-
JbIBaeMblii asiement. Onpeiesnm HHLYKTHBHO MOCJIE[0BATEIBHOCTD OCTATKOR
{r,}22, n nocrenoBarensrOCTh KOdbdumenTos { f,}7° :

rog = f; jh ::(Tn—lpen)a7%/::Tn—1'_'fﬁena n=12,....

OpTOpeKypCUBHBIM PA3JIOKEHUEM djieMeHTa f 1o cucreme { e, }°° | Ha3bIBaeT-

m AN
et st Y fren.

n=1
Jlerko BujieTh, 4TO eciau cucreMa {e, }o0 | OpToroHasbHa, TO OPTOPEKYP-

CHUBHOE pa3JjIoyKeHue 10 Heil coBmajaer ¢ KaaccuieckuM psijiom Pypoe. darke
0e3 OPTOTOHAJBLHOCTHA CUCTEMBI JIJIsT OPTOPEKYPCUBHDBIX PA3JIOKEHUH BHITTOJI-
HSIIOTCSI KJIACCUIECKNE CBOMCTBA OPTOrOHAIBLHBIX PA3JIOXKEHNI, TaKle KaK pa-
BeHCTBO beccens

NP N
Il = || F =" Fueal| = 1F17 =D |fal -
n=1 n=1
HEpaBeHCTBO Beccesist
Sl < IS

n=1
1 9KBUBAJEHTHOCTH CXOMUMOCTHU PA3IOXKEHNd K Pa3garaeMoOMy 3JIEMEeHTY pa-
BerncTBY llapceBasis

(0.¢]

n=1

—~ 12
ful = A1

(em., manpumep, [2]).
B Teopum opTOroHaJbHBIX PAJIOB M3BeCTHA TeopeMa MenbmoBa—Pagema-
xepa (cM. |3, 4] nom |5, ¢. 332, 532|), yTBepKaatoIias, ITo JJIsi CXOANMOCTH

o0
nouru Beoy Ha [0, 1] psijia oproHopMupoBatubix GyHKIWME 0 = Y appr(T)
k=1

(0.0
JIOCTATOUHO, 4T0bbI cxoauca pan Y. |ax|? logy(k + 1).
k=1
Metnbiosbim 1. E. B [3] 66110 Takke 1n0Ka3aHo, 4TO B IIPUBEJIEHHOM YCJI0-

BUT log%(k + 1) HeJsb3sT 3aMEHUTH Ha JTI0OYI0 HEYOBIBAIOIILYO MOCTEI0BATEI b
HOCTH 0 (log%(k: + 1)) — pacrynuiyio MeaseHHee loga(k +1). JTokaswrsatorue
9101 (haKT TEOpeMbl psijia aBTOpoB cM. B [5, ri. 9, § 1].

O nepenoce Teopembl MenbIioBa—Pajiemaxepa Ha psiJi IPYTUX CUCTEM CM.
6]

PaccMmorpum Bompoc 00 aHAJOTMYHOM YCJIOBHH Ha KO(MD(DUIIMEHTHI OPTO-
PEKYPCUBHBIX PA3JIOKEHHUIH, TapaHTUPYIONIAE UX CXOAUMOCTH ITOUYTH BCIOIY.

Okazasoch, 9To B 00IIEM CIydae cuTyanus cieayiornas (M. [7]).
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Teopema 1. Ecau npocmpancmso Jlebeea L*(Q), 0 < pf) < oo, cena-
Pabeavno, a Ay — MaKas CMPo20 NOAOHCUMEALHAA NOCAEA0GAMENLHOCTND,

ymo ece A\, > 1 u
0
>3
_:OO,
= M

mo daa moboti pynxuuu f(x) € L2(Q), ||f(2)|| > 0, natidemes maxas nop-
Muposanman nociedosamervnocms gyukyut {ex(r)}i,, wmo opmoperyp-
cusnwl pad f(x) no cucmeme {ex(r)}r, ne cxodumca no nopme npocms-
pancmea, He crodumes nomoweuno noumu 6ctody wa 0 u npu smom

o

Z [fil* - A < oo

k=1

Teopema 2. Ecau {ey(x)}7, — nocaedosamenvrocmo dymnryui us npo-
cmpancemea Jlebeea L*(S), nopmvL K0mopulxr 02panuienst 6 COG0KYNHOCTIU
sup |lex(z)|| = C < 00, norovorcumenvnas nocaedosamenvrocmo A > 1 ma-

k

Ko6a, 4mo pad
o0
1
E )\— = A < o0,
k=1 K
a4 YUCA08A.A NOCAEA0BAMENLHOCTG A YIOBAEMBOPAEN. YCAOBUIO

e.¢]

Z‘ak|2‘)\k:L<OO,
k=1

o0

mo gynkyuonarvuat pad Y agep(x) abcoarommno crodumea nowmu 6crody
k=1

na 2 u
o

> lare(@)||| < CVLA.

k=1

3amMmedanue. YcioBus TeopeM 1 u 2 MOKa3bIBAIOT, YTO 3T TEOPEMbI J10-
MOJIHSIIOT JIPYT JIpyTa U HE MOTI'YT ObITh YCHJIEHBI.

o0

YeiaoBue CXOUUMOCTH Psijia Y | )\ik MOZKET ObITh CYIIECTBEHHO OcjiabJieHo,
k=1

eCJIM OrPAHUYNATHCS PACCMOTPEHUEM OPTOPEKYPCUBHBIX PAa3JIOKEHUH, CXO/4-

IMUXCS [0 HOpMe K pasdjiaraeMoil (byHKIUK (dTO UMEET MEeCTO, B YaCTHO-
CTH, JUIsl TIOJHBIX OPTOHOPMUPOBAHHBLIX cucTeM). BoJsiee KOHKpeTHO, moJty-
YeHa CJeJIYIONas TeopeMa.
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Teopema 3. Ecau opmopexypcusnoe pasznosicenue dynruyuu f(x) €
L*(Q) no nocaedosamenvrocmu nopmuposannwiz dynryui {ex(x)} | cro-
dumea % f(x) 6 L*(Q) u cwodumea pad

oo

> 1 fel*logi(k + 1),
k=1

m A
mo opmopexypcucnoe pazrosicenue Y, frep(x) crodumea x f(x) noumu ecio-

k=1
dy na €.

Taxum 06pazoM, JJist OPTOPEKYPCUBHBIX PA3JIOKEHUIA 110 TTOCIEI0BATE b-
HOCTM HOPMMPOBAHHBLIX (DYHKIM, CXOAAININXCA 110 HOPME K pasjaraemoii
dbynkiyn, Muoxurenem Beiiist siBisercs, Kak 1 JJisi OPTOHOPMUPOBAHHBIX
cucrem (cm. [5, T 9]), nociaenosaremsnocts A, = logi(k + 1). Dro ycu-
JieHue pesysbrara u3 [7], rae ObLIO JJOKA3aHO, YTO Jijisi OPTOPEKYPCUBHBIX
Pa3JIOKEHMH, CXOIAIINXCS 110 HOpMe K pasJiaraeMoil (byHKIUK, MHOKUTEJIEM
Beituist siBJISIETCST 10CIIEI0BATEIBHOCTD Ay = VK. YJIYUIIuTh TeopeMy 3 HeJlb-
351, TAK KAK OKOHYATEILHOCTH MHOXKUTe/s Beiins logs(k + 1) yeranosiena
Jlaxke Jiist OpPTOHOPMUPOBaHHbIX cucreM (M. B [3] u [5, r. 9, § 1]).
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obpazoBaHue MOm00OHs HCCIEIYEMOrO OMEPATOPA B OMEPATOP OJIOYHO-IMATOHATHHOTO
BU/A U MPUBEIEHBI OIIEHKN €r0 COOCTBEHHBIX 3HAYECHIH.

Karouesvie cao6a: pa3sHOCTHBIN OLIEPaTOp, METO/I IOJ00HBIX OIIEPATOPOB, CIEKTD.

Baazodaprocmu: pabora BbinojHeHa npu dbuHaHcoBON nozuepxkke POPU (mpoekt
Ne 19-01-00732).
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B paborax [1] — [6] uccienoBasnuch criekrpasbHbie CBORCTBA PA3HOCTHOTO
omepaTopa, BOZHHKAIOIIErO Mpu JucKpernzanuu g QepeHnnaabHoro oe-
paTopa BTOPOro HOPSJIKA ¢ PACTYIIUM HOTEHIUAIOM. [0y YeHbl acuMITOTH-
YECKUE OLICHKM COOCTBEHHBIX 3HAUCHMI, COOCTBEHHDBIX BEKTOPOB U CLHEKTPaJIb-
HBIX IIPOEKTOPOB. IlepBoHAaYAIBHO 3a/1a49a UCCICAOBAHNS TAKOTO PA3HOCTHO-
ro oneparopa crapuiach B |7]. B Hacrosiieit pabore uzyuaercst pasHoCTHbIH
OIIEpPATOP, COOTBETCTBYIOIINI TUCKPETU3AIUY OIIEPATOPa BTOPOTO HOPSIKA, C
PACTYIIMM TOTEHIINAIOM ¢ MHBOJIONHEH, T. e. onepartopy d2x /dt? —q(—t)x(t)
¥ U3y9aeTCs BOIIPOC €0 IPUBEICHNS ¢ MOMOIILIO TPeo0pa3oBaHus IOJ00U K
oneparopy 6J0IHO-MATOHAJIBLHOTO BUAA. IIpN 5TOM BBINMUCHIBAIOTCS YCIOBUST
Ha MOTEHIINAJ, IPY KOTOPBIX TAKOEe IPE0OPA30BAHUE BO3MOXKHO.

SameruM, uTo auddepeHimaibHble OlepaTopbl BTOPOI'O MOPSIKA, ¢ HHBO-
JIONMER aKTUBHO M3y9aloTcst B HacTosiiee Bpemst (cM., Hanpumep, [8] — [10]).

[Tepeitiem K Gojiee 1mojpobHOI mocTaHOBKe 3ajadu. Kak oObIUHO, dUe-
pes l3(Z) obozratueno ruabbepToBO MPOCTPAHCTBO JIBYCTOPOHHUX KOMIITIEKC-
HBIX HocaenoBaTeapnocreit y : Z — C, cyMMUpyeMBIX ¢ KBaJpaTOM MO-

s S |y(i)[2 < oo, co ckansprbiv mpoussenenneM (z,y) = . z(i)y(i)
1€EZ i€Z

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

97



1/
v ¢ HOpMOit ||y|l2 = (Z |y(z)\2> , TTOPOXKJIAEMOM TUM CKaJISIPHBIM TIPO-
€L
u3BejieHneM. BBejieM B paccMOTpeHue CJie/yrolne mpOCTPAHCTBa OMepaTo-
pos. Cumposiom End [y oboznaunm 6anaxoBy ajaredpy orpaHMIeHHBIX JIMHEH-

HBIX ONEpPaTOpOB, jeficTByomux B ly ¢ nopmoit | X|| = sup || Xz||, € Is,

<1
X € Endls. Ham Takke nmorpedyercst 6oJsiee y3Koe MmoIIpoCcTPaHCTBO Olepa-
topoB u3 Endly. Ilycts {Q,,n € Z} — Mu3bOHKTHAS CHCTEMa OPTOTNPOEK-
topoB B End [5. Torma kaxxaomy oneparopy X € End [y MmoxxHO mocTaBUThH B
COOTBETCTBHUE JIBE MATPUILL UCJI0BYIO X ~ (Z;;) OTHOCUTEILHO CTAHIAPT-
woro basuca {e,,n € Z}, e (k) = 6uk, n, k € Z, dp;, — cumBoa Kpomeke-
pa u oneparopuyio X ~ (Xj;), rae X;; = Q:XQj, i, € Z, ornocurenn-
HO BBEJIEHHOI cucTeMbl opronpoekTopoB. Omneparop X € Endly orHecem K
End; Iy C Endly, ecim koneuna seqmunna Y, max ||Q; X Q,||, npunumaemas
pez,i=I=P
3a Hopmy B End;ly. Takum obpasom, End;ls — nogmpocrpaHcTBO olnepa-
topoB u3 Endly, (oneparophbie) MaTpuiibl KOTOPbIX UMEIOT CyMMHUDYEMbIe
JMaroHasu. 3aMernm, 9To B paborax [1| — [6] ncnonbzoBasocs uMeHHO 9TO
POCTPAHCTBO B KAYECTBE TTPOCTPAHCTBA, JIOMYCTUMbBIX BO3MYIIEHWH MeTOIa
0JI00HBIX OIIEPATOPOB.

Paccmorpum B mpoctpancTse ly pasuocTHblii oneparop € @ D(E) C Iy —
lo, neitcrytomwmii o dopmyne (Ex)(n) = xz(n — 1) + x(n + 1) — 2z(n) —
q(—n)x(n), n € Z, rye q : Z — C — pacryias 10Cjiej0BaTe/IbHOCTb, YCJI0-
BUsI HA KOTOPYIO ogBsATcst Huoke. O6sacts onpenenenus D(E) oneparopa &

COCTOUT U3 Takux T € ly, uro Ex € Iy, T e. > |q(—n)z(n)[* < co. Crenyst
nez
nasiee o01Iel cxeme MeTojia 1o100HbIX orepaTopos [1], oneparop £ npejcras-

asior B Bujie £ = A — B, rie A — oneparop ¢ AuMaroHaJIbHOW MaTpuiei u
B € End; l5 (em. [1] - [6]). [TpeobpazoBanuem mojgobusi orepaTop £ MPUBOIUT
K oneparopy A — Y, rne Y € End; [y Tak:ke nMmeer IuaroHaJbLHYIO MATPHUILY
(mu MaTpuUILy, IMEOILYI0 HEHYJIeBO# MeHTpasbHbIi 00K mopsijika 2k + 1,
rie k € Z4 — HeKOTOpOe YMCJIO U HEeHYJIEBYIO IVIABHYIO JIMaroHadb). B pac-
CMATPUBAEMOM CJIyUIae 3TOT BAPHAHT HE IIPOXOJINT, TaK Kak y omeparopa &
CTOUT PACTYIIasl MOCJIE0BATEILHOCTD 110 TTODOUHOI guaronaiu. Iloaromy Mbr
OyZeM OCYIIeCTBJIATh OJIOUHYIO JUATrOHAJIU3AINI0 omneparopa &£, T. e. OyeMm
1peobpas3oBaHueM 10J100Msi TPUBOJIMTH €0 K CJICJIYIONIEMY BUJLY: 110 IJIaBHOM
JINATOHAJN OYIyT CTOATH HEHyJIeBble OJIOKH pasMepa 2 X 2 U MeHTpabHbI
oJsiok pasmepa 2k + 1 x 2k + 1.

[lycts P, (z) = (x,e,)en + (z,e_pn)e_n, n € N, Py(x) = (z, €9)ep, T €,
m € 7, — BEeKTOpbl CTaHJIapTHOrO Oa3uca B lo. B KadecTBe HEBO3MYIIEHHO-

ro omeparopa Gepem omeparop A = > P,EP,, a BO3MyIICHHEM CIATAEM
nely
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omeparop B = & — Y. P,EP,. Oueumno, uro B € End; ly. Oneparop A
nely
MMeeT COOCTBEHHbBIe 3HAUCHUST, COBNAJIAIONINE ¢ OOheMHEHNeM COOCTBEHHBIX

3HQUYEHUN MaTPUI|

A umenno,

rie o9 = {q(0) — 2}, 0, = {—2+ \/q(n)q(—n)}, n € N. CoorBercrpytormne
OpTOrOHAJIbHbBIE COOCTBEHHDbIE BEKTOPbI HaxosATes B Im P, u 8 Im P, n € N,

MMEIOT KOOPJIMHATHI €,1 = (1, — qé(_,rg)), ena = ( (;é(fg), 1), n € N. Taknm

obpazom, B Dazuce W3 CBOMX COOCTBEHHBIX BEKTOPOB MaTpuiia A omneparopa
A mmaronanbia. Ho, 9T00bI 3TO OBLIO BO3MOXKHO, HEOOXOIUMO TpeOOBATDH
cHaTaAHCHPOBAHHOCTD TTocseioBaTesbiocTr q : Z — C (norennumadna q): mycrb
CYIIECTBYIOT TaKue KOHCTAHTHI ¢; > 0, co > 0, uTo

cilg(=n)| <lg(n)| < cafg(=n)]. (1)

B 6azuce ey, €1, €2, ¢ € N, marpuna Bo3MylleHns B umeer HEHYJIeBbIE
OJIOKH Bi,it{ n B;;_1, KOTOpBIE JIETKO MOXKHO HENOCPEJICTBEHHO BBITHCIIATD.
[Ipu srom B = U"'BU € End, l>.

Teneps k oneparopy A — B MOXHO IPUMEHUTH CXEMY METO/1a M0 I00HBIX
O1epaTopoB u3, Hapumep, [4].

meer mecTo

Teopema 1. ITycmov svinoaneno ycaosue (1) u

~

Yi = dist (Oi, U(A) \Uz) — OO (2)

npu 1 — o0, Tozda cywecmeyem maxoe k > 0, wmo onepamop & nodoben

onepamopy A— Py X Pyy— > PXP;, 2de X € End, ly — pewenue nexomo-
1>k
D020 HEAUNETH020 YPasHerus Memoda nodoonvir onepamopos u e2o MoAHCHO
natimu memodom npocmolx umepavud, npuiem Xy =0, Xy = B u m. 0.
Teopema 2. B ycaosuar meopemnt 1 cobemeenivie 3HAMeHUa Ay 1 U Ay 2

UMEIOM GCUMNMOMUKY

~ .

’)\n,i — )\n7z| S Cg’yn s 1 = 1,2,
2de c3 > 0.
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IIpumenenune meToga 0000IMIEHHBIX CTEIleHel
JIS IIOCTPOEHNS pelleHnii KBATepHUOHHOTO

BapuaHnta cucreMbl Komnu-Pumana!
FO. A. T'nagpimes, E. A. Jlomkapesa (Kaayra, Poccus)
losh-elena@yandex.ru

PaccmarpuBaerca obobmennas cucrema Kormmm-Pumana mis KBaTepHHOHHBIX (DyHK-
[uit B BOCBMUMEPHOM MPOCTPAHCTBE. V3ydeHbl HEKOTOPBIE KJIACCHI PEIeHUI TOH Ch-
CTEeMBL M 3asBJIEHO, YTO CYyIIECTBYEeT BO3MOXKHOCTH HMCIIOJIb30BAHUS I IOCTPOEHUS
periernit 37oit cucrembr nud depeHnaIbHbIX yPaBHEHN 0000MEHHBIX cTeneHei. B
HACTOSIIIEM COODIIEHUU YKa3aH OJMH U3 CIIOCODOB PEIleHUs TON 3a1a4M.

Karouesvie caoea: oDOOINEHHBIE CTEMeHW bepca, KBaTepHHOHBI, cucTema Kormm-
Pumana.

Application of the generalized degree method
for constructing solutions of the quaternion
variant of the Cauchy-Riemann system!

Yu. A. Gladyshev, E. A. Loshkareva (Kaluga, Russia)
losh-elena@yandex.ru

A generalized Cauchy-Riemann system for quaternionic functions in an eight-
dimensional space is considered. Some classes of solutions of this system are studied
and it is stated that it is possible to use generalized degrees of differential equations
to construct solutions of this system. This message indicates one of the ways to solve
this problem.

Keywords: generalized degrees of Bers, quaternions, Cauchy-Riemann system.

BBenenue

O6o06imennas cucrema Kormm-Pumana B npocrpancrse R® [1] numeer suj

DX —UDy =0,

it (1)
XDy + D0 =0

Bnech X, ¥ - (byHKIIMK IepeMenHoii ; (2 = 1,8) ., npuHUMAalOmKe 3HAYCHU ST
B Tejie KBATEPHUOHOB C CUCTEMON €JINHMUI] €; (z' =0, 3) ,a Dy, Dy kBaTEpHU-

OHBIE ONEePATOPHI

A A o P A (2)
1 — - ezax“—la 2 — - € 1= ) .

Y
OTiy5

Jlasiee iepeMenHbie T, T, T7, Ty JJist yaobcTBa obosuaduM Yy, k = (1,4).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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O6 ogHOM HCIIOJIB30BAHUM METO1a OOOIIEHHBIX CTeIleHell

Cucrema (1) poryckaer BBejieHue HOBBIX (DYHKIHUI v,  OT Ty, Y BUJIA
X = Dia+ BDsy, = —aDy+ Dy (3)

[Ipesnosarast, aro a, 8 TakoBbl, 910 X, ¥ MMEIOT HEIPEPHIBHBIE [TEPBbIE
IIPOU3BOHBIE, YOEXKaeMcs, 9T0 GYHKIUKA v, § TAPMOHUIECKHE KBATEPHUO-
HbI

(D1Dy + DyDs) a =0, (D1Dy + D2Ds) 8 =0, (4)

TO €CTh BCE KOMIOHEHTBI (v, 3 ABJIAIOTCA PElIeHUAMU BOCbMUMEPHOIO ypaB-
nennd Jlamnaca.
Obpartno, ecain «, 5 yposaersopsiior (4), ro X/, W' w X" ¥

X' = Dloz, U = —CYDQ, (5)

X" = BD,y, V"= D,p, (6)

JatoT perenust cucrembr (1).

Takum obpazom mpeobpazosamue (3) cBogUT pernierne cucrembl (1) K mmo-
CTPOEHHUIO perieHnii ypaprenns Jlamiaca u Moc/ae/yomeMy UCoJb30BAHUO
coornomennii (5), (6).

[TockosbKy Tipu busmdeckoit uHTepIperanuu cucreMb (1) oHa coBmagaeT
¢ cucremoit Makcsesuia [2,3,4], npu onpejieJeHHOM OTOXKJIECTBJIEHUU KOMIIO-
HenT X;, U; ¢ HAIPSKEHHOCTSMHE MOJICH , TO BEJIMUUHBI (v, 3 MOXKHO CBSI3aTh
C 9JEKTPUIECKUMHU M MarHUTHBIMHU TOoTeHIa aMu. [losromy HazoBem a,
KBATEPHUOHHBIME MTOTEHI[HATAMHY.

st mpunoxkernss OC BBeJieM KOMILICKCHBIE TIEPEMEHHBIE

2k = Tk + WYk, Zk = T — WYk, 1= 1,4 (7)
3amuIeM COOTBETCTBYIOIIUE OlePATOPhI
-0 _1(90 ;09 N, — 90 —1(9 ;0
Dk - 8Zk - 2 (&vk Zayk> ) Dk - (r“)ék - 2 <8xk —I—Zé)yk) ) (8)
a Tak »Ke uX Mpapbie oOpaTHbIE

2k _ Zk
L= [de.., T= [ dn.. (9)

A Zko

OrpannunM ux JeficTBHE YUCTO aJredpandecKuMU OlePalisIMu HaJl I1e-
PEMEHHBIMH 2, Zk. BBeJieHHBbIe omepaTopbl 00J1a/Jal0T BCEMH CBOMCTBaMM,

102



HeoOxomuMbIMU Jiisi ipuMenennst Meroya OC. Huke Bciojly HCIOIB30BaH
napaMerpudeckuii BapuanT Mmeroga OC. Ilosromy dyHKIMH, HCIOIbB3Yye-
MbI€ BO BCEX BBIPDAXKEHUSIX M KOHCTPYKIIMAX, SBJIAIOTCSI KOMILIEKCHO3HAYU-
HBIMI OJTHOKOMITOHEHTHBIMH (DYHKIIMSMU BOCHMHU KOMILIEKCHBIX TEPEMEHHBIX
2k, 7k, k= 1,4. B nepeMeHHBIX 21, 2, ypaBHeHue Jlamiaca 3amuiieM

4 4
Poy B T
Z 432kgik o 0’ Z 432k82k - O’ L= 1’47 (10)
k=1 k=1
VTN, IPUHAB obosHaueHne D), = 4%{;&, KaK
4 4
kZI Dyoi =0, kZI Dy = 0. (11)

st 0bobiennoit koncranTel C Hailiem

C= 1w (zr) + for (2)). (12)

4
=1

k

3mech fik, for anamuTruecKue GYHKIUE COOTBETCTBYONNX KOMILIEKCHBIX I1€-
pemennbix. I3 Buja C ciejyer, 9T0 OHa MIPEACTABICHA KK IIPOU3BEICHHUE
GyHKIMIA, 3aBUCAIIUX OT [ap IEePEeMEHHbIX 2, Zk .
B nasbreiiimeMm B KauecTBe fik, for BO3bMEM BaXKHbIH CIydail CTEIEHHBIX
dyHKIMI
fir = ez, for = ez (13)

KowmiujiekcHble BeJIMUUHbBI C1j, Coj JIAI0OT B JlaJibHENIIeM 1IPU 110JICTAaHOBKE
B (12) 16 mpousseennii. HazoBem 5Tu MpOU3BOJIbHBIE TOCTOSTHHBIE TAPAMET-
pamu. [lajiee OyjieM UCIIOJIb30BaTh HHTEI'PaJIbHbIE OllepaTopbl [ , ONpe/Jie/nB
nx Ha ocHoBe (9) Kak

2k 2k _
L=1] dn [ d¢, k=14 (14)

Zk0 Zk0

Hamomuum, 9T0 2k, Z; pacCMaTpPUBAIOTCS KaK HE3aBHCUMbIE TIepeMeHHbIe.
O6o3nadennas cremnens X PO onpejenena

4
Xl(pl)XQ(pz)X:gps)Xim)O = !p2 !pS!p4!Il(p1)]2(p2)]§p3)lip4)c _ Hpk!]épk)c-
k=1
(15)
JleBasi cropona (hopMyJIbl UMEeT CUMBOJIMYECKHI XapakTep ¥ yKa3bIBaeT Ha
KOHCTPYKITUIO ¥ CBOMCTBA IPaBoil YaCTH, KOTOPasi MOYKET ObITh BBIYUCJICHA
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KaK KOMILJIeKCHas (DYHKINSA 8 KOMIIICKCHBIX MepeMeHHbIX 2i, Zr, k = 1,4 .
HeitcrBuresnbho, ucnosbdys (11) u He3aBUCHMMOCTH KOMIUIEKCHBIX T€PEMEH-
HBIX, HaliJleM, IPOBOJIs OIepalliil WHTErPUPOBAHUS 110 KOMILJIEKCHBIM IMepe-
menubim ipu C, onpesiesiernom B (11)

. |Zpk+lk mk|zpkzpk+mk
e = Hpk T Ckl Bk ' (16)
(pr + 1) '] (P + mz) il

[lo mocrpoenuio (15) UMeeT CJeAylolye npasuia «IuddepenumpoBa-
HUS», TO €CTh JIEMCTBUA OepaTopoOB

4 4
D; H X}gpk)c = pi H X}gpk—%i)c’ (17)
k=1 k=1

re 5k7 ,ZLe.HbTa Kponekepa. CocraBuM JUHERHYI0O KOMOMHAIIMIO CTele-
neit XP)C, noxcraBus ee B cuMBosmueckoil popMe KaK CTEleHb CyMMb

Z Oszk )C

4 n
S x| (18)
k=1

3/1ech (v, HEKOTOpbIe IPOU3BOJILHBIE JieficTBUTEbHBIE ducia. IIpexe uem
epexoUTh K HOCTPoeHnto basucHbix periennii (10) npusejem ciejyionyo

dbopmyiy

4 n 4 n—1
Z &ij(p) = nq; Z an](p—l) . (19)
7=1 7=1

3 Buna (19) cieyer, uro Beipazkerue V,, , BBegernHoe B (18) yaoBieTBopsier

(10), ecsim moTpeboBaTH
4
> a;=0. (20)
=0

Ecth Bo3MOkHOCTH TOcTpouTh pernienne metonom OC HECKOIbKO B JPy-
'oM BH/JIE.
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ITpeobpazoBanus Pypbe cBepTOK (PYHKIIH 13

nmpocTpaHcTB Jlebera u Jlopenma!
B. N. Tony6os (Joaronpyzansiii, Poccus),
C. C. Bogocusern (Caparos, Poccus)
golubovboris1939@gmail.com, volosivetsss@mail.ru

B pabore npuBOAATCS yC/IOBHS BECOBOM MHTErpHPyeMOCTH IpeobpasoBanmii @ypbe
cBepTOK (yHKIWMI m3 mpocTpaHcTs Jlopenma u Jlebera, a TakKe KOJIMIECTBEHHBIE
OIIEHKH, CB3aHHBIE C ITOH HMHTErpUpyeMocThio. JloKazaHa HeyrydiaeMocTh MOJTy-
YEHHBIX PE3Y/IbTATOB.

Karouesvie crosa: npeodbpazopanue @ypbe, BecoBas HHTEIPUPYEMOCTh, CBEPTKA, IIPO-
crpancTBo Jlebera, mpocrpancTso JlopeHia.

Baazodaprocmu: pabora Broporo aBropa BbIIOJHEHA IPHU IHOAAepKKe MuHOOpHayKu
Poccuu B paMkax BbINOJHEHUs] rocygapcTBeHHoro 3aganus (npoekt Ne FSRR-2020-
0006).

Fourier transforms of convolutions of functions
from Lebesgue and Lorentz spaces!
B. I. Golubov (Dolgoprudnyi, Russia),
S. S. Volosivets (Saratov, Russia)
golubovboris1939@gmail.com, volosivetsss@mail.ru

In the paper the conditions for weighted integrability of Fourier transforms of
convolutions of functions from Lebesgue and Lorentz spaces and the quantitative
estimates connected with such integrabilty are given. The sharpness of obtained results
is proved.

Keywords: Fourier transform, weighted integrability, convolution systems, Lebesgue
space, Lorentz space.

Acknowledgements: the work of the econd author was supported by the Ministry of
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BBenenne

[Tycrs LP(R), 1 < p < 00, 0b03HAUAET TPOCTPAHCTBO U3MEPUMBIX 110 Jlebery
Ha R = (—00, 00) dbyHKIHii, 11 KOTOPBIX HOPMa

1/p
11, = | [ 1@ iz
R

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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koueuna. [Ipu p = oo Bmecro L*(R) Gysem paccMaTpuBaTh TPOCTPAHCTBO
B(R) orpatuuentbix uamepumbix (yukiuit uiau npocrpanctso Cy(R) nenpe-
pbIBHBIX dyHKHi f(x), crpemgamuxcst K Hym0 mpu © — £00, ¢ HOPMOii
[flloc = supser [ /()] R

Hns f € LY(R) onpejenum KomiiekcHoe npeobpazopanne ®ypoe f pa-
BEHCTBOM

fity = 2m) 1 [ fa)e i da,

Jlerko BUIETH, UYTO B 3TOM CJIydae fE Co(R) (em. |1, rur. 5. mpema. 5.1.2].
B ciyaae 1 < p < 2 mpeobpasosanune Oypoe f bynknun f € LP(R)
a
OTpesIeNAeTCs Kak mpejiest npu a — +00 dynxmuu (2m) Y2 [ f(t)e ™ dt B

—a

nopme LY (R), rne 1/p+1/p' =1, e.

~

f(x) = (L”(R)) lim (27)~Y/2 / ft)e ™ dt.

a——+00

-~ /
B wacrrnocru, f € LP (R) u umeer mecto anajior HepaBeHcTBa Xaycaopda-

FOmnra ||ﬂ|p/ < (2m)Y@O=V @) |, noxasammbiii E. Turamapmen (cm. |2,
1. 4, reopema 74| wim [1, . 5. npegr. 5.2.5]). Ilpu p = p’ = 2 nosyqaem

f € L%(R) u 5 9rom ciyuae cupaseyinso pasencrso Ilianmepens || flla =

Hfﬂg (em. [1, rat. 5. Teopema 5.2.4]). Baxuoit vactbio Teopembr [Lnaniepedis
sBIIsIETCA BoccTanopsenne f(x) mo dpopmyse

a——+00

f(z) = (IA(R)) lim (27)"Y/2 / F(yett at.

— |l/p—1
Mycts p,q > 1, wyy(x) = |2|Y/P7Y4. Paccmorpum BecoBoe POCTPaHCTBO
LE{JM(R) n3MepruMbIX Ha R DyHKINHA ¢ KOHETHOH HOPMOIi

1/q 1/q
e A e o I W A RO
R R
[Iycts | - | — mepa Jlebera u f* — HeBospacTatommast mepectanoBka f, T.e.

f* mecrporo yosisaer Ha (0, +00) u
{z € (0,+00) : f(x) > A} = {z e R: [f(2)] > A}
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agist siioboro A > 0. Torma mpu 1 < p, ¢ < oo npocrpanctso Jlopenna LP4(R)
(em. [3]) cocront u3 nsmepumbix Ha R dbyHKIHA, /15 KOTOPBIX KOHEUHA HOD-
Ma

00 1/q 0o 1/q
e = (xl/p_l/qf* (2)) dx — wq/p—l(f*(x))q dr
[ [

Jlerko susiers, uro L (R) = LPY(R) = LY(R) npu 1 < ¢ < oo. llpn
1 < p < 0O IO OIPEJICJICHHIO

1 Flloo e = Sup 2L @) e = supa!? f ().

Te zeR
Hns f € LP(R), 1 < p < 2, cipaBe/7InBO HepaBeHCTBO Xapu-JIuTTiBy/1a

1/p

[1F@rlap-2a | <clifl,,
R

wid || fllpw, < Cllfllp (em. |2, v 4, Teopema 80]).
Ceeprka dbynkmuii f,g € L (R) (t.e. f, g unrerpupyemsr no Jlebery na

KaxIoM Komnakre u3 R) onpenessiercst pasencrsom f x g(x) = [ f(x —
R

v)g(y) dy, eciu nocseanuii uaTerpas cymecrsyer. ssecrno, uro st f €
L’'R), 1 < p < o0, g € LYR), dynkuust f * g npunagiexur LP(R) u
Bepro HepasercTso || f g, < || flpllgll1 (em. [1, mper. 0.2.2]). Kpome Toro,
ag f € LP(R), 1 < p <2, g € LYR) cupaeyinso paBeHCcTBO m(x) =
(2m)Y2f(2)§(x), nmourn Beiony Ha R (eum. [1, ro. 5, reopemsr 5.1.3 1 5.2.12]).
Ucnonbays miaornocrs LI(R) N LPYR) 8 LPYR) mpu 1 <p < 2,1 < ¢ <
00, METOJIOM JIOKA3ATEIhCTBA TeopeMbl 5.2.12 u3 [1| MOXKHO yCTaHOBUTH, 9TO
dhopmyiia Boite Bepaa s f € LPY(R) mpu 1 <p < 2,1 < ¢q < oc.

B ciaydae rpuronomerpuueckunx psjoB abCoMIOTHAS CXOAUMMOCTL PsijiOB
Dypbe 27T-1epuoInIecKuX CBEPTOK 1 ee 00001enns u3ydaauch M. Vzymu u
C. Uzywmu [4], a raxxke K.Ounesupowm [5]. Tlosoxkum jiist 27-niepuouaeckoii
uHTerpupyeMoit Ha nepuoge dynkuun f (re. f € Ll npocrpancra L
BBOJ[SITCST AHAJIOTUYHO)

2

ex(f) = (27)! / fHe ™ dt, ke,

0

27

a s f, g € Ly, cBepTKa BBOIUTCS paBeHcTBOM (f*g)ar = [ f(x—1)g(t) dt.
0

Bynem mucats Takxke A, < B,, n € N, eciu A, = O(B,) u B, = O(A4,)
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npu n € N. JTanee takoe e 0003HaUYeHUE OYIET UCIONBL30BATLCA [ Bbl-
paxkenuit, 3apucsanmx ot yakmun f. Pesyabrarsl ciejyroreir TeopeMbl A
copepxkarcs B pabore K. Ounesupa [5].

Teopema A. 1) Ecau g,h € LY 1 <p <2 1/p+1/p =1, mo pad

21
S ler((g * R)ax) [P/ cxodumea.
kEZ
2) Jaa mobozo 1 < p <2 natidymea g, h € LY maxue, wmo dasn ao6ozo

0< B <p'/2pad 3 |ex((g* h)2r)” paczodume.
keZ

AnaJsior reopembl A Jiisi npeobpazosanust Dypwe jokasan B [6].
H. A. Unnscos |7], [8], |9] pacemarpusan mpu r > 0 Besmauny

(PPN =D lal I, neN,

|k|>n

rie f = (g% h)oy 1 U3ydas COOTHOIICHUST MEXKJTY STON BEJUINHON ¥ HAVLITY -
muMu IpubJmkeHussMu GpyHKIuit g u h B cOOTBETCTBYIOIIMX MeTpukax. B
qacTHOCTH, B |7| UM JI0OKa3aH TaKOil KOJMICCTBEHHBI BAPUAHT TeOpeMbl A.

Teopema B. 1) IIycmv 1 < p < 2, 1/p+1/p =1, 9,h e L}, f =
(g% h)or, v=1p"/2. Tozda

P () < CW)E9) s Ea(R)z, n€Zy ={0,1,...},

ede E,(g)rp = infyer, |lg — tallrz — nauaywwee npubausicenue mpuzo-
HOMEMPUHECKUMU NOAUHOMAMUY t, nopadka ne sviwe n (t, € T, ) dynryuu
g€ Ly 6 Ly

2) Hyemv 1 < p < 2, 1/p+1/p =1, a,8 > 0, v = p'/2. Tozda
cywecmeyrom g, h € LY . maxue wmo Ey(g)r =< n™%, Ey(h)pp = n s,

27
n €N, udaa f = (g*h) cnpasedauso coommnowerue pgzl(f) = n 7

n € N.

Xoporrio uzsecren kpurepuit M. Pucca abcosioTHO CXOIMMOCTH TPHUTO-
HOMeTpHIecKoro psaga (cm. [10, . 9, §7]).

Teopema C. Pad Qypve ynxyuu f € L crodumes abeorrommo mozda
u moavko moezda, kozda Pynkyuto f moorcno npedecmasumos 6 sude f = (g *
h)ox, 2de g, h € L3 .

B pabore H. A. Unbsicosa [9] yeranoien KoJMIeCTBEHHBI BADHAHT 9TOf
TEOPEMBI.

Teopema D. ITycmv nocaedosamenvrocmo{,}>°, yoveaem u cmpe-
mumces K nyaro. Toeda mroscecmeo HenpepuieHLT 2T -Nepuoduseckur Hymk-

yut f co ceoticmeom pgll(f) = O(\,), n € Z, cosnadaem co mmooice-
CMEoMm

{(g % h)ar: .9 € L3, Bu(9)13, = ON?), Bulh) 13
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Bumecro E,(g)rz Mbl OyieM paccMaTpuBaTh HaujyHIIue TpUO/IIKEHUs
e biMu (QYHKIMSIME 9KCIOHEeHIa bHOro Tuna. [lycrs o > 0, g(z) sBasiercs
nestoit dbyuknueit u nus moboro € > 0 cymecrsyer A = A(e) > 0, Takoe
aro |g(2)| < AelE g Beex 2z € C. Torya Gymem rosoputh, uto g(z)
IPUHAJJIEIKUT POCTPAHCTBY HeablX GyHKINH F, 9KCIOHEHIIMAILHOTO THUIIA
#e poime o. s f € LPI(R), 1 <p < oo, 1 < g <00, 0 >0, onpejennm

Ag(f)Lp,q = ll"lf{Hf — g”Lp-,q 1 g c LP,Q(R) N EU}.

[Ipu p = ¢ Bmecto Ay (f)rr Oynem nucars Ay (f),.

[lenbio Hameit paboOThI SIBJISIETCS YCTAHOBJIEHNWE aHAJIOTA TEOPEMbI A JI/IsI
JIBYX pa3jIndHbIX pocTpancTs Jlopenna u nmpeodbpazosanuit yphe, a Takxke
reopeMbl B jyisi paziimdnbix 1pocrpaHcTs Jlebera u mmMpOKUX KJIaCCOB 110~
CJIeIOBATEILHOCTElN, SKBUBAJIEHTHBIX TOCIEI0OBATETLHOCTH HAMIYUIINX [TPU-
osivokennit. [IpuBojurest KosmuecrBeHHblii aHajor reopembl M. Pucca s
npeobpasoBannii Pypsbe.

OcHoBHBIE pe3yJabTaThl

Teopema 1. ITycmov 1 < p1,po < 2,1 < qn <pl, 1 < g < ph, 1/r =
Upr+1/pe—1 € (1/2,1), 1/s = 1/q1 + 1/q2 (m.e. 1/s > 1/7"). Ecau
f e L (R), g € LP»2(R), mo h = fxg € L"(R) u cnpasedauso
HEPABENCMBa

1/s
[ el @l dr | <l gl
R

1/s
/ ‘ZL"S/T’_I‘/E(;UHS d.ﬁl}' S CAn(f>LP1»q1An(g)Lp2,q2, n c N,

x|>n
ede Ap(f)rea onpedeneno 6 xonue Beedenua.

Caencrue 1. ITyemv 1 < p1,pa <2, 1/r=1/p1+1/pp—1€ (1/2,1).
Ecau f € LM(R), g € L”(R), mo h = f*g € L"(R) u cnpasedauso
HEPABEHCMBa

1/

/mmrm < 111l 9l
R

1/r
/Wme < CANF ) An(9)ps (1)
x|>n
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206 An(f)p = An(f)Lp,p.

Teopema 2. IIyemv 1 < p,p2 < 2,1 <q <pj, 1 <qo < phy, 1/r =
Upr+1/pp—1 € (1/2,1), 1/s = 1/q1 + 1/q2. Feau 1 < 0 < s, mo
cywecmeyrom fo € LPYE(R), go € LP»2(R), makue wmo hy = fo* gy ¢

oo ~
L9(R) w unmeepan [ 2" hy(x)|’ dz pacrodumea.
0

Bameuanue 1. Teopembr 1 u 2 jator 06o0IIEHWE TeopeMbl A Ha Ciiydai

pasJIMYHbIX IIpocTpancTs Jloperna u npeodbpazopanuii Pyppe.

HoxkaxkeMm TOIHOCTD HepaBeHcTBa (1) u3 caencrsus 1.
Teopema 3. ITycmv 1 < p1,ps < 2, 1/r = 1/p1 + 1/p2 — 1, nocaedo-

samenvrocmu {v, 1o u {122 youeaom x nyao u 0ad HUT BHINOAHENDL
YCA0GUA

o0 o0
Zyglkfl =l neN; Zu%kfl = ub?, neN. (2)
k=n k=n

IIyemov maxorce {vp}ooy u {pn}o2, ydosaemsopaiom Ag-ycaosuro v, <
Cvon, iy < Clgn, n € N. Tozda cywecmeyrom dynxyuu fo € LPY(R),
go € LP°R), makue wmo A,(fo)p, =< Vn, An(90)p, = pn, n € N. u daa
ho = fo* go € L"(R) sepno, umo

1/r!

/ (Um@) dz | = vap, neN.

x|>n

3ameuanue 2. Ciencrsue 1 u TeopeMa 3 gai0T 006001IeHIE TeOpeMbl B Ha
boJtee TMUPOKMIl KJIacC JBYCTOPOHHUX MarkOPaHT HAWJIYUITUX MPUOINKEHN
u Ha cjydail npeodpasosanuii Pypee. JIerko BujieTh, 4T0 10C/IE10BATE/LHO-
cta v, =n"% a >0, g, =n"P, >0, yIoBIeTBopsIoT yciosuio (2).

Teopema 4. IIycmo svinoanenv, ycaosus caedcmeus 1, 2 > 6 > r,
v € (0,7"). Tozda cywecmeyrom pynruyuu fo € LP*(R), gy € LP2(R), makue
wmo ho = fo* go ¢ LO(R) u ho ¢ LV(R).

B saksrouenne ycTaHOBUM aHAJIOr TeopeMbl D.

Teopema 5. IIycmv f € LYR), f € LY(R) u {en}>2, — yobwsaro-
was K nyao nocaedosamenvrnocmy. Toeda dynxyua [ ydosaemeopsem co-
ommowenuro [ |f(t)|dt = O(e,), n € N, 6 mom u moavko 6 mom cay-

|z|>n
wae, koeda f = g h, 2de g,h € L*(R) u npu smom A,(f)2 = 0(5711/2) u
An(g)2 = 0(6%/2) daa ecex n € N.
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3ameuyanue 3. Hekoropble pe3y/bTarTbl i MYJbTUILIMKATHBHBIX IIpe-
obpazoBanuii Pypbe. OJM3KUE K TeopeMaM 3-5 HACTOsIIeil pabOThl, MOXKHO
waiitu B [11].
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Method for solving the Delsarte problem
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D. V. Gorbachev, D. R. Lepetkov, I. A. Martyanov (Tula, Russia)
dvgmail@mail.ru

A numerical-analytical method for solving the Delsarte extremal problem for weighted
spherical designs is presented.
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d d+1 N d
[Iycts S* C R equnnaaas cdepa. Muoxkectso y3nos {z,},_; C S

N
u nosioxuTebHbIX Becos { A, 1 ST N, = 1, nazeisaercst cdepuueckum
S-M3afiHOM, ecJii KBajpaTypHas dhopmyJia

1
\Sd| Sd d:L'—Z)\,,fo

CIpaBeJIInBa, JIJIst JIFOOOro ajaredpamnIeckoro MHOrO4JIeHa,
_ E : kq ka1
f(SL‘) = Cky.kap1®1 -+ Ty

ki+..4+kg1<s

cTereHu He Boimie S. Jlu3aiiH HAZBIBAECTCS MUHUMAJBHBIM, €CJTH OH COJIEPIKUT
HauMeHblIee qucyio y3ioB N (d, s).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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P. Delsarte, J.M. Goethals u J.J. Seidel (1977) B ciayvae paBHBIX Becos
AM=...= Ay = % JIOKa3aJI1, 9TO

N(d7 S) > A(d7 5) = Sup f(l),

rJie CylnpeMyM 6epercs [0 BCeM HeOTPHUIATEbHBIM HellpephIBHBIM Ha OTPE3Ke
[—1, 1] dyuknusam Buja

x Py
f&) =14 fibk(®), Pt) = =
k=1 Pt (1)

ngtst Kotopbix f(1) > 0w fi, < 0 st Beex k > s+ 1. Jlannast onenka ocraeTcst
CIIPABEJJINBON U JIJIsT TPOU3BOJILHBIX BECOB.

Pemenne Bapuanta 3agaan A(d, s) jjisi MHOTOYWIEHOB CTEIIEHN HE BBIIIE S
(ft =0 npu k > s+ 1) Bieder OlEHKY XKECTKUX JU3AHHOB

N(d.s) > <d+[?] —1) . <dtz[§])'

B.A. Omun, H.H. Aaapees, P. Boyvalenkov ¢ coaBropamu mokasaJim, 910
petenune o6meit 3anaun A(d, $) 103BOJISIET B HEKOTOPBIX CJIyYasiX YCUJIUTD
OIEHKY KECTKUX JM3ai{HOB.

[Ipearaercst Meroy; Touanoro perennst 3aaaan A(d, s) B 9acTHBIX CJIy-
qasgx. On 6asupyercsa na npee B.B. Apecrosa u A.I. Babenko (1997) s
chepruieckux KoJIoB, KOTOPas 3aK/II09aeTcs B CYIIECTBOBAHNN CIICIMAILHO
KBaJIPaTyPHOl (pOPMYJIbl, COIVIACOBAHHON € KCTPEMaJIbHON (DyHKIIMEH.

Teopema. [Tycmo cywecmeyrom yaave —1 <1y < rg < ... < Ty < Tya1 =
1, seca pr > 0,...,pur1 > 0, yeavie vucna s +1 < ky < ... < k, u
neompuuyamenrvuvils na [—1, 1] mmozousen f*, maxue wmo

Q(Po)zl, Q(Pk):0, kE{l,...,S,kl,...,kv},
QP) >0, ke{stlst2. 3\ (k. . k)

FfE) =14 fiblt)+ ) fiPu(),
k=1 i=1

Fr)=0, i=1...,m, fi<0, i=1,...,0,
2de

Tozda f* — sxcmpemarvran Gyrnryus u

A(d,s) = f*(1) =
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[IpakTrueckoe TPUMEHEHHE TEOPEMbI COCTOUT M3 CJECAYIONUX INaroB.
BrauaJjie MeTosaMu ONTUMHU3ANNMKA MHOTOUYJIEH f* HAXOANTCS IUCIEHHO. DTO
MIO3BOJIAET ONPEJIEIUTh apaMeTphbl u, v, k; B TeopeMe ¥ HaiTH HavdaJIbHbIE
MPUOJIVIKEHNsT HEM3BECTHBIX Y3JIOB 7; W BECOB p;. 3aTeM y3JIbl U Beca MO-
I'YT OBITH PACCIUTAHDBI ¢ OOJIBINTOH TOTYHOCTHIO U3 MOJUHOMHUAILHON CHCTEMbI
ypaBHeHuii ¢ panunonajbHbMu Koabdurmentamu S(r, p) = 0. Hanee muOTO-
qiaeH f* yrodHsiercs, Juisi 9ero Beca r; 0epyTes B KadecTBe JBOWHBIX HYJIEH,
a OCTaBIIHICS MHOXKHUTEIh BBIUNCSICTCS U3 PEIICHUsT CUCTEMbl JIMHEHHBIX
ypaBHeHuit. Y0exaeMcsi, 9To Bce Hysiau f*, Kpome r;, JiekaT BHE OTPe3Ka
[—1, 1] (B KOMILTEKCHO# 00/1ACTH ), UTO BJEYeT HEOTPUIATETBHOCTD f*. CMoOT-
pum 3uaku kKoaddunuenros f;. Cpoitcrso Q(Fy) > 0 nposepsiercst Kak 1 B
merojzie ApecroBa-Babernko mpu momorn onenkn Cruiarbeca—Beprimreitna
JUIst MHOTOUJIeHOB [erenbayapa.

Takum 0Opazom, 4ucjieHHO ¢ OOJIBIION TOYHOCTHIO YOEXKIaeMCst, YTO BCe
YCJIOBHST U3 TEOPEMBI BBITIOJTHEHBI. UTOOBI YyTBEPXK1aTh CYIECTBOBAHUN COOT-
BETCTBYIOIIETO aHAJATHIECKOTO PEIIeHNsT OCTAETCs MOKA3aTh, 9TO B MAJIOW
OKPECTHOCTH HaliICHHBIX YUCACHHO y3JI0B U BECOB CYIECTBYET JIEHCTBUTE b
Hoe perrierue. st 9T0ro B pasoOpaHHBIX NMPUMEpPaxX MbI YCIENTHO MpHUMe-
Hun Qyukiuio certify nz 6udbmmorekn HomotopyContinuation.jl, koTopas
peanmzyer WHTEPBAJILHBIN MeTon KpaBuyKa MPOBEPKW CYIECTBOBAHWST aHa-
JINTUYECKOTO PEIIeHNsT CUCTEMbI TTOJMHOMKUAJIbHBIX ypaBHeHuit. B kadecTse
npuMepa npuseem pemerne 3agadn A(2,4) = 9.31033 ..., e u = v = 4,
{ki, ... kq} = {7,12,17,22}.
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O Touke MHO2kKecTBa KO3 (PuImeHToB
OJTHOJIMCTHBIX (PYHKINII, JOCTaBJIsIEMOI1

dyHKIME muKa'
B. I l'opauenko (Capatos, Poccus)
valeriygor@mail.ru

B pabore m3yuaroTcs CBONCTBA TOYKM TPAHWUIHON TOBEPXHOCTH CHCTEMBI HAYAb-
HBIX KO3 PUIMEHTOB B KJIACCE ONPAHUYIEHHBIX OTHOTUCTHBIX (DYHKIIHI, TOCTABIISAE-
Moit cuMMeTpu3oBanHoi dyukmnmeit [Tnka.

Kaouesnie crosa: oqHomucTHaS QYHKINAA, TPUHIAN MakcumyMa [lorTpsruna, GyHK-
nust [Tuka.

On the point of the set for coefficients of
univalent functions, delivered by the function
pick!

V. G. Gordienko (Saratov, Russia)
valeriygor@mail.ru

In this paper we study the properties of a point of the boundary surface for the
system of initial coefficients in the class of bounded univalent functions, delivered by
a symmetrized Pick function.

Keywords: univalent function, Pontryagin maximum principle, Pick function.

BBenenune

[Tycrb S'— KJace OJIHOJIMCTHBIX AHAJIUTHYECKUX B ejuauaHoM kpyre D = {z :
|z| < 1} dbyukimit f, HOpMUPOBAHHBIX PA3IOKEHAEM

u S(M)— knacc qyukmuit f € S, ynoriersopsiomux B D orpanudenuto
If(z)] < M, M > 1. Kinacc S(M) obsajaer 6ojiee CJI0KHONH CTPYKTYPOIl
0 cpaBHEHHIO ¢ KiaccoM S(oo) = S. Ha mamnbiii Moment st Beex M > 1
M3BECTHDI TOUHbIE OlIEHKU BTOPOro [1] u rperbero [2] reitsiopoBekux koahdu-

IMeHTOB. B mepBoM ciydae max |a2| JIOCTUTAETCA TOJILKO JIJId BpallleHui
fes(M)

dyuxnun ITuka

ey 0k (KE) 25 e

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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rie K(z)— dbyuknua Kébe, Bo BTOpoM - niq?x) las|, M < e mocruraercs
fesS(M

dbyukuueit [Tuka Pyp2(z) = [PMz(Z2)]1/2 n eé ppamenusimu. Ilpu M > e
dbyukiun [Tuka ne gBasIOTCS SKCTpEMaIbHBIMEI. TOYHBIE OIIEHKH YeTBEPTOTO
ko3 durnmenTa u3BeCTHbl TONBKO Jiisi M Oauskux K eaunuie 3], co 3Ha-
KOM DABEHCTBa JIJIsl BpalleHWil CHMMeTpU30BaHHOi (GyHKiuu Pyps(z). D1u
pe3yJIbTaThl TIO3BOJIMIIN, B CBOE BpeMsi, XaXKUHCKOMY 1 Tammu chopMyInpo-
BaTh I'MIIOTE3Y O TOM, 4YTO Jijisi KaxKjjoro n > 2 cymecrsyer M, > 1 rakoe,
aro gt Beex M € (1, M,,) u Bcex dbyukuuit f € S(M) cupaBeyiuBbl Hepa-
BEHCTBA
2 1

<= (1-——
|an’_n—1 Mn—1

CO 3HAKOM paBencTsa s spatennii bynxiun Pym(z) = [Pym(2")]Y", ko-
Topast OblTa ToKazana B paborax [4],[5]. Oreickanue koncrant M, sBrisercs
TPYAHOU 3aa4€il.

Crpykrypa kiacca S(M) GopMupyer uHTEpeC K OlUCAHUIO CBOUCTB I'pa-
HUTBI MHOXKECTB 3Hadenuii dyukiuonanos V, (M) = (aq,as, ..., a,), B 9acT-
HOCTH, K OTBICKAHMIO CEJJIOBBIX TOYEK. [IepBblil U3 TaKux pesy/bTaToB st
n = 3 nosyden B pabore |6).

DopmyJibl, TEOPEMBI

Uccnenyem xapaktep TOYKH rpaHudHoil moBepxaoctu OVs(M) MHOMXKECTBA
snauenuit V(M) = {as,a3,a4,Reas : f € S(M)}, nocrasisiemoit cum-
merpusoBannoii dyuknueit [luka Pyu(z). B pabore [7| maiimeno suaue-
ane MZ = 2.06263... rakoe, aro just Bcex M € (1, M) Touka Ay =
(0,0,0,1/2(1 — 1/M*)) rpanuunoit nosepxnoctn OVs(M), nocrasisemas
dbyuknueir Pya(z), sBisiercs TOYKOM JIOKAJIbHOIO MAKCHMYMa, UTO JIOKA3bI-
BaeT JIOKaJbHYIO ruioresy Xaxkunuckoro-Tammu. [TomyrHo 66110 yeraHosJie-
HO, YTO BJIOJIb OJIHOTO M3 HAIIPABJEHUI 3Ta TOUKa WMeeT YIJIOBOI XapakTep.

B jannoit pabore, MerojiaMu TEOPUU ONTUMAJILHOTO YIIPABJIEHUS C TIPU-
MEHEeHWeM TpUHINIA MakcuMyMa [IoHTparuHa, mpojIoJiKeHO UCCTe0BaHue
cpoiticrB Touku Aps. Ussecrno (8], uro dyukiuu f jocraBisionie TOUKu
rpaHuIHOil oBepxHOCTH OV5(M ), BRIpAXKAIOTCsT Yepe3 HHTerpajbl 0000TIEH-
HoTO judpepeHImaabHOro ypasuenus JIégHepa

3 .
dw et 4+ w
= —wZAk—ewk — who=2 0<t<log,

C HeTPEePBIBHBIME (DYHKIUSIMHA Uy = Ug(t) U TOCTOSTHHBIME ducaaMu A > 0,
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4
E=1,....4, g A = 1. Ypasuenue JIésnepa nossoJisier 3anucars (azo-
k=1

ByIO cucremy Jijist Koaddurmentos byukun f(z) = Mw(z,log M). I'panwmd-
Hasi HOBEPXHOCTH MHOXKecTBa Vi (M) napaMeTpusyercst BEKTOPOM HaYaJlbHbIX
JIAHHDBIX COTPSIKEHHON raMUJIBTOHOBOM CHCTeMbl U unciaMu Ay [8]. Bapuaust
BEKTOPa HAYAJBHDBIX JIAHHBIX M YUCE]T \;, B OKPECTHOCTU TOUYKHU Ajy, 1103BO-
JISIeT TOJIyYUTh YTBEPIKICHUe

Teopema, 1. Toura Ay = (0,0,0,1/2(1 —1/M*)) epanuunoti nosepwo-
cmu mmoocecmea Vs(M) = {ag, as,aq, Reas : f € S(M)}, docmasaaeman

cummempuzosannoti gynruyuet Hura Pya(z), asasemes cednosoti moukot
ons ecex M > 2.550812 ... .

CIINCOK JINTEPATYPDI

[1] Pick G. Uber die konforme Abbildung eines Kreises auf ein schlichtes und zugleich
beschrénktes Gebiet // S.-B. Kaiserl. Akad. Wiss. Wien. Math.-Naturwiss. Kl. Abt.
IT a. 1917. B. 126. P. 247-263.

[2] Schaffer A. C., Spencer D. C. The coeflicients of schlicht functions // Duke Math. J.
1945. Vol. 12. P. 107-125.

[3] Schiffer M., Tammi O. On the fourth coefficient of bounded univalent functions //
Trans. Amer. Math. Soc. 1965. Vol. 119. P. 67-78.

[4] Siewierski L. Sharp estimation of the coefficients of bounded univalent functions near
the identity // Bull. Acad. Polon. Sci. 1968. Vol. 16. P. 575-576.

[5] Schiffer M., Tammi O. On bounded univalent functions which are close to identity //
Ann. Acad. Sci. Fenn. Ser. AI Math. 1968. Vol. 435. P. 3-26.

[6] Bazapos A. M., IIpozopos /. B. CejioBble TOUKH MHOKeCTBA KOI(DMUITHEHTOB OTHO-

mactabix dyukmuit // Maremaruka. Mexanuka. C6.nayw.mp. Caparos : 131-Bo Capar.
yu-Ta, 2003. C. 33-36.

[7] Topduenro B.T., Camconosa K. A. Oupejpenenne rpaHuipl B JOKAJIBHONH IHIOTE3E
Xazxuuckoro-Tammu st nsgroro koaddunuenra // M3s.Capar.yu-ra. Hosas cepusi.
Cepust Maremaruka.Mexanuka.lladopmaruka. 2013. T. 13, Beim. 4. C. 18-31.

[8] IIpoxopos /I. B. MuoXKecTBa 3HAUEHUIT cucTeM (DYHKIHOHAIOB B KJIACCAX OJHOJIHCT-
ubix dyukuuit // Marem. Coopruk. 1990. T. 181, Ne 12. C. 1659-1667.

117



YIK YK 517.55+517.96

JInmcKpeTHBIN aHaJor (POPMYJIbI
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Pabora nocssiena HEKOTOPHIM TPOOTIEMaM TEOPUH CYMMHUPOBAHUs (DYHKIIMA MHOTTUX
JUCKPETHBIX MEPEMEHHBIX. B pe3ysibrare MCCaeqoBaHUs BBEIEHO MOHSTHE PA3ZHOCT-
HBIX OMEPATOPOB ¢ CyMMUPYIOMIM 3(DHEKTOM — 0nepaTopoB, MO3BOJSIONINX PEIIaTh
33739y CyMMUDOBAHWS; MTOJIYUYE€H KPUTEPUA, OMMCHIBAIOIINI KIACC MOJTHHOMUATBHBIX
PA3HOCTHBIX OMEPATOPOB, OOIATAIONINX CYMMUPYIOMHAM 3DPHEKTOM.

Karoueewie caosa: 3amada  cyMMupoBauus, ¢GOpMyTa CyMMHUDOBAHHUS —Jiljaepa-
Maxkmopena, [wcia bepryman, moauHOMbI BepHy/inm, MHOrOMEpHBIE PA3HOCTHBIE
YPABHEHUSI.

On a discrete analogue of the Newton-Leibniz

formulae and operators with a summing effect:
A. A. Grigoriev (Krasnoyarsk, Russia)
grigrow@yandex.ru
E. K. Leinartas (Krasnoyarsk, Russia)
lein@mail.ru
A. P. Lyapin (Krasnoyarsk, Russia)
aplyapin@sfu-kras.ru

The paper deals with some aspects of the theory of summation of discrete multivariate
functions. As a result of the investigation it was defined difference operators with
summing effect — operators, allowing to solve the summation problem; the criterion
describing a class of polynomial difference operators with a summing effect was
obtained.

Keywords: summation problem, Euler—Maclaurin formula, Bernoulli numbers,
Bernoulli polynomials, multidimensional difference equation.

3ajilaua cyMMHUPOBaHUA (DYHKIMI SIBJISETCA OJIHOM M3 OCHOBHBIX 3aJ1a4
TEOPWH KOHEYHBIX PA3HOCTEH ¥ perniaer ee 3HaMeHuTasi (popmysia Jitaepa-
MakJiopena, mnoJiyuennas ditaepom B 1733 roay u HesaBucuMo oT Hero Ma-
KJopeHoM B 1738 roay (cwm. [1]).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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B paborax [2], |[4] uccremoBanach 3a1adqa paruoHaIbHOIO CyMMUAPOBAHUS,
T. €. OTBICKQHUS CYMM BH/I3

S(z)=> o(t), (1)

rie Gynakmus () — panuonaibHasi dyHKiusa. Perenwe 3ajaqm cocTrouT
B OTBICKAHMU PELICHUS B CUMBOJBLHOM BUJIE, T. €. SIBHO B BUJIC MATEeMATUYEC-
ckoii dbyukuu (Hopmysbr).

BaJjiaua CyMMUPOBaHWsI CBOJMTCST K PEINIEHNIO Tak HasbiBaeMoro (cM. [3])
TEJIECKOIIMYECKOrO YPABHEHUsI — HEOJHOPOIHOIO PA3HOCTHOIO yPABHEHUST

(0 =Df(z) = ¢(x), (2)

riae 0 — omeparop ciasura: 0 f(z) := f(x + 1).

[To anasioruu ¢ 3aj1adeii narerpuposanust GyHkmit, pemenne f(x) ypas-
HeHns (2) Has3piBAIOT duckpemmnot nepsoobpasnots gynkyuu (x). Ecmm f(x)
— JIMCKpeTHast lepoobpasznast GyHKIuK (), Torga ucKomMasi cyMMa paBHa

S(x) = flz +1) = f(0). (3)

Dopmyrna (3) HasbBaeTCst duckpemmuviM aHa.n020m  Gopmyave Hvromona—
Jletionuua.

[Tonxom Ditsiepa K 3a1a9e OTHICKAHKST JTUCKPETHON MEePBOOOPA3HONA OCHO-
BaH Ha OIEpATOPHOM PABEHCTBE 0 = el , KOTOpOE MO3BOJIAET 3alucaTh YpaB-
nerue (2) B Buje

i

e D — oneparop jnddepeHupoBaHms.
Breipakenue B KBaJI[paTHBIX CKOOKaX IMPaBOil YacTH TOCJIEJHEr0 pPaBeH-
CTBa Ha3bIBAETCA onepamopom Todda M TOHUMAETCS CIEIYIONIUM 0OpPa30M:

(&

Di) = |

m=0
KuM oOpasoM, nojydaeMm dpopmyny Dditaepa-Maxiaopena

o0
LD—D_II = > D™ rue b, — uncna Bepuymnn (em., nanpuuep, [5]). Ta-

St = [ e+ > [ e+ 1) - o 0).
t=0 0 m=1

[Tojxos Diisiepa K 3ajade cymmupoBanus dbyukimn @(t) = o(t, ..., t,)
HECKOJIbKUX TEePEMEHHBIX IPEJIoaraeT, 9YTo HY»KHO HaATH MHOTOMEpHDIii
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aHAJIOr ypaBHeHus (2), JaTh olpejesieHre JJUCKPETHO epBooOpasHoil 1 1mo-
ayauth atnasor ¢popmysbl Heiorona-Jleitbnuna (3). B ganuoit pabore 910 pe-
AJM30BAHO B 3aJ1a9¢ CyMMNPOBaHusA (DYHKIMN TI0 TIEJIBLIM TOYKAM 7-MEPHOTO
napaJuienenunesia (reopema 1 u jemma 1).
st GyHKINY HECKOJTBKUX JUCKPETHBIX apryMeHToB ¢(t) = p(t,...,t,)
paccMaTpUBACTCs 3aa9a OTBLICKAHUA CyMMBbI €€ 3HAYCHUI 110 BCEM I1eJI0YHC-
JICHHBIM TOYKAM T-MEPHOTO TapaJlJIesIeIIANeNIa ¢ «IIePeMEeHHO» BEepIInHOi
rE€ZL .
Hz) ={tcRL:0<t; <z, j=1, ...,n}. (4)

Mckomyto cyMMy MOXKHO 3alUCATH TaK:

S@) =3l )= Y el )

t1=0

Pewwums 3adavy cymmuposanus — 3Ha9UT HaiTH POPMYJLY, BHIPArKAIO-
yio cymmy (5) depes He 3aBucsiee or & (KOHEUHOE) YUCIIO CJAaracMblX.

Pasnocrroe ypaBrerne oTHOCHTEIbHO HensBecTHOM dyrknn f(x) 3amm-
CBIBAETCS CJICJLYIOIUM 0DPA3OM:

PO)f(x) = ¢(z), v € ZZ. (6)

Onpenenenune. [lomuHoMuanbHblii pasHocTHBIE omeparop P(6) HaszoBem
onePamopom, 00AGIAOUUM CYMMUPYIOWUM IPPEKMOM, €CI CYHEeCTBYeT
perienne f(x) ypasuenus (6), Takoe 9T0 cymMma (5) BbIparkaeTcs depe3 3Ha-
dernst f(x) B KOHETHOM M He 3aBUCAIIEM OT & = (X1, ..., X,) YACIE TOYEK.

B srom ciyuae, ecrectBenHbiM obpasom, f() MOXKHO Ha3bIBATH QUC-
kpemuoti nepeoobpasnoti Gynryuu p(x), a COOTBETCTBYIOIIEE BhIPAYKEHUE,
peraoiiee 3a1a1y cyMMuUpoBanus (5) — duckpemuvim ana.nozom Gopmyaot
Huvromona—Jletioruuya.

Jtst ji060# TOUKH 2 OTIPEIEINM OLEPATOpP MPOEKINK T, BJOJIb OCH X

T = (T1, ..., %j-1,0,Tjt1, ..., Tp),

¥ olpejiesinM ero jeiicrsue Ha Gynknusax: w;f(x) = f(m;z).

O6osnaunm P(A) — Oymean (MHOXKECTBO BCEX TOJAMHOMKECTB) MHOXKECTBA
A. Ilyers V :=P{1,...,n}),J ={j1,...,jx} € V.

Ecmu obo3naunTs 75 = 7, 0. .. 0Tj,, TO MHOXKECTBO BEPIIUH MapaJleie-
nunesna (4) moxuo 3anucars B Buje {myx, J € V}. Ormernm, 4to mpr = .

Jlemma 1. ITycmo 6 ypasnenuu (6) paszmocmmwds onepamop P(5) =
R(6)(0—1), 2de R()) — nexomopuiii nosurnomuarvrod onepamop. Tozda das
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1106020 pewenus f ypasnenus (6) cnpasedaus duckpemmuniti ananoe Gopmy-
Avt Hvromona-Jletionuya

Y wl(t) =R(8) Y (1) f(ms(x+ 1)),

tell(zx) JeVv

ede #.J — nucA0 IneMENMOE MHOHCECTNGA -] .
Mbl BuuM, 9TO B JieMMe 1 HAXOXKJIeHWe 3HAUYCHUsI CyMMBbI (D) CBOIUT-
Csl K BBIUUCJICHUIO 3Hauennii ¢pyukiyn f(r) B BeprivHax napaJsiiesenune/ia
[I(z + I), uucio KoTopbix paBHO 2" W He 3aBUCAT OT x. Takum 0OpazoM,
oreparop P(J§) = R(5)(6 — I) obranaer cymmupyomum 3hderTom.
Teopema 1. B sadaue cymmuposanus (5) cymmupyrowum sfdexmom
00.2a0a10M NOAUHOMUGALHBIE Pasrocmubie onepamopu, P(§) euda

n

P(8)=R() [[(5 - 1.

j=1
2de R(0) — nexomopul noaunom, j =1,.... 1, 4 MoAbKO OHU.
T Zo
IMpumep. Haiitu cymmy S(xy,20) = Y. > @(t1, ta), rue
t1:0 t2:0
1

t. ty) = .
ol bo) (t+ to+ 1)(t1 + to+ 2)(t1 + to + 3)

Oyukiust f(t1,t2) = %(tl + ty + 1)7! ABastercs pemenueM pazHOCTHOrO
ypasaenus (01 —1)(do—1)f(t) = p(t). Umeem P(§) = (01—1)(d2—1), R = 1.

Uckomasi cymma paBHa
S(z)=f(r1+L,x2+1) — f(x1 +1,0) — f(0,29+ 1) + f(0,0) =

_1( 1 1 1 +1)
_2 £1+$2+3 £C1—|—2 .CITQ—|—2 .
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O cyiecTBOBaHUU U CTPYKTYype€
YHUBEPCAJIbHBIX (OTHOCHUTEIHHO

TPUTOHOMETPUYECKOI cucTeMbl) pyHKITmit!
M. I'. 'puropsu (EpeBan, ApmeHusi)
gmarting@ysu.am
WN3yuaroTcst BOMIPOCH! CYIIECTBOBAHUS U OMUCAHNS CTPYKTYPbI byHKINM, psasl Pypbe

KOTOPBIX YHHBEPCaJIbHBI T€M HWJIH HHbIM CMbBICJIOM B PA3JIUYIHBIX beHKHI/IOHaIH)HI)IX
KJIaCCaX.

Karouesnie caosa: yaupepcanbuas Qyakius, pam Oypbe, CXOIUMOCTD,KIACCHIECKHE
CUCTEMBI.

Baazodaprocmu: uccienoBaiue BbIIOJHEHO Ipu (pUHAHCOBOI nomuepxkke Komurera
mo Hayke PA B pamkax mayuaroro mpoekrta Ne 21AG-1A066.

On_the existence and structure of universal
(with respect to the trigonometric system)

functions!
M. G. Grigoryan (Yrevan, Armenia)
gmarting@ysu.am
Are studied the questions of existence and description the structure of functions whose
Fourier series universal in one sense or another in various functional classes.
Keywords: universal function, Fourier series, convergence, classical systems.
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BBenenue

B jokiiazie Oyier npejcraBieHIaeH 0030p Pe3yJibTaToOB, CBSI3aHHBIX C CY-
IECTBOBAHUEM, KaK DaHee W3BECTHBIX (DYHKIMI YHUBEPCATIbHBIX B TOM WU
MHOM CMBICJIE B PA3JIndHbIX (DYHKIMOHATIBHBIX KJIACCAX, TAK M HOBBIX (pas-
JIMYHBIX TUTIOB OTHOCUTEIBHO KJIACCHIECKUX CUCTEM ) YHUBEPCATBHBIX (DYHK-
nwii: ByyT paceMoTpeHbl TpobJIeMbl, CBSI3aHHBIE ¢ CYIIECTBOBAHUEM U CBOi-
crBamu pyHKIMIT ¢ yHUBepcadbHbiME psijiaMu Dypbe B PasHBIX CMbIC/IAX
B PA3MUIHBbIX (DYHKIMOHAJBHBIX MPOCTPAHCTBAX, a TAKXKe OyJeT OMhcaHa
CTPYKTYpa TAKUX YHUBEPCATIbHBIX (DYHKIIHIA.

[Iycts M0, 1] coBokymHoCTh Beex (He 00S3aTeNbHO KOHEUHBIX) H3Me-
pumbix gynkimit (coors. LU0, 1]) - kiace Beex (cooTB. nouTH Besje KOHeu-
HBIX ) m3amepuMbix Ha [0, 1] dyuxmmit. [lox cxommmoctsio B merpuke M [0, 1]

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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un B Merpuxe L°[0, 1] Mbl 6yjiem 1o/ pasyMbIBaTh CXOJMMOCTD IOUTH BCIO-
ay. [ycrs E C [0, 1] nekoropoe usmepumoe MuoxectBo u |E|— mepa Jlebera

usmepumoro muoxkecrsa FE C [0,1], suppf = { z € [0,1]; f(z) # 0},
LP(E) (p > 0) — kuacc Beex Tex uamMepumbix Ha F QyHKIWA, jijisi KOTOPbIX
[ 1f(2x)Pde < 0o u C(E)—kuacc Beex nenpepbisubix na E C [0, 1] dyuxk-
nuii. Iycrs {pp(x)}22, — noanas opronopmuposantas cucrema Ha [0, 1], u
nycts ¢, (U) = fol U(x)pr(x)dx, k € N—kosbdunuenrsr Pypbe 1o cucre-
ve {pr(x)}2, bynkinn U € LY0,1],(N— coBokynmHOCTH Beex HaTypasib-
HbIX ducest). Ilycrh merpudeckoe mpocTpaHcTBo S— Kakoe-Hubyjib 13 1po-
crpaucts M0, 1], LP[0,1], p > 0.

Omnpenenenne 1. [Tyemv A = {N,,}5°_; C N (nodmmnoorcecmeo) nod-
nocaedosamenvrnocmo { Ny Yoo namypasvroir wucea, u nycmo

p(A) :=sup lim %, (1.4)
m—oo 1M
(3decv Ny~ wucao  ssaemenmos w3z N, me  mpeswwarowur m).
p(A)—nasweaemea naommuocmovio nodnocaedosamesvrnocmu  { Ny o,
(nodmmooicecmea A ).

B paborax [1] -[13] 6bwiu 1osiyuenbr HEKOTOpPbIE PE3YJIbTAThI CBSI3aHHbIE C
CYTIECTBOBAHUEM U OMUCAHUEM CTPYKTYPBI QyHKIHIA, psifbl Dypbe KOTOPBIX
0 3aJIAHHON KJIACCUYIECKOH CHCTEeME YHUBEPCAJbHBI TEM UJIU UHBIM CMbIC-
JIOM B Pa3/M9HbIX QYHKIMOHAJIBHBIX Kiaccax. Takue DyHKIMM Mbl HA30BEM
VHUBEPCATBHBIMI OTHOCUTEIHHO KJIACCHICCKAX CHCTEM.

Onpegenenune 2. Bydem 2osopums, wmo dasa xaacca S omuocumesvho
cucmemvt { ()}, Pynryua U € L0, 1]

a) ynueepcanvna, ecau pad Pypve dynxyuu U(x) no amot cucmeme ynu-
sepcaner 6 S,

0) noumu  YHUBEPCAADNG, €CAU  MONCHO HATMU  wucAa  (3HaKU)
op=x1,k=0,1,2,.., ¢ plk € N,op=1) = 1 makue, wmo pud

> 0k (U)Wi(x) 6w 6v ynusepcasvrom 6 S,
k=0

6) 6 cmuicae 3HaK06 ceour Koaphuyuenmos Oypve no smot cucmeme, ec-
au pad Qypve gynxyuu U(x) no amot cucmeme ynusepcaren 6 S 6 cmuicie
3HAK086. .

Bameuanue 1. He cywecmeyem dynxyuu U € L0, 1] ynueepcarvrasn
dns xaaccos M0, 1] u LP[0, 1], p € (0, 1)omnocumenvro mpuzonomempuue-
ckoti cucmemuvi (coome. ommuocumenrvho cucmemvr Yoswa) Ormernm, 9To
B pabote [2], [5| moctpoena unTperpupyemas dbyukinus U(x) yHuBecajbHast
nuist knaccos LP[0, 1], p € (0,1) orHOCHTENbHO crcTeMbl YOJIIla B CMbICJE
3HAKOB.
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OTrmMmernMm TaK2Ke, YTO HaM H€ M3BE€CTEH OTBET M Ha BOIIPOC 2:

Bomnpoc 1. Cywecmsyem au ozpanuvennas opmonopmMuposanuan cu-
cmema {pn(x)} makaa, wmo mootcno Oviao Ove nocmpoums  HyHKULIO
U € LY0,1] yuueepcarvryro daa waacca LP[0,1], p € (0,1) uwau dan
kaacca M0,1] ommocumesvno amot cucmemol .

CripaBeJ[JInBbI CJAEYIONHe TEOPEMBbI

Teopema 1. Cywecmeyem @dynxyua U € LY0,1] xomopas acasemca
nowmu yrueepcarvnoti daa kaacca M0, 1]omnocumenvno mpuzonomempu-
weckoti cucmemvy {e2™HILC

Teopema 2. Cyuwecmsyiom coBOKYynHOCMb 3aMEHYMBOLT MHoxHcecms {
F.}ey, ¢y C ... C..F, CFyp C..C[0,1] u limlFn =1

n:17

u pynxyua U € L0, 1] maxuz, wmo dynxuyua U(x) ascasemca nowmu
ynusepcarvnot oas waaccos LP[0,1] , p € (0,1) u LY(F, ) n €N
OMHOCUMENLHO MPUoHOMeMPuneckot cucmemp, {230

Teopema 3. Cywecmeyem ¢dynxyua U € LY0,1] (suppU C [0,¢] ,
gdecv € € (0,1)— maneped sadannoe wucao) co crodsuumes no L0, 1]
nopme u noumu ectody na [0,1] padom Qypve -Yoawa ¢ monomornno yooi-
BaIOUUMY  KOIPPuLUEHMamMU, U KOMOPA# ABAACTNCA YHUBEPCANOLHOT 0Nk
waacca LU0, 1] ommocumenvno cucmemv, Yoawa 6 cmvicae 3HaKos.

Bameuanue 2. Hempydno sudemv, wmo meopema 2 0KoH4amesvha 6
HEKOMOPOM CMbicAe (Heyayuuaema), ona ne eepra npu p > 1. .

B sroii pabore Mbl onuiieM CTPyKTypy Tex (pyHKIUH, KOTOpbIE 110YTH
yuuBepcasbhbl i kiaccos LP[0, 1], p € (0, 1)oTtHOCHTEIBHO CHCTEMBI YO-
JIA ¢ TOYKU 3PEHUsi MIMPOKO M3BECTHBIX KJAcCHUecKuX TeopeM Jlysuna u
Menbmosa "O6 ucnpapiaenun dyaxmmii'.

A UMEHHO JOKA3LIBAETCS CJIEIYIOIasI

Teopema 4. Jlia a0boe0 € € (0,1) cywecmeyem co6oKYNHOCMb 30~
mrHymox muooceeme { F,}0°, ¢ Ey=FR C..C.. F,CF,1C. C
0,1] w|Ey| > 1—¢, lim, 00| Y| = |E|,maxuzx, wmo daa xascdod dynryuu
f € LY0,1] moorcro natimu dynxyuro g € L[0,1], cosnadarowyro ¢ f na
Ey co cxodawumes no L0, 1] nopme padom @ypve -Yorwa ¢ monomonno
YOLBANUUMY KOIPPUUUEHMaAMU, U MAKYI0, YMO 0Ha OblAG OBl YHUBEPCAND-
noti dns npocmpancme das waaccos LP[0,1] ,p € (0,1) u LYF, ),C(F, )
n>1¢&N omwnocumesvro cucmemo, Yoruia.
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3asa4da I'eabdonga o6 oeHKax MoayJeii
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[Monydensr omeHKN MOIyJIEH MOMIOCOB HAUITPOCTEHUIIHX ApOOeil ¢ MaJIBIMU HOPMAMMU
Ha €JITHUYHON OKPY?KHOCTH.

Karuesvie cao6a: HAMIIPOCTERIITNE PAITHOHAIBHBIE IPOOU, OIEHKHU, BHIYETHI.

Gelfond’s Problem about estimates for
modules of poles of the simple partial fractions!
D. Ya. Danchenko, V. I. Danchenko(Vladimir, Russia)
vdanch2012@yandex.ru

We are obtained estimates for modules of poles of the simple partial fractions with a
small norms on the unit circle.

Keywords: simple partial fractions, estimates, residues.

PaccMmorpum Haumpocreiimme 1podbu nopsijaka He Boiiie n € N Buja

) =3 —— jal>1, 1)

1 Z_fk’

e % = 0 npu & = oo. Ilycrb §(py,) := min{|&| —1: k= 1,...,n}.
IIpp n € Nu M > 0 gepe3 d(n, M) = inf d(p,) oboznaunm paccrosuue
710 JIMHUTHON OKPYKHOCTH Y MHOYKECTBa TIOJIIOCOB Beex jipobeit Bua (1) ¢
yeaoBueM |pp(2)] < M, z € 7.

Jlerko Buyerh, aro d(n, M) > 0 st g00bIx bukcnpoBaHbix n u M.
A.O. Tenndony [1] upunajiexkur 3aa4a 06 ouerke sejudaud d(n, M) cuusy
(aT0 oyuH u3 BapuaHTOB Kiaccuueckoil 3ajadn E.A. Topuna [2] 06 ornenkax

paccrosiuii 1o npsiMbix). B [3] ara 3aaua perena 4acTUIHO: IOKA3AHO, YTO

1 n+1 1 vllnn

|
d(n, M) > ~ - = -
(M) = M o @) ntl 2

Vv

(2)

rie n > nog(M), a B kadecrBe n = ng(M) MOXKHO B3siTh Ji0bOE pereHue
nepaBeHcTBa n — 2M In(2n + 1) > 2, Hanmpumep, JTOCTATOYHO B3SATH 1 >
4M?* + 4.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

126



Orenka (2) saBiagercs TodHON 10 nopsaky n. Hampuwmep, mis jorapud-
MUUecKoil pousBo/Hoil (1) o1 MHOrOwIeHa 2" — n — 1 umeem |p,(2)] < 1,
z€v,ud(p,) =(1+0(1l))Inn/n, n— oco.

Opnako ipu M — 0 u GUKCHPOBAHHBIX 1 Ol[eHKa (2) He OTpaXkaer BO3-
pacTanus MOJyJeil MmoaocoB. B Hacrodmieil 3aMeTke B 3TOM HalpaBJICHUN
oreHKa, (2) JOMOJHACTCS CICYIONUM MPEJIOKCHIEM.

Teopema 1. IIpu evinoanenuu yeaosut n > 2, M < 1/10, daa dpobu

(1) umeem:
1
2min{|&|: j=1,...,n} > M =, (3)
Ouenka (3) mouna no nopadky eesunun M u n. Imo nodmeeporcdaemca,
nanpumep, A02apuPmuieckot npouseodnot mmozousena Q(z) = 2" — r",
r’" > 10n.

Teopema 1 obobraercs. CrpaseyinBa

Teopema 2.1lycmo 1, = p, + f, 2de p, — dpobv suda (1), a f —
Pynruyua xaacca Xapdu H> 60 eénewmnocmu 3amukanui eQUHUYH020 KPY2a,
f(oo) = 0. Tozda npu M = ||rp|lecy < 1/10 cnpasedausa ouenxa muna

(3).
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VJIK 519.85

O MIHMMMN3anum CNJIbLHO KBaSI/IBbIHYKJIOﬁ

dyHKIIII Ha cjaab0 BBIIYKJIOM MHOXKECTBe!
C. . Oynos, M. A. Ocunrmesn
(Caparos, Poccusi)
DudovSIQinfo.sgu.ru, Osipcevm@gmail.com

PaccmarpuBaercsi KOHeYHOMEpHAs 33/a9a MUHUMU3ANUN CUJIBHO KBA3UBBIILYKJION
dbyukuE Ha €100 BBIMYKJIOM JOMYCTHMOM MHOXKECTBe aprymeHToB. [lpuwBomsgrcs
HEOOXOAUMbIE U JIOCTATOYHBIE yCIOBHs eé pernenus. [LoaydeHbl JOCTATOYHBIE YCIIO-
BUS PEITIEHNsT [IJIsT CIIydast, KOTJIa JOMYCTHMOe MHOXKECTBO 3a[aHO KaK Je0eroBo MHO-
KecTBO c1abo BeITyKO# (yukmuu. Kpome toro, mas caydas auddeperimpyemoit
11eJ1€BOI (DYHKITHH MMOJIy 9€HBI JOCTATOUYHBIE YCIOBHUS JIOKATBHOTO MUHUMYMA, BKJIIOYa-
fOIee «CUIHLHOE» YCIOBUS CTAIMOHAPHOCTHU, C YKA3AHUEM PAIUYCa COOTBETCTBY IO
OKPECTHOCTH.

Karouesvie ca06a: CHIIBHO KBA3UBBITYKJIast (DYHKIIUsI, CUIIBHO U CJ1a00 BBITYKJIbIE MHO-
xecTBa u (yHkImu, cyonuddepeHiman, HOPpMAIbHBIH KOHYC, JOCTATOYHBIE YCIOBUS
MHUHUMYMa, PAJRYC OKPECTHOCTH JIOKATTHBHOTO MUHUMYMA.

On minimization of a strongly quasi-convex

function on a weakly convex set!
S. I. Dudov, M. A. Osiptsev (Saratov, Russia)
DudovSIQinfo.sgu.ru, Osipcevm@gmail.com

The finite-dimensional problem of minimization of a strongly quasi-convex function
on a weakly convex valid set of arguments is considered. Necessary and sufficient
conditions for its solution are given. Sufficient solution conditions are obtained for
the case when the admissible set is defined as a Lebesgue set of a weakly convex
function. In addition, for the case of a differentiable target function, the sufficient
conditions for the local minimum, including the «strongs» stationarity condition are
obtained with the indication of the radius of the corresponding neighborhood.

Keywords: strongly quasi-convex function, strongly and weakly convex sets and
functions, subdifferential, normal cone, sufficient minimum conditions, radius of
neighborhood of local minimum.

Bcnomorarenpabie (paKThI

OJiHa U3 TEHJIEHIUIT Pa3BUTUS TEOPUU IKCTPEMAJIBHBIX 3aJlad ITOCJIEHEro
eprojia BPEMEHU — HCCJICJIOBAHUE CBOWCTB DeIIeHMs 3a/ad CHIILHO-CIabo
BBIITYKJIOTO [POrPAMMUPOBAHUS, TO €CTh 3ajiad MUHUMU3AIMU CUIHHO WJIN
cj1ab0 BBINYKJIbIX (DYHKIUE HA CUJIBHO WM CJ1aDO0 BBITYKJIBIX JIOMYCTUMbBIX
MHOXKECTBAX apryMEHTOB, U pa3pabOTKa UYHUCJIEHHLIX METOJIOB UX DElleHUst
(em., wamp., [1] — [5]). WHTepec k Taknm 3ajadaM MOSBUJICS B CJIEJICTBHH
U3yUeHusi CBOUCTB CUJIbHO U CJIAD0 BBIILYKJIbIX MHOXKECTB U (DYHKIMI B pam-
Kax MapaMeTpriecK BbITYKJIOTO aHAJN3A, SBJISIONIEroCs OJIHIM U3 Pas3/ie/ioB
HersiaIKoro anasmsa (cm., nanp., [1], [6], [7]).
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3/1ecb Mbl pacCMaTpUBaEM 3321y

f(x) — min, (1)
xeD
rjge D — c1abo BbIYKJIOE 3aMKHYTOE MHOYKECTBO U3 KOHEYHOMEDPHOTO JIei-
cTBUTENILHOTO mpocTpancTBa RP | a neseas Gyuknus f(-) sBasieTcsi CUIBHO
KBa3UBbIIYKJIO Ha HEKOTOPOM OTKPBITOM BBIIYKJIOM MHOXKECTBE, COJIEPKa-
M D.

Harmra 1iesib — mosryauTh HEOOXOAUMBIE U JIOCTATOUHbBIC YCIOBUST PEIICHUS
sajiaun (1), orpazkaone posib KOHCTAHT CHJIbHON KBa3UBbIITYKJIOCTH 1eJie-
Boit byukImu f(-) 1 caaboii BRITYKJIOCTH JIOMYCTUMOTO MHOXKeCTBa D.

Hanomuum onpejiesienne ucrosib3yeMbixX 3/1€Ch 6a30BbIX HOHSITHA.
Omnpenenenne 1. Tycmo r > 0 v mouku 1 u 9 ud RP makosv, wmo wmo
|x1 — 22| < 2r. Obosnavum wepes D, (x1, x9) nepeceuenue scex e6KAUIOGHLT
wapos u3 RP paduyca v, codeporcawyur mowku x1 u xo. Muoocecmseo A C RP
HABBIBAETNCA CAGOO GOINYKALM ¢ KOHCMANMOU T (T-CAa00 6bNYKAbIM), ecau
ons moboti napor mouex us A, maxur wmo ||x; — xo|| < 2r u xy F# X9,
nepecevenue D,(x1,x2) N A codeporcum zoma 6vi 0duy mowky, omauunyO
om r1 u Isy.

Omnpenenenne 2. [lycmv Q) C RP - nexomopoe evwnykioe muostcecmeo u
p>0. Qyuruua f(-) : Q@ — R nasweaemca

a) cuavno keasueunyksol ¢ koucmanmot p (p-CKB) na mmoocecmee €2,
ecau das ecex xo,x1 € Q u a € [0, 1] swnoanaemes nepasencmeo

F((1 = a@)zo + axy) < max{ f(zo), f(21)} — ga(l —a)llzo — z*

6) Cnabo svinyxrol ¢ koncmanmotd p (p-caabo ewnykaot) na muodcecmese
Q, ecau daa scex xg,x1 € Q u a € [0, 1] 6wnoanaemea nepaserncmeo

F((1 = a)zg + az) < (L= a)f(w0) + af (21) + Sa(l = a)lag — 2]

HaJjiee ncroJib3yemM 0003HAUEHMUSI:
N(z, D) — nopmasbublii Konyc muoxkecrsa D B Touke x (cM. [8]),
B(x,r) — 3aMKHYTBI# €BKJIAJIOB AP PAJUyca T ¢ EHTPOM B TOYKE I,
Jf (x) — cyomuddepennuan Knapka dbyuknun f(-) B Touke =,
Argmin f(z) ={y € D: f(y) = min f(z)},
xeD xeD
A(z) ={-0f(z)} N N(z, D), m(x) = min o],
veA(z)
f'(x) — rpaguent dbyuknun f(-) B TOUKe .

OcHoBHBIE PE3YJAbTATHI

[IpuBeiéM OCHOBHBIE PE3YJIHLTATHI UCCJIECTOBAHUSI.
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Teopema 1. Illycmv ) — omxpwmoe svinyksoe muooicecmeso, r > 0,
p>0u
1) D —r-caabo svnykaoe 3amrnymoe mnoscecmso, D C Q,
2) dynryua f(-) — p-CKB, aokaavno aunwuyesa na ) u pezyaapna no
Knapwy (cm. [8]) 6 mouxe xo € D.
Jlaa mozo, wmo 6v 6 mouke xg € D ¢pynruus f(-) npunumars naumenvuiee

mix
na D snavenue neobrodumo, a ecau % < 7, mo u docmamouno, 4mobol

0, € 0f (x) + N(x9, D). 2)

IIpuném, ecau sunoansemes (2) u @ <r, mo Arg mil]gl f(x) = {xo}.
HAS

Teopema 2. ITycmv 0 — omkpwimoe ewnykroe mmoscecmso, p, > 0,
pr>0,D={reQ:h(r) <0} u
1) h(-) = pn-caabo svnyrasas xKonewnan na 0 dynryua,
2) f(-) = pp-CKB, noxanvno aunwuyesan na 2 u pezyaapruas no Kaapry
(cm. [8]) 6 mouke xy € Q Pynryua,
3) h(zg) = 0, 0, & Of(xg), 0, & Oh(xo) u cywecmsyrom vy € Of(xp),
vp € Oh(xp) u A > 0 maxue, wmo vy + Avy, = 0,

4) 6UNOAHAEMCA NEPABEHCMBO % < HZ—:” uau, ecau my, = inf{||lv]| : v €

Oh(z), v € bdD} > 0, nepasencmeo %‘:O) <k
Tozda xy € Arg miB f(x). Kpome mozo, ecau xoma 6v, 00M0 U3 HepaseHcms
HAS

6 n.4) evnoansemes cmpozo, mo Arg miB f(z) = {zo}.
HAS

Teopema 3. ITycmv Q0 — omxpwmoe ewnyxaoe muoscecmso, T > 0,
p>0u
1) D — r-caabo svnyraoe samrrnymoe muootcecmeso, D C
2) dynxyua f(-) — p-CKB, aokaavno sunwuyesa na 2, peeysapna u dudg-
depenyupyema 6 mouxe xo € D,
3) npu nexomopom § > 0 6uNOAHAEMCA 6KAOUCHUE

B(0,,0) C f'(x¢) + N(z0, D),

4)P:0U/Lup>0ur<||fl(%)”,
Tozda Arg xeDm{yﬁﬁi—%co||<A(5) f(z) = {xo}, 20e
or. ccau p >0, VIP@IP =8 @)l
s _JIF@P="

,ecau p>0,7r< ,
2 P

| \/52 - (\/Hf'(xo)H? — 52 _ pr)

2rd
L, ecau p = 0.

[ [LF" (o)
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O cymiectBoBaHUM penieHnd 3ajga4du Komm s
OJTHOTO runepoboImiecKoro

auddepeHInaIbHO-PA3HOCTHOIO ypaBHEHNISI!
H. B. 3aiiesa (Mocksa, Poccus)
zaltseva@cs.msu.ru

UccnenoBana HadanmbHasg 3aada B IIOJ0CE I JABYMEPHOIO THIIEPOOTHIECKOrO
mudepeHnnaabHO-PA3HOCTHOTO YPABHEHNS, COAEPKAIIEro cymmy auddepeHimalib-
HOTO OIIEPATOPa, B OIEPATOPA CABUTA IO IPOCTPAHCTBEHHOM mepeMennoii. g moctpo-
€HUs PEIeHUs] UCMOJIB30BAACh KJIACCHYECKas ONepalonHas cxema. Ilokasamo, 41o
IIOJIYy9Y€HHOE DemeHne ABIAeTCA KJIaCCUYEeCKHM, €CJIH BEIleCTBEHHad YaCTb CHUMBOJIA
mudepeHnnaabHO-PA3HOCTHOTO OMEPATOPA TOJTOKUTETHHA.

Karouesvie caosa: runepbonmdeckoe ypapHeHue, auddpepeHnuanibHO-pa3HOCTHOE
ypaBHeHHe, 3a7a4a Kolm, KjIaccuieckoe penieHue.

On the existence of a solution to the Cauchy
problem for a hyperbolic differential-difference
equation!

N. V. Zaitseva (Moscow, Russia)
zaitseva@Qcs.msu.ru

An initial value problem in a strip is investigated for a two-dimensional hyperbolic
differential-difference equation containing the sum of a differential operator and a
shift operator with respect to a spatial variable. A classic operating scheme was used
to build the solution. It is shown that the obtained solution is classical if the real part
of the symbol of the differential-difference operator is positive.

Keywords: hyperbolic equation, differential-difference equation, Cauchy problem,
classical solution.

Uccaeposana caeiyiomas 3ajada; Haiitu Gyukuuio u(z,t), yjaoBierso-
PAIOILYIO YCJIOBHAM

u(z,t) € C'(D) N C*(D); (1)
Pu(z,t)  ,0%u(z,t) _ :
—z ¢ W%—bu(z—h,t)-O, (x,t) € D; (2)

u(x,0) = up(x), w(x,0)=0, z€R,

3)
rie a > 0, b > 0, h # 0 — 3ajanuble BemecTBeHnble Yncia, ug(x) € Li(R)
uup(x) € C(R), D ={(x,t)|x € R, 0 <t < T} — obsacrb KOOPMHATHO
nockoctn Oxt, D = {(x,t)|x € R, 0 <t < T}.

Omnpenenenne. Kaaccuveckum pewenvem 3adavu (1)—(3) 6ydem nasoi-
samv Pynruuio u(,t), nenpepuenyro u Henpepvieho duddepenvyupyemyio no

/\
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nepemennoim T u t 6 muoscecmee Dy Komopot cyuecmsyiom Henpepuie-
nole NPOU3GOOHBIE Uy, U Uy 6 0baacmu D; ydosaemeopsarouyyio 6 Kascdoti
mouke obaacmu D coommowenuto (2); u makyro, wmo i xasxrcdold mowku
xo € (—00, +00) npedean, gynruut u(xg,t) —uo(xg) v ui(wo,t) nput — 04
CYWECTNEYIOM, U PAGHLL HYAW.

JIIsi TOCTpOeHns pelenns 3aJ1a9i OLLIM MCIOJb30BAHbl KJIACCHUECKAd
omepanuonHast cxeMa 1 ujen pabor |1, 2|. B pabore [3| mokazano, aro Heobxo-
JMMBIM YCJIOBUEM CYIIECTBOBAHUS PELICHUsT sIBJISETCA TPEOOBAHUE MOJIOXK -
TEJILHOCTH BEINECTBEHHONH 4JacTu cuMBoJia Jud depeHnnajbHO-PaZHOCTHOIO
onepaTropa ypaBHEHHs, KOTOPOE FapaHTUPYETCs BBIIOJHEHUEM YCJIOBUIA

0<b<2a?/h?

Ha Koo puiuenTsl a, b u casur h.
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O 3amade paccedHUd AJISI CICTEM
anddeperHimmaabHbIX YPaBHEHNTIA C

0COOEHHOCTHIO!
M. }O. UrnarwseB (Caparos, Poccus)
email@Qmail.ru
B pabore ycraHaBIMBAIOTCS HEOOXOAMMBIE W JIOCTATOYHBIE YCJIOBHUS PA3PEITUMOCTH

0OpaTHOM 3a7a49K paccessHus Mjid cucreM andepeHnaabHbIX YPaBHEeHH ¢ 0cobeH-
HOCTBIO B CIy9a€ OTCYTCTBHUS JUCKPETHOrO CIEKTPA.

Karouesvie caosa: Teopus paccesinusi, OOpaTHbIE 332491, CHCTEMbI C OCOOEHHOCTHIO.

Baazodaprocmu: UCCieOBAHNE BBIIOIHEHO 33 CU€T IpaHTa POCCHICKOrO HAy<IHOTO
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On scattering problem for differential systems
with a singularity!
M. Yu. Ignatiev (Saratov, Russia)
email@mail.ru
In the paper, we obtain necessary and sufficient solvability conditions to inverse

scattering problem for the differential systems with a singularity in the case of empty
discrete spectrum

Keywords: scattering theory, inverse problems, systems with a singularity.

Acknowledgements: this work was supported by the Russian Science Foundation Ne
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Paccmorpum cucremy auddepennuaabHbIX YpaBHEeHTI:
y' = (pB+a2 ' A+ q(x))y (1)

CO CHieKTpaibHbIM Tlapamerpom p, e A, B, q(x),z € (0,00) —nxn (n > 2)

MaTpuIlel, pudeMm mMatpuiiel A u B mocrosianel, B = diag(by, ..., by,), sme-

MEHTHI by, . . ., b, — pa3jinuHble HEHYJIEBbIe KOMILIEKCHbIC Yncia. OTHOCUTE b

HO MaTpuil A u B Oy/ieM cuuTaTh BBIMOJTHEHHBIME T€ YKe YCJIOBHs, 9To B [2].
Ob6oznaunm gepes X o0beJuHEHNEe TPSIMBIX BUJIA:

S= |J {p:Relpb;) = Re(pby)}.

(k)i h
N
[Ipescrasum muoxkecrso C\ X B Buje C\X = |J S, obbejunenus verepece-
v=1

KAIOIUXCS OTKPBITBIX CeKTOPOB S,. B KaxKoM u3 ceKTopoB S, CyIecTByer
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nepecraHoBKa Ry, ..., R, aucen by, ..., b, takas, aro Re(R1p) < Re(R2p) <
-+~ < Re(R,p) upu p € S,.

Onpegnenenne. [lycrs p € S, k € {1,...,n} dukcuposanni. Perrenne
Ui(z, p), © € (0,00) cucrembl (1) HasbiBaercs k-m perienuem Tuia Beitss,
eCJI OHO YJIOBJICTBOPSICT YCJIOBUSAM:

Ui(z,p) = O (@), 2 =0,

Ui(z, p) = exp(prRy) (fr + 0o(1)), x — oo.

3nech {pu}p_q — cobcTBennble 3Havenust marpuiisl A, (fi,...,f,) = f — mar-
pulia nepecTaHoBoK, Takas uto (Ry, ..., Ry,) = (b, ..., by)f.
B upocreitiiem ciaydae ¢ = 0 perienus Ttuna Beiljisi cylecTByioT Jijist

Beex p # 0 mpu BRIONTHEHUHN ycaosua ungopmamusnocmu [1], [2]. B obmem
ciaydae k-e pemenue Tuna Beitisi cyiecTByer u €JMHCTBEHHO JIJISI BCEX Ta-
knx p € C\ X, mna xkoropeix Ag(p) # 0, rme Ag(p) XapakrepucTuaeckast
dbynxiust [1].

O6o3HaYMM depe3 Y, OTKPBITHIH Jiyd, pa3essionuii cekTopbl S, u Sy1
(3mech mpesmosaraeTes, 9TO HyMepaldsi CEKTOPOB OCYIIECTBJISETCS B Ha-
IPABJICHUH TIPOTUB YacOBOit crpesiku 1 Sy 41 := ). Ecin nexoropast GyHk-
nust f(p) onpenenena npu p € S, US, 11, T0 "epes f=(p), p € ¥, obozHaunm
pe/iesibl

[p) = lim f(p+iep).

Ussecrho [1], uro upesensnbie suadenus A;(p), p € 3, cyuecrsyior jyis
Bcex k, v. Byaem rosopurs, uro ¢(+) € Gb, ecan jist kaxgoro v = 1, N u
IUIst Bcex p € S,

[T250) #0.
k=1

N
Eciu ¢(-) € Gf, to g qoboro p € ¥ = (J X, = ¥\ {0} cymecrsy-
v=1

0T npejienbubie snavenus WE(z, p), e (x, p) := (Vy(x,p), ..., ¥, (z, p)).
[Tockosbky Kaxkas uz marpur, W~ (x, p), ¥ (x, p) yrosiaersopsier cucreme
(1), mst kaxgoro p € ¥/ onpejienena (euHcTBeHHAsT) MaTpuiia v(p) Takast,
aro U (z, p) = ¥~ (z, p)v(p).
Matrpury-dyuknuo v(p), p € X' Oynem Ha3BIBATD JAHHBLMU PACCEAHUA.
Bagaua 1. Hatmu q(-) € Gjy no useecmmvim dannvm pacceanus v(-).
asee paccMaTpuBaeTcs: BOIIPOC O HEOOXOINMbIX U JIOCTATOYHBIX YCIOBHU-
SIX Pas3penimMocTu 3ajaqu 1.

Omnpegesinm mpoctpancTBo H () Kak IpOCTPaHCTBO, COCTOsATIEE U3 (DY HK-
it ¢ € Lo(X), Takux uro i Kaxkgoro v = 1, N orpamutdenue (p)

pPEL,
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HETPEPBIBHO U cymecTByioT  lim  @(p) . lim  ¢(p), npuaem

p—0,peX, p—00,pEY,
lim  ¢(p) =0.
p—00,pEY,

Yepes Ho(X) obozHauMM TOAMPOCTPAHCTBO, COCTOsIIEE U3 Takux ¢(-) €

H(X), aro mug kaxgoro v = 1, N lim  ¢(p) = 0. Begem npu p € ¥/
p—0,peX,

MaTpHIly TepectaHoBoK 11(p) takyto, 4To

(Ry (p),-- - RY(p) = (R (p), -, R, (p)L(p).

dcno, aro T1(p) npencrapisier coboit GIOTHO—TUATOHATILHYIO MATPUILY, [0~
CTOSTHHYIO Ha Kaskj1oM u3 jydeit 3,. Yepes HEH(X) Gyaem obosHauaTh mpoct-
PAHCTBO HUXKHETPEYTOJBHBIX OJI0UHO - JIMArOHAIBHBIX (/e 6JI0UHAs CTPYK-
Typa - Ta x)e, uro y marpuinbl 1I(+)) marpun-dyHkimii ¢ sjemMenTamu u3
Ho(X).

Hus p € ¥/ onpenenum I xax muHOXkecTBO k Takux, uto Re(pR, ) =
Re(pR, ;)

Omnpeaenenne. Byjgem rosoputs, uro marpuna-pyuxuus v = v(p), p €
Y npuHAIEKAT Kjaccy V, eciu

1. U() - UO(-) c ’Hg[(Z) (S,B;e(jb u jaJiee 1}0(.) ~ JIAHHDIE PACCETHUS HEBO3-
MyierHoii cucrembl (1) ¢ g = 0);

2. HETPUBUAJBHBIE JMArOHAJBHBIE OJOKM MAaTPUIhl v(p) PaCHoONOKEHbl B
crpokax ¢ Homepamu k u k+ 1, vjie k € 1_, u umeror Buji

Vkk 0
)
1 Uk4-1,k+1

PUYEM UggUkt1 k1 = — 1.

Teopema 1. Eciu mampuua-pynrxuus v = v(p),p € X' asasemcs
dannoimu paccesnus dan nexkomopot cucmemv, suda (1) ¢ q(-) € Gf, mo
v(-) € V.

O6ozuatum 1depe3 Wy(x, p) marpuiy V(z, p) B ciiydae HEBO3MYIICHHON
cucrembl (1) ¢ ¢ = 0. dus 3agannoii marpunpbi-dyakunn v = v(p), p € ¥/
OIPEICIIM:

0(p) = v(p)vg (p) — 1,
V =V(v,z,p) =Yy (x, p)v(p)vg (p) (g (x,0) 7",
V(v,z,p) =V (v,2,p) = I = Uy (2, 0)0(p) (¥ (2, p)) "
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Beejem zaBucsimue or mapamerpoB v € V, x € [0, 00) oneparopsr

A(v,2)f(p) == CTf(p) = (C )V (v,z,p) = f(p) = (C"f)(p)V(v,,p).

Hamnee, onpesiesum (pu Tex 3HAYEHUSIX MTAPAMETPOB, TIPH KOTOPBIX TIPa-
Bast 9aCTh UMEET CMBICI):

p(v,z,7) = (A(v,2)"'V(v,x,-),

q<v7 ) = @(@()7 p(U, " )) + F@()v
re F=s5— lim F,,

r—00

P () = — dp [B, 5 (z, p) £ (p) (W5 ()],

271
E0{lpl<r}

B )(w) = 5 | B [ d (€ o)) )V (wwp)|

V(u,z,p) = Tq (z, p)u(p)(Yq (2, p) ",

CE1lp) 1= (C*(0), CHp) = 5 [ Z2-F(0) peC\:

Teopema 2. I[Tycmov dana mampuva-pynryua v(-) € V. s moeo, wmo-
oo V() asasracy dannvmu pacceanud daa nexomopozo q(-) € Gf), neobo-
duMo u docmamouno bnoOAHERUE CACOYOULUT YCA0BUTL:

1. das wascdozo x € [0,00) onepamop A (v, x) obpamum;

2. Ona wavicdozo k = 1, n natidemea dynwyua dx(p), p € C\ 3, anarumu-
yeckas 6 C\ 3 u makas, wmo:

® daa Kasicdoeo v = 1, N cywecmeyem nenpepuisroe npodoasicenue
dynruuu p'p(p) 6 Sy;

o p"6(p) me obpawaemen 6 nyav nu das wavur p €S, v =1, N;

e npu p € X' cnpasedausvl dopmyave conpascenus 6 (p) =
vek ()0 (p);

e npu p — oo, p € C\ X cnpasedausa acumnmomura 0(p) =
So(p)(I + o(1)), xpome moeo, 6(-)(65 ()™t — I € Ly(X). 3decw
do(p) — duazonarvras mampuya, makas wmo do rr(p)Yor(z, p) =

" (b + o(1)) npu x — 0, by - cobemeennvili 6exmop Mampuyol
A, coomsememeyrouuti cobCmMEENHOMY 3HAMENUIO [L.
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3. qi;(v,-) € X,.
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O cBoiicTBax ga/iep HYJIb-PAJIOB YOJIIIa!
T. 1. Ko3nosckas (Mocksa, Poccust)
tdkozl2018@mail.ru

JloKa3bIBaeTCs TEOPEMa, yCTAHABIMBAIONIAA CBOMCTBO IMPOU3BOJLHON MOPIWH sIIpPa
HYJIb-paaa YOJIIIa.

Karouesnie caosa: cucrema Youiia, HyJIb-Psifl, $APO HyJIb-Ps/ia, IIPUBEIEHHOE $AIPO
HYJIb-PAa, MHOYKECTBO €ITMHCTBEHHOCTH.

Baazodaprocmu: pabora BhIMOIHEHa Mpu (bUHAHCOBON moaaepkke PODU (mpoexT
Ne 20-01-00584).

On properties of kernels of Walsh null-series’
T. D. Kozlovskaya (Moscow, Russia)
tdkozl2018@mail.ru

A theorem establishing a property of an arbitrary portion of the Walsh null-series is
proved.

Keywords: Walsh system, null-series, kernel of null-series, reduced kernel of null-series,
set of uniqueness.

Acknowledgements: this work was supported by the Russian Foundation for Basic
Research (project No. 20-01-00584).

MuoxecrBo E C [a,b) naspiBaercsa U-mnooicecmeom Uiam MHOACECTNEOM
eduncmeennocmu juist psijio 1o cucreme {o, ()}, * € [a,b), ecau u3

CXOJIUMOCTHU PSIJIa
o0

g Crn®n ()
n=0
K HyT0 Ha |a,b) \ E caemgyer, aro Bce KOIDMUIMEHTH 9TOTO psifia PABHBI
HYJLIO.
Herpusnanbublil psiji, cXOAAMUICT K HYJIIO TOYTH BCIOY Ha [a, b), HA3bI-
BAIOT HYAb-pAdom. MHOKECTBO TOYEK, I'/Ie HYIb-PAJl HE CXOAUTCA K HYJIIO,
HA30BEM AIPOM HYAb-pAda. MHOXKECTBO TOYEK, IJ1e

Tim |5, (2)] = oo,
HA30BEM npusedentviM AIPOM HYAb-PAIGA.
H. K. Bapu nosyuen ciejytonuit pesyabTar: BesKas MOPIUs s1jipa TPHU-
I'OHOMETPUYECKOI'O HYJIb-PsiJia, COJAEPAKUT HOPIUIO IIPUBEJIEHHOIO sijIpa TOI'O
JKe psiJia; CyIIeCTBYeT APYToil TPUTOHOMETPUYIECKUN HYIb-PsI, J1JIs KOTOPOT'O

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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SIIPOM M IIPUBEJICHHBIM SJIPOM OYJIyT CJIYKUTh UMEHHO 3TH HOPIMU sJIpa U
IPUBEJIEHHOTO sijipa JlaHHoro Hysib-psja (em. [1], rr. XIV, ¢. 794).

JlokazaTebCTBO OCHOBHOI TEOPEMbI IIPEIBAPSIOT CJIEYIONINE YTBEPXK JIe-
HUSL.

Jlemma. ITycmv B — adpo nyav-pada Yoawa, § C [0,1) — npoussosn-
noiti unmepsan. Tozda mmoorcecmso E ecex mouek us nopyuu §(B), 6 xaorc-
doti u3 Komopvir NoINocAedo6aMesvHOCb Som (L) YACMUYHDLL CYMM MO0
HYAL-PAJA HE 02PAHUYEHT, ABAACTCA HECUEMHBIM.

Teopema 1 (cum. [2]). [as aobozo unmepsana (o, B) C [0, 1) u 1060t no-
caedosamenvrocmu py, 4 0, p, Z 0, cywecmesyem ¢ynryua A(z) € L(0,1),
OMAUNNHGHA OMm HYAs 60 6cex moukax (o, B), pasnas nya0 60 GCET MOUKAT
[0,1)\ [ev, B) u makaa, wmo ee koapdpuyuenmu Pypve—Yorwa

An) = o(pn).

[Toctpous o6obimentoe dopmanbHOe MpoU3BeeHEe (CM. ONpeJe/IeHIe
O®II B [2]) nexomuoro Hysb-psiyia Yousia Ha psijg Pypbe—Youliia “JI0KasM-

o))

gyroriei” (bYyHKITUH, MOJTyIaeM CJIeIYIONUH OCHOBHON Pe3ysIbTar.

Teopema 2. IIycmv B — adpo nyav-pada Yoawa. Jas 1100010 nopuuu
d(B) mooco nocmpoumsv dpy2oti Hysb-pad, OaA KOMOPo20 €20 Npueedenmoe
adpo N, asasemca muostcecmeom 6crody naomuom 6 6(B). Kaowcdas moura
d(B) asasemes mourot xondencayuu das N .
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O CKOPOCTH MUHTEPIIOJIANNN aHAJINTNYECKNUX
PYHKIUI ITocpeacTBOM h-CyMM!
M. A. Komapos (Baagumup, Poccus)
kami9@yandex.ru
Usywaerca n-xparnas narepnonsuus byakmmit f(z) = fo+ fiz+. .., aHAIATHIECKUX
BOsM3U HyJ1d, nocpeicrBoM h-cymm Hy,(z) = Ah(Ai1z) + -+ Ah(An2), tae h(z) =
ho + h1z + ... — dukcupoBannasa QyHKIU, aHAJIUTUIECKAS B €IMHUIHOM KPYTeE,
hm # 0, |hy| < C. Ipu ycnosun, 910 |fm/hm| < a(m +1)7%, m = 0,1,2,...
(a:=(1—s"1)y7127%), ¢ nekoropeiMu s > 1 u v > 1, mosryueHa NoToYeUHas OlEHKA

ocrarka 1,(z) = f(2) — Hp(2) B xpyre |z| < 1. Hama oleHKa yTOUHSIET H3BECTHBIE
PEe3yJIbTAThI, OJyYeHHbIe it Caydasd | fm/hm| <1, m=0,1,2,....

Karuesnvie caosa: UHTEPIOJIAINA, h—CyMMbI, CTEeTIeHHbIE CYMMBI.

On the rate of interpolation of analytic

functions by h-sums!
M. A. Komarov (Vladimir, Russia)
kami9@yandex.ru

We study the n-multiple interpolation of functions f(z) = fo+ f12+. .., analytic near
the origin, by h-sums H,,(z) = Ath(A12)+- - -+ Anh(An2), where h(z) = ho+hiz+. ..
is a fixed function, analytic in the unit disk, h,, # 0, |h,| < C. Under the condition
that | fo/hm| < a(m+1)"5, m=0,1,2,... (a:=(1—s"1)y7127%), with some s > 1
and v > 1, we obtain a pointwise estimate of the remainder r,(z) = f(z) — Hp(z)
in the disk |z| < 1. Our estimate improves some known results, obtained for the case
|f/hm| <1, m=0,1,2,....

Keywords: interpolation, h-sums, power sums.

B [1] 6bu1 ipejioxken MeTo | allllPOKCUMAIMU aHAJIUTUYeCKUX BO 3K 2 = 0
yHKIM

FE)=D fu?"
m=0

IIOCPEJCTBOM TaK Ha3bIBa€MbIX h—CyMM
n
Ho(2) =) Mh(Mz), M€C, neN,
k=1

rje

h(z) = Z hp 2™, hpm # 0,
m=0

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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9TO (PUKCUPOBAHHAS AHAJUTUYIECKAS B OTKPBITOM €JIMHUIHOM Kpyre (pyHK-
1[1si, & KOMILJIEKCHBIE YUCTA A{, ..., A, BbIOUPAIOTCS U3 YCJIOBUS N-KPaTHOM
UHTEPIOJIATTH

f(z) — Hu(2) = O(2"), z — 0.

Herpypnno nposeputsb, uro Habop {A;} coBnagaer ¢ (eMHCTBEHHBIM) perie-
HUEM CJIe/IYIOLIEH CUCTEeMbl MOMEHTOB JIjisi CTEIEHHBIX CYMM:

AP N — B, m=0,1,...,n— 1. (1)
OcuoBHOIt pesyiibrar paborsl [1] MOkHO chopMyIMpoBaThH TaK: ECAU
| fn/gm| <1, m=20,1,2,...,

a YUCAa A1, . . ., Ay ydosaemeoparom cucmeme (1), mo Hy, u f onpedeaenwi
u anaaumuanos 6 kpyee |z| < p = 1/2, npuuém H,(2) — f(z) pasnomepno
6 srobom kpyee |z| < (1 —90)p, d € (0,1), u

[f(2) = Hu(2)| < C(h,0)n(1 =6/2)", 2] < (1=0)p.

JTokazaTesbeTBO 9TOH TeopeMbl ONMMpaeTcsi Ha OleHKy perienuit (1), co-
LJIACHO KOTOPOI MPH YCJIOBUN

A AT <1, m=0,1,.,n -1, (2)
BBITIOJIHAIOTCs HEPABEHCTBa
M| < p ' =2, k=1,...,n.

Pamuyc kpyra cxomumoctu H,, k f 6bu1 yrounén B pabore [2], rie ycra-
HOBJIEHO, YTO Ha CAMOM JieJie TIpH YCJIOBUU (2) uMeeT MecTo Gojiee CHIhbHAsT

OLIEHKA,
M| < (1 —¢e,)7 Y, k=1,...,n,

¢ BesmanHoit £, — 0 (n — 00), onpe/ieseMoil u3 ypaBHEHUS

2 —(1—g,)""t'=0, &,€(0,1).

n

B nacrosimeit pabore nccenyercs ciaydail CTeneHHoOro yOLIBAHUS CYyMM B
(1). B wacTrOCTH, TOKA3BIBACTCS CIIEIYHOITA

Jlemma. FEcau npu nexomopwvix s > 1 u v > 1 nepsvie n cmenennvx
CYMM KOMNACKCHOLT YUCEA N, . . ., Ay YOOBAEMBOPAIOM HEPABEHCNEAM

\AT+~--+AZS\§%, m=12,...,n,
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ede
s—1

vs25

a=a(s,y) =

—1/n
mmax [l <y

BujiuMm, 4T0 npu yKa3aHHOM yObIBAHMM HEPBLIX 7 CTEHEHHLIX CYMM BCE
A JIeX)KaT BHYTPH €MHUYHOTO KpyTra, B oTindue or ciydas (2) (ormernw,
qTO JIs S, OMM3KKUX K 1, OLEHKY MOXKHO YJIyYIIUTh, 3aMEHUB B OIPEICICHUN
a(s,”y) aucanTensb s — 1 MOTOKUTETHHON BEJIUIUHOM, OTACTEHHON OT HYIIs).

[Ipy oMoy JIeMMbI MOYKHO YCTAHOBUTL, HAIIPUMED, CJIEYIONLYIO OIEHKY
HOIPEITHOCTH uHTepnoadaiyuu Gyuknuit f cymmamu H,,:

Teopema. Ecau xosppuyuenmor hy, oepanuvenos:
0 < |hn| <C, m=20,1,...,

u npu nexkomopwvixr s > 1, v > 1 ewnoansemca yciosue

s—1
mhm<—7 :071727"'7 = ) = )
|f / ‘ — (m+ 1)5 m a a<$ f}/) ’}/825
a ucaa A, ..., N, (n € N) swbpanv, kax pewenue cucmemv, (1), mo 6

3AMEHYTNOM eJUHUYHOM Kpyee eepHa OUEHKQ

nlz["r C C
1) = H) < == (g + o) HIS L

a cymmo, H, onpedesenvr u anarumuwnos 6 xpyee |2| < v, codeporcausem
eAuHUNHDLT KPY2.

[Tpu h(z) = (2 —1)"! nony4aercst onenka nnteproasannn GyHKIMi ompe-
JEJEHHOTO BUJIA TOCPEICTBOM Haunpocmetuur dpobet

n

1
=\ 1
Zz_zk7 “k k

k=1
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O cMmeramubIxX 3aJa49aX C IIPpON3BOAHBIMN B
KpaeBbIX YCJOBUIX'
B. B. Kopmues, A. II. Xpomos (Capatos, Poccus)
KornevVV@sgu.ru
IIpuBoauTCs pererne cMEIAHHON 3aa49K /171 BOJTHOBOTO YPaBHEHUsI, HE JOILYCKAIO-

meit pa3aesieHns TepeMeHHbIX, ¢ NCMOJIb30BAHNEM PE30JIbBEHTHOTO MOAX0IA W PACXO-
JATTUXCA PSATO0B.

Karouesnie crosa: cMeliannasa 3a/ava, BOJHOBOE YPDaBHEHWE, PE30TLBEHTHBIHN TTO/IXO/T,
pacxondmuiica pa.
On mixed problems with derivatives in

boundary conditions!
V. V. Kornev, A. P. Khromov (Saratov, Russia)
KornevVV@sgu.ru
The solution of mixed problem for wave equation, unsolvable by separating variables,

is given. It is based on the resolvent method and on the use of divergent series.

Keywords: mixed problem, wave equation, resolvent method, divergent series.
PaccMorpum ciemyrormiyio 3a1atdy:

O*u(x,t) 82u( t)

atQ 8%2 ) (x7t) E [07 1] [ ) (1)
Ui (u) = u,(0,t) + aqu(0,t) 4+ Bru(l,t) = 0; (2)
Uz(u) = uy(1,t) 4+ axu(0,t) 4 Bou(l,t) = 0; (3)
u(z,0) = (), 1}(z,0) =0 (4)
DopmasibHOe perienne 3Toi 3ajgaun o meropy Pypbe ecth
1
u(x,t) —5— + >Z (Rag) cosptdA (5)
A=r nZ10 .y
e Ry = (L — AE)™! - pesonbsenra oneparopa L : Ly = —vy'(z),

y'(0) + ony(0) + Pry(1) = ¥'(1) + aay(0) + Bay(1) = 0; E - enunmanbiit
oriepaTop, A = p2, Rep > 0, 7, - 3aMKHYThII KOHTYDP B \ - IJIOCKOCTH BOKPYT
N-r0 COOCTBEHHOT'O 3HaUeHWs orepaTopa L, r > 0 u JIOCTATOYHO BEJUKO U
dukcupoBaHo, ny TaKoil HOMEpP, UTO TPHU N = Ny BHYTPH 7Y, HAXOIUTCS 110

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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OJTHOMY COOCTBEHHOMY 3HAUEHHIO olleparopa L ¥ Bce 7y, IpPH N > 7y HAXO-
JsATCs BHE |A| = 7.

Msr cantaem, uro ¢(z) € L]0, 1]. Torna psx (5) uMeeT cMbICT, XOTS OH
MOXKeT ObITh ¥ PACXOJISIIIMCS.

YuursiBast Teopembl 8 n 9 u3 [1], ecrectBenno HazHaUMTL psagy (D) B
KauecTBe CyMMbI CJIEJYIOILY0 (DyHKIMIO

(e, ) = (3 +0) + 3z — 1), )

rie p(z) = p(x) mpu x € [0, 1] u mpogomkaercs na Bce x € R mo npasumiy:

(@(=2), (1 +2))" = (§(x), 2(1 — x))" +2M / ME(G(t), 2(1 = 1)),
O )
T - 3nak TpancnonupoBanus, M = ( o >

—ay o
Paccmorpum Tenepb Apyryio 3ajady:

Ou(xz,t)  u(z,t)

WD) _TUED | fe), e x D00k (@)
Ur(u) =0, Us(u) = 0; (9)
u(z,0) =0, uj(z,0) = 0. (10)
Dopwmasbioe perrenne 1o merony Dypoe 3amatn (8)-(10) ects
1 - t ' - T
v = g | [+ [ | [t )

A=r

rie Ry npumensiercs Kk f(x, 7) no nepemenHoii x (T - napamerp).

Psn (11) umeer cmbica, eciun f(x,t) - gokanbio cymmmpyemast B [0, 1] X
[0,00), u siByisteTcst, BOOOIIE TOBOPsi, PACXOAAIUMCs. VICoib3yst pacxo/is-
IUecst Psijibl, Tak XKe, Kak u B [2], momxywaem mis psaga (11) cremyroyiyto
CYMMY:

t T+t—T1
1 ~
uwt) =5 [dar [ Fo.on (12)
0 T—t+T1

~

vie f(n,7) = f(n,7) upu n € [0,1] u upojoimxaercs ua Bce n € R 10
npaBuiy (2).
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P&CCMOTpI/IM OCHOBHY1IO 3ala49y Hall€ro MCCJICOAOBaHMA:

O*u(x,t)  u(x,t)
o2 Ox?

— q(z, t)u(x,t), (x,t) € [0,1] x [0, 00); (13)
Ul(u) = UQ(U) = O; (14)
u(z,0) = ¢(x), uy(z,0) = 0. (15)

Cuuraem, aro ¢(z) € L[0,1] u q(x,t)u(z,t) € L[Qr| npu gwodbom T, Qr =
[0,1] x [0,T].

Bamada (13)-(15) e ornocuTes K 3agadam Ha Meton Oypoe.

[Ipencrasum perienne 3agaqau (13)-(15) B Buge w(z,t) = wug(x,t) +
uy(z,t), tme up(x,t) ectn permenue 3amaun (1)-(4), KoTopoe MBI Ompeess-
em 1o dopmyie (6). Hust ui(x,t) umeem cucremy (8)-(10), rme f(x,t) =
—q(z, t)u(z,t). osromy st up(z,t) umeer mecro dpopmysa (12). Tem ca-
MBIM OCYTIecTBUIN mepexos ot (13)-(15) Kk ypaBuenuio

t r+t—T

ule.t) =53+ O+ G0+ 5 [ar [ Furan (0

0 r—t+7

rie f(n,7) = —q(n, 7)u(n,7) npu n € [0, 1] u nponosxkaercst Ha Bce n € R
110 opmyuie (2).

Paccmorpum ypasuenue (16). logcrasiss dopMaibHO TmpaBylo 9acTb
(16) B munrerpaa B (16) BMecro u(n, T) GECKOHEUHOE YUCJIO a3, HPUXOIUM

K pany

= an(z,t), (x,1) €[0,1] x [0, 00), (17)
n=0
t TH—T __
rae ag(z,t) ecrs npasast yacts (6); an(z,t) =1 [dr [ foo1(n,7)dn, n=
0 T—t+T1
5 falx,t) = —q(z, t)ay(x,t), n=0,1,....

Teopema 1. Ecau npu (z,t) € Qr |q(z,t)| < ¢1(x), ¢1(x) € L]0, 1], mo
pad A(z,t) crxodumca 6 Qr abCosommo u pasHOMEPHO NO T U t ¢ IKCTOHEH-
UUAALHOT CKOPOCTLIO.

Teopema 2. IIpednososcum, wmo @(x), ¢ (x) abcorommo nepnepuis-
wot, ©'(0) + a1p(0) + Sre(1) = (1) + azp(0) + Bap(1) = 0, q(z,1) =
q1(x)qa(x,t), q1(x) € L]0,1], go(x,t) u gop us C|Qr] npu arobom T > 0. To-
2da A(x,t) ABAAECMCA KAGCCUNMECKUM DEULEHUEM (YO0BAEMBOPAIOULUM YPaG-
nenuto (13) noumu ecrody) sadawu (13)-(15).
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KommniekcHoe obBepThIBaHUIE
byskmmm '(z +1/2)/T(z + 1)

A. B. Koctun, B. B. IIlepcriokoB (Mocksa, Poccust)
abkostin@yandex.ru, shervb73@Qgmail.com

O6cyxkmaercs Kpyr BOMPOCOB, CBSA3aHHBIX C MHTEIPATBLHBIME IPEICTABICHUSIME J1JTsi
ramMa-dyukimn Jiinepa I'(z) kommiekcHoit nepementoii z. Paccmarpusaercs crienu-
anbaoe orHomenune D(z) = T'(z + 1/2)/T(z 4 1), coBuaaioiee npu HeJibix MOI0XKM-
TEeILHBIX 2 C HOPMUPOBAHHBIM IIEHTPAILHBIM OMHOMUAIBHBIM KO3 dunmenTom. B 3a-
MKHYTO#1 IpaBoii nomymaockocrd (6e3 Touku z = 0) Bemmumnna D(z) gomyckaer ocoboe
WHTErpajabHOE PE/ICTABICHNE, YIIOMIHYTOE s TMTOJOKUTEThHBIX 3HAYEHNH TIepeMeH-
woii B 3amerke lymana Cnasudaa 1975 roma. @opmysra CiaBuda mMO3BOJSIET BHIBOIUTE
JIBYCTOPOHHUE OILIEHKH II€HTPAIHHOr0 OuHOMHATIBHOrO Kodddunuenra C3) , cornacy-
FOIIUECs C ero aCUMIITOTUKON ipu m — 0o. Harr MeTo/1 JoKa3aTeabCcTBa KOMILIEKCHOM
Bepcun opmysasl CraBuda UCMONB3YyeT mpencraBieHne MalbMcTeHA, BHIPAYKAIOIIEE
raMmMa-(pyHKIINIO B BHJIE MOAXOIANIEr0 HECOOCTBEHHOTO MHTEerpasia. JlomoaanresbHoe
WCCJIeTOBAHNE YKA3bIBAET HA HAJINYNE aCHMTITOTHYIECKOTO Psifia, 0OBEPTHIBAIONIETO JIO-
rapudm +/z D(z) B 3aMkHyTOM yToie |arg z| < m/4 ¢ HCKITIOMEHHOH BEPITUHOI.

Karwuesvie caosa: ramva-QyHKINS, MEHTPAJIbHBIN OMHOMUANBHBIN KO3 duImenr,
ACHMIITOTHYIECKOE pa3yoxkenune, (popmyna MambMcreHa, 0OBEepPTHIBAIOIIMI Psil B KOM-
TJIEKCHOI MJIOCKOCTH.

Baazodaprocmu: pabora binosinena npu dunancopoii nomaepxkke POOU (upoexr Ne
18-01-00236).

Complex enveloping

of function I'(z +1/2)/T'(z + 1)
A. B. Kostin, V. B. Sherstyukov (Moscow, Russia)
abkostin@yandex.ru, shervb73@Qgmail.com

The article discusses a range of issues related to integral representations for the Euler
gamma function I'(z) of the complex variable z. We consider the special quotient
D(z) = T'(#+ 1/2)/T'(z + 1) coinciding for positive integers z with the normalized
central binomial coefficient. In the closed right half-plane (without the point z = 0),
the quantity D(z) admits a special integral representation, mentioned for positive
values of the variable in a 1975 by D. Slavi¢. Slavié¢ formula allows one to derive two-
sided estimates for the central binomial coefficient C%?, , consistent with its asymptotic
as m — oo. Our method of proving a complex version of Slavi¢ formula uses the
Malmsten representation expressing the gamma function in the form of a suitable
improper integral. Additional research indicates the presence of an asymptotic series,
enveloping the logarithm of \/z D(z) in a closed angle | arg z| < 7/4 with an excluded
vertex.

Keywords: gamma function, central binomial coefficient, asymptotic expansion,
Malmsten formula, enveloping series in the complex plane.

Acknowledgements: the article is done with the financial support of RFFI (project Ne
18-01-00236).

Borupochl, oTHOCsIIMECs K 9ijIepoBoil raMMa-QpyHKIUK U OMHOMUAJIb-
HBIM KO3 UIIeHTaM, COCTABJISIOT BaXKHbIN pa3jiesl KJIaCcCHIeCKOro aHaJIu-
3a. B 1nociiejinee BpeMsi HabJIr0/Ia€TCst MHTEPEC K 110JIy YEHUIO aCUMITITOTHYECKH
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TOUHBIX OIEHOK MOJO0HBIX Besnuun (cM., Hampumep, |1]-[3]). O630p nekoro-
PbIX PE3yJILTATOB 110 3aTPOHYTO TeMaTuke jaH B padbore [4].
Paccmorpum crienualibHyo BeTnanHy

(2 +1/2)
D(z)=—— 12 >0, , 1
(2) NEESIR Rez>0, z#0 (1)
C Ba?KHbIM MHTEPHOJATNOHHBIM CBOWCTBOM
L(m+1/2) 5
D = — - = 2o N 2
(m) F(m—l— 1) ﬁ C2m7 m e ) ( )

riae Cy) — IeHTpaJIbHbIIl ONHOMUATIBHBII KO3(hDDUIUEHT.
B kpatxkoii 3amerke Crasuua 5] masa dyuxmun (1) mpuBoguTcs Heotwe-
BUJIHAsT popMyIIa
400
1 tht

D — . —Atx )
(x) NG exp / 57 © dt », r >0 (3)
0

3 (2), (3) momydaeM MHTErpajbHOE MPEJICTABICHAE TIEHTPAJIHLHOIO OHHOMH-
aJIbHOTO KO3 puimenTa,

+00

. 2m tht
C?m: WGXP —/ %64 tdt , m € N. (4)

0

Dopwmyna (4) nossossier jokazarh (M. [5], [6]) yHuBepcasbHbie jBOiiHBIE
HEpABEHCTBA

22m 2M—1 b 22m 2M b
k m k
N exp { ; o } < Oy < —\/ﬁ exp { ; T }, (5)

neiicrBytonue npu Bcex m € N u jirobom Beibope mapamerpa M € N. Koad-

dburmentst b B (5) Bbruncssitorest yepes uncsia Bepryniu By 1o npaBuity

(272F — 1) By
k(2k—1)

b, = k € N.

Ormernm, uro B Hemaaeit padbore Ilomosa (3] mas momydenns kak (5), Tak
¥ HOBBIX, YTOYHEHHDIX OIEHOK Besmaunpl O . BMecTo (4) CymecTBeHno nc-
noJib3oBaJsiach 1pu z = x > 0 Tak HasbiBaeMasi Bropas dopmysia bune

+00
ot arctg(t/z)
['(2) =/ — Inz — 2 dt
(2) —expzlnz — 2 + / exp(2rt) — 1 ,
0
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cIpaBeJIIuBas B MpaBoil mosymiaockoct Re z > 0.

Kak okazasioch, popmysia Ciasuua (3) pacipocTpaHsieTcst Ha MHOXKECTBO
Rez > 0, z # 0, n ynoOHBIM MHCTPYMEHTOM TPH JTOKA3aTEIHCTBE TAKOTO
YTBEPXKJICHUS CIIyKUT Bocxofgmiee K Masnbmereny (1847 r.) mpescraBienue

+00

el — et N\ dt
F(Z) = exp / (ﬁ‘l—(z—l)e t) 7 ’

0

TaKKe CIPaBeIJIMBOC B 3aMKHYTOU TIPaBOil TOJYIIJIIOCKOCTUA C UCKIIOYCHHOM
toukoii z = 0 (mogpobrocTn cM. B [7]).
Pesysibrar (5) ecrb odeBnjiHOE caiejicrBre 6oJiee 0BIIMX OIEHOK

2 (272 — 1) By, o (VAL +1/2 (272 — 1) By,
n
k(2k — 1) 221 [(z+1) < (2k — 1) 2%

nokasatubix B [6] npu Becex x > 0 u M € N. D1u oueHku 03HA4AIOT, 4TO

byt VET(+1/2)
xl(x +
ln< Tt 1) ) =In (vz D())

npu = > (0 06BepTLIBACTCA PAIOM
— Qk —1) x% L

OcHOBBIBAsICH Ha HEJIABHUX pe3ynbTarax |6], [7], Mbr mokaspiBaeM, 110 1M0100-
HOE CBOHCTBO MMeer MecTo B yrue —7/4 < argz < w/4, z # 0.
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Kpurepuii dpyngamMmeHTasbHOTO IPUHINNA A4
MHBAPUAHTHBIX IIOIIIPOCTPAHCTB B

ITPOM3BOJILHOI BBIIIYKJIONH 00JiacTh!
O. A. KpusoiiieeBa (¥ da, Poccus)
kriolesya2006@yandex.ru

B pabore nzygarorcs moanpocTpancTBa PYHKIUN aHATUTHIECKIX B HEOTPAHUIEHHOM
BBIMTYKJION 00JIACTH KOMILIEKCHON TJIOCKOCTH W WHBAPUAHTHBIX OTHOCHTEIBLHO OIe-
paropa muddepennmposanns. Vcenenyercs 3amada GyHIAMEHTATEHOTO TPUHITAIIA —
MPEICTABIEHUS BCeX (DYHKINI M3 WHBAPUAHTHOIO TOAIMPOCTPAHCTBA PATAMU IKCIIO-
HEHITMATBHBIX MOHOMOB. DTH SKCIOHEHIHATbHBIE MOHOMBI SBJISIOTCS COOCTBEHHBIMU
¥ TIPUCOEIUHEHHBIMY (DYHKIIUIMHU orepaTopa qudhepeHnnpoBaHus B MHBAPUAHTHOM
noampocTpancTee. [Tomyden mpocToit reoMeTpudecKuii Kpurepuit pyHIaMeHTaTbHO-
ro npuniuna. Ou GOpMyIUPyeTCcs NI TPU MOMOIIM nHIeKca Koumencarwu A. C.
Kpusoreesa mocieqoBaTeibHOCTH MOKA3aTe el YKA3AHHBIX SKCIOHEHITHAIBHBIX MO-
HOMOB.

Kaouesvie c066: MHBAPUAHTHOE TOAIPOCTPAHCTBO, (PYHIAMEHTATBHBIN MTPUHITALI,
HKCITOHEHITNAJIHLHBIN MOHOM.

Baazodaprocmu: pabora BhioOJIHEHA IPU (DUHAHCOBOI mOAIepKKe KOHKypca "Modio-
nast maremarnka Poccun".

A criterion of the fundamental principle for
invariant subspaces in an arbitrary convex

domain’
O. A. Krivosheeva (Ufa, Russia)
kriolesya2006@yandex.ru

We study subspaces of functions analytic in an unbounded convex domain of the
complex plane and invariant with respect to the differentiation operator. The problem
of the fundamental principle — the representation of all functions from an invariant
subspace by a series of exponential monomials-is investigated. These exponential
monomials are eigenfunctions and associated functions of the differentiation operator
in the invariant subspace. A simple geometric criterion of the fundamental principle
is obtained. It is formulated only with the help of A. S. Krivosheev’s condensation
index of sequence of exponents of the specified exponential monomials.

Keywords: invariant subspace, fundamental principle, exponential monomial.

Acknowledgements: this work was supported in part by Young Russian Mathematics
award.

[Iycte A = { g, ng}il, — HOCTEIOBATENBLHOCTD PABIHTHBIX KOMILIEKC-
HBIX 4HCe]l A\ U WX KparHocreil ng. Cumraem, 4910 |A\i| He yObIBaer u

| Ai| = 00, kK — oo. Cumsosiom Z(A) 0603HAUUM MHOKECTBO HPEJIEJIOB CXO/1s1-
— (0.9]

. A
IMUXC MOCJAEJIOBATEJILHOCTEN BH/JIA, ﬁ ()\ — KOMILJIEKCHOE COIIPsAZKe-
7 .
Jj=1

nne). MuoxkecTBo Z(A) 3aMKHYTO U SIBJISETCSA HOJMHOKECTBOM €/THHATHOI
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okpyzxkuocTr S(0,1). BeemeMm cemeiicTBO 9KCIOHEHITHAIBHBIX MOHOMOB
E(N) = {2}t
k=1,n=0"
[Tycrs D C C — Boinykiasi 0b6s1acTh n

Hp(p) = supRe(2e7%), ¢ € [0, 27]
zeD

— ee onopHast pysKIws. [losoxxnm
J(D) = {e" € 5(0,1) : Hp(p) = +o0o}.

[Tycrs H(D) — upocrpancrso dyHKIuil anaurnieckux B obiacru D ¢
TOIOJIOTHEH PAaBHOMEPHO# cxo/uMocTy Ha KoMiakTax K C D, u W C H(D)
— HETPUBUAJIBLHOE 3aMKHYTOE IIOJIIPOCTPAHCTBO, KOTOPOE MHBAPUAHTHO OT-
HOCHUTEJIbHO omneparopa auddepeniupoanus. CIEKTp 3TOro omeparopa B
nojpocrpancree Wosisjisiercsi He 6oJiee 4eM CUETHBIM MHOXKECTBOM { Ay}
(1], o IL8T). Tlycrs A = {Ag, ngx} — KpaTHbIi ciekTp omeparopa audde-
pernmposanusi B nojgnpocrpancree W. Torga E(A) — cemeiicTBo ero cob-
CTBEHHBIX ¥ mpucoeunenubix Gyuknuii 8 W. Hepes W (A, D) 3ambikanue
(B mpocrpanctse H (D)) smuneitnoit obosoukn cucremnl E(A).

OcHOBHO} 3aja4eil B TeOPUM MHBAPUAHTHDBIX MOJIIPOCTPAHCTE SIBJISACTCS
npobJjema yHgaMenTagIbHoro npunimia. [osopsar, uro B W co cnekrpom A
crpaBeinB QyHIAMEHTAIbLHDI TPUHIUIL, €CJIu st J11000i Gyukinyun g € W
BEPHO IIPeJICTABJICHIE

oo,np—1

g(z) = Z dpn2"e™ 2z € D, (1)
k=1,n=0

IpUYEM psiJi CXOJNUTCS PABHOMEPHO Ha KOMIAKTax u3 D.

B pabore |2| npuBojuTes Kpurepuit byHIAMEHTAJIBHOTO MPUHITATIA JJIs
MHBAPUAHTHBLIX HOAIPOCTPAHCTB B IPOM3BOJLHON BBIIYKJIOH obsacTu mnpu
yeqosun =(A) C J(D). B nannoit pabore 9TOT pe3ysIbraT pacipoCTPaHIeTCs
Ha caydaii, korya Z(A) smexkur B 3ambikanun J(D) muoxkecrsa J (D). Orume-
THM, 9TO 9TOT CJIydail NIPUHIMINAIBLHO oTindaercs ot ciydas =(A) C J(D).
[Tonyden mpocToit reomeTpuyieckuii Kpurepuit pyHaMeHTaJ bHOTO TPUHITU-
114, KOTOPbI ONMPAETCs WL Ha, HOHATAE MHJIEKCA, KOHJICHCAIMH MOCIC0-
BATEJLHOCTH, COCTABJIAIONICH CIIEKTP MHBAPUAHTHOTO IOANPOCTPAHCTBA.

Cuiepyst [3], BBejIeM MHJIEKC KOHJIEHCAIIUK

. In|dik(O, 0 Z2—=Ap "
& AmEB M3 | Ak | Am#EN) m
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[Tonoxxum

Sa(¢) = min lim lim ngy( k(5) )|
{/\k(j)}5—>0j_>oo p‘k(y)'

)

rae ¢ € R u MunuMyM Geperca 1O BCeM NOIIOC/IEI0BATCILHOCTAM { Ag(j) }
nocJieloBaTebHoCT { A} TakuM, 9to Ay /| Ak — 7', j — o0.
[Tycts ¢ € R 1 a < +o00. [lonoxxum

I(a,p) = {z € C: Re(ze %) < a}.

Muoxecrso Il(a, @) siBisiercst nosymiockocrbio, Korjga a € R. Ecin a =
+00, to I1(a, p) = C. Ilycts D — HeorpanuveHHast BbITyKJiast 001acTh u D 7
[(a,p), ¢ € R, a < +oo. Torna 0J(D) = {1, e¥2} — npyxanemenTHoe
MHOYKECTBO.

Teopema. lycmo A = { g, ng}, D — swnykaaa obaacmo, u cucmema
E(N) ne noana ¢ H(D). Caedyrowgue ymeeporcdenus sk6UBAACHIMHDL:

1) Kaocdan dynryua g € W(A, D) npedcmasasemea padom (1),
Komopull crodumca pasHOMEPHO HA Kommaxmar u3 obaacmu Dy =

II(Hp(p1), o1) NIL(Hp(p2), p2);

2) Z(A) C J(D), dJ(D) C {e¥, e}, Sy > —oo and Sy(p) = 0,
p € dJ(D)\ J(D).
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O06ob111eHne HepaBeHCTBa Xapan — JIuTTiaByaa

OJIsl KJaccoB Xapan u cBoiicTBo Paty!
B. I. KporoB (Munck, Besapycs)
krotov@bsu.by

s byuxuuit u3 kaaccos Xapau HP(B™) B enuuugnom mape B® C C" uzyuaercs
3a/1a4a O CYLIECTBOBAHWM IIPEJIEJIOB MOYUTH BCIOLY HA T'PAHUIE TPH ITPOM3BOJIHHOM
noxo/jie To9ky z € B™ k Touke rpanuiipt (. JIjis 9TOro uCoabp30BaH BAPUAHT TOHATUS
Li-troukn Jlebera ¢ HEKOTOPBIM BECOM W.

Taxkoit oax0a JOMyCKaeT TakkKe abCTPAKTHYIO TPAKTOBKY Uit (DYHKIHI HA MTPOU3-
Begennu X X (0,7), rme X — npocTpancTBO € KBA3UMETPUKOW U MEpOii, yJOBJIe-
TBOPSIONIEH HEKOTOPOMY YCJIOBHIO pocTa. Jljisi peamm3anuy 3TOTO TLIAHA MOy I€HbI
0060011IeHrsT KJIACCUIeCKUX HEPABEHCTB Xapau—J/luTTiaByna fjs QYHKIWH 3 KIacCOB
Xapau, He UCTOIB3YIONNX CBOMCTB AHAJTUTUIHOCTH, TAPMOHUIHOCTH W T.II.

Kaouesnie caosa: mpocrpancTBa Xapau, cpoiictBo Pary, HepaBeHcTBa Xapiau-
JIutTnByna.

(Generalization of the Hardy — Littlewood
inequality for Hardy classes and the Fatou
property!

V. G. Krotov (Minsk, Belarus)
krotov@bsu.by

For functions from Hardy classes HP(B™) in the unit ball B® C C", we study the
problem of the existence of limits almost everywhere on the boundary for an arbitrary
approach of the point z inB™ to the point of the boundary (. For this, a version of
the concept of a LY -Lebesgue point with some weight w is used.

This approach also allows an abstract interpretation for functions on the product
X x (0,T), where X is a space with quasimetrics and a measure satisfying a certain
growth condition. To implement this plan, generalizations of the classical Hardy—
Littlewood inequalities are obtained for functions from the Hardy classes that do not
use the properties of analyticity, harmonicity, etc.

Keywords: Hardy Spaces, Fatou Property, Hardy—Littlewood Inequalities.

BBenenne

[Tycrs B™ — epuuuunbiii wap 8 C*, n > 1. Knace Xapuu HP(B"), p > 0,
cocrout u3 rojoMopdunx dyukmmii f : B" — C, 119 KOTOPBIX KOHEYHA
BeJINYMHA

1/p

Ly = 30 Wfll gl = | [l dot)
S

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

155



Bneco fr(z) = f(rz), 0 — moBepxHOCTHAs Mepa Ha rpanuie mapa S = 0B",
HOpMUpOBaHHast yciosueM o(S) = 1.

Oyukiuu u3 kiaaccop Xapaun HP(B"), p > 0, obnagator coiictBom Da-
Ty — OHM MMEIOT Tpejesbl JJs o-TodTH Beex Todek ( € S, Korja Touka
z € B" crpemures K ¢, ocraBasich BHyTPH HEKOTOPO# obsiactu. Onuiimem 510
cBOiicTBO HOJIEE IO POOHO.

Ha cdepe S mmeercst ecrecTBeHHasT KBA3UMETPUKA,

d((,€) =1 —(C,8)], ((.€) = Z@-Ej, (1)

rie ¢ = ((1, ..., Cn), €= (&,...,&) € C" (cm., nanpumep, |1, §5.1], [2, T
1, §4]).

C moMOIIBI0 KBA3UMETPUKH d BBOJIUM OOJACTH MOAXOJa K TpanuIe (J1o-
mycTumMbie obsactn Kopanbn)

D.(¢):={r¢:d((,{) <a(l—7r), 0<r<1,£€S}, (€8 (2

3nech u Berogty HiKe a > 0 — mm060e (hUKCHpoBaHHOE THCIIO.

C obsacrsiMu (2) ecrecTBEHHBIM OOPA30M CBsi3bIBaeTCs HOHsTUHE D ,-
npeena (cum., mampumep, |1, §5.4]). Kaxnaa byuxkmusa f € HP(B"), p > 0,
nouTH Beogy Ha S umeer D -nipejiest ipu kaxkjom a > 0 (cm., Hampumep, [1,
§5.6], [2, I'n. 3, §1|. Bymem obosnauars 9ToT mpejen (rpaHnvHyo GyHKIIO)
TaK:

Dq(C) — lim f = f*(C).

O6nacty (2) B 3TOM yTBEPKJICHUH SIBJSAIOTCS ONTUMAJILHBIMA U HE MOTYT
ObITH CyIIECTBEHHO pacmupenbl. Hanpumep, HETpyjIHO 1OKa3aTh, 4TO JIs
moboit yoeiBatoreit dyukiun A : (0,1] — [1,400), A(+0) = +oo cyre-
cryer Gyukuus f € HP(B™), p > 0, jjist KOTOPO#i 1pe/iest BJiojib obsiacreit

{rn:d((,n) < Al—r)(1—-r), 0<r<1, nes}

He CYLIECTBYET JIjisI 0-1109Th Beex ( € 5.

1 CsoiictBo Paty

3/1eChb MBI TPUBEJIEM HEKOTOPBIE PE3yJIbTaThl O TPAHUYHOM MOBEJCHUH (DyHK-
Uil U3 KjaccoB Xapjiy Jiisd ciydas, Korja Touka z € B™ crpemurcs K (
IIPOM3BOJILHBIM 00pa3oM. KoHeuHo, 00 0OBIMHOM IIpejiesie peun yKe He MO-
JKeT ObITh U MbI OyjieM HMCIO0JIb30BaTh BapuanT nousTtus Li-rouxnu Jlebera c
BECOM W.
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BBesiem cemeiicTBO Mep V,, a > 0, Ha B": I n3MepUMOro MHOYKECTBA
A C B" nonoxum

04/1 L—r)* 1/XA(S€)du(€)d8

(x4 — xapakrepucrudeckas (byHKIHUS MHOXKeCTBa A).
st Touku ¢ € S u 0 < r,h < 1 onpenesum 0o0JIACTU IOX0JIa K TOUKE

ces
D(¢,r h):={s€ € B":d((,{) < h, 1l —r <s<1}.

DToMy cemeiicTBY 0bJIacTeif COOTBETCTBYET MaKCUMAJIbHBINA OepaTop
1/q

1
M2f(C) ;= sup (DT ) / | f|%dv, 0<rh<l1y,
D(Crh)

rie ¢ € S.
Hasee samucy A < B ozaadaer, uro A < ¢B Ji/isI HEKOTOPO#i TOCTOSHHOI
¢ > 0, 3aBUCSIIIIEH, BOSMOXKHO, OT HEKOTOPbIX [1apaMeTPOB.

Teopema 1. I[Tycms 0 < p < g < 00, a :=n(q/p—1). Tozda dasa aoboti
dynryuu f € HP(B™) daa ecex A > 0 cnpasedauso nepasencmeo

otqar >3 5 (W)

(S me sasucum om f u \).

I3 Teopembl 1 craHIapTHBIM CIIOCOOOM BBIBOJIMTCS CJIEJIYIONIEE YTBEPIK J1e-
HUE O CXOJAUMOCTHU O-TIOUYTH BCIOJLY.

Teopema 2. [Tycmv 0 < p < g < 00, a:=n(q/p—1). Tozda das aobot
Pynryuu f € HP(B™) daa o-nowmu eécex ( € S cnpasedauso coommowenue

| 1 * -
D) / f = P Q) dva = 0.

D(C,r;h)

Teopembl 1 u 2 crpaBejiuBbl TaKXKe IPU ¢ = P — TOIJIa, MOXKHO B3SITh
moboe a > 0. OHako B TakoM ciydae B3dATh o = () yKe Heb3sd, TaK Kak
ngtst ii000i dyukiws f € HP(B™), otinaHoit 0T TOXKAecTBeHHOrO HYJIs, | f|P
He MOXKeT OBITh CyMMHupyeMoit Ha B" 1o Mepe 1.
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2 Ob600menne HepaBeHCTB Xapau—J/lurTiaByaa

I[Ipu jokazaresbeTBe TEOPEMbI 1 HCIOMB30BAJIUCH CIIEJYIONINE HEPABEHCTBA
st bynknuit n3 kiracco Xapau HP(B™).

Teopema 3. ITycmv 0 < p < q < 00, p < [, mozda das 110600 Gynryuu
f € HP(B"), sunoanenv. HepaseHcmsa

OIS @ =D fll g, 2 € B,

1/q

[15601as(c)) S @=n D, o< <,
S

) l/q 1/1
/ (1= pyrt/o-1/0-1 / FEOPdoQ) | dr | S 1
0 S

B onnoMepHOM ciyuae TeopeMa 3 Oblia goKaszaHa Xapjau u JIUTTaByI0M
3], @aerr [4] man aus mee apyroe gokasaresnncrso, a Mutdaent u Xan [5]
[IEPEHEC/IN €€ YTBEPXK/IeHUe Ha MHOIOMEPHBII CJrydail.

[asee Mbl TpUBEJIeM Pe3yJIbTaT, KOTOPbBI 0000maeT TeopeMy 3 B JABYX
HarnpasJieHnsix. C oJ{HOI CTOPOHBI, €€ YTBEPXKJIEHNE OCTACTCST CITPABEIJINBLIM
nuist 1060t HenpepbiBHO (1 1ayke uamepumoit) dyukiwu f @ B" — C, ecin
B TpaBbIX qactax nepasencts (4)—(6) nopmy |||y, samennrs na [Ny fl|,,
rJie

Nof(§) :=sup{[f(2)| : z € Du(Q)}, C€5 —

MaKCcHMaJibHas (DYHKIWsI, COOTBeTCTBYyIOMas obactam (2). KpasuHopMmbI
[Nofll, v If|lg» oKBUBaNEHTHBI ¢ TOCTOSHHBIME SKBUBAJICHTHOCTH, 3aBU-
CSIIUME TOJIBKO OT 1, p U a (cM., Hampumep, |1, §5.6]).

C apyroii croponbl, equandnas chepa S = dB" C C" byumer 3amere-
Ha Ha BecbMa OOINii 00BLEKT — IPOCTPAHCTBO ¢ KBa3UMETPUKOW U Mepoii,
YIOBJIETBOPSIIOINIEH HEKOTOPOMY YCJIOBHWIO POCTa, TPW 3TOM pOJh mapa B”
OyJjler UrparTh HPOU3BEJEHUE ITOrO HPoCTpaHcTBa Ha unrepsaJ. [lepeitiem K
TOYHBIM (DOPMYTHPOBKAM.

[Iycts X — J10KaJIbHO KOMITAKTHOE Xayc10pOBO IPOCTPAHCTBO, TOIOJIO-
I'isi KOTOPOI'o TIOPOXKJIeHa KBazuMeTpukoii d, T.e. pyukmus d : X X X — R,
YJIOBJIETBOPSIET BCEM aKCHOMaM METPHUKH, TPUYeM HEPABEHCTBO TPEYTOJIbHMI-
Ka 3aMeHsieTcss Oojiee crabbIM YCIOBHEM: CYIIECTBYET TaKOoe UHUCIO ag > 1,
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4TO JJIs BCeX T, Y, 2 € X BBIIIOJHEHO HEPaBEHCTBO
d(l’, y) < ad[d(xa Z) + d(za y)]

[Tpumep kBazumerpuku — (1).
Kpazumerpuka d mOpoXKaaeT ceMeiicTBO MapoB

B(z,r) ={ye X :d(z,y) <r}, z€X,r>0

u Torojioruio X. Ilycrs eme X cnabkeno ODOpesieBCKON Mepoii fi.
Pacemorpum npoussesenne X == X x I, rye [ = (0,7), 0 < T < +o0.
Hns a > 0 u Kaxkoit Touku x € X oupejeauM o01acTu

D.(z) :={(y,t) € X : d(x,y) < at}.

C nomopio 91ux obaacreil BBoguTcst Dy-1pejies u MakCuMaJibHast (PyHKIIs

Nou(a) = supfu(y, B)] (4, ) € Da(w)}.

Hanee mist p > 0 BBejiem kKiaccl HP (X)), cocrosiiime n3 HENpPepbIBHBIX
dbyuxmmit v : X — R, 11 KOTOPBIX KOHEYHA BeJIUYNHA, H./\/'auHLp(X). Bnep-

Bble OHM paccmarpuBauch B [6] B ciyuae X = R" u B 7] obuiem ciydae.

Teopema 4. IIycmv npu nexomopom n > 0 mepa i ydosaemaeopsaem
YCAOBUIO

S uBlx,r), veX, rel, (3)

(< me sasucum om x u ). IIyemo ewe 0 < p < qg<oo up<lL.
Tozda das a0bol dynkyuu u € HP(X) cnpasedaiusor nepasencmaea

[u(z, )] S INaull oy, © € X, (4)

1/q

/ u(w Oltdp(z) | S Nl tET, (5)

T l/q U
[ ey /Wxtwmt> at| <INl (6)
S NVl a(x) -

0

Hepagencrso (4) u3 reopempr 4 yxe ormedasnoch B [6] B ciyuae X =
R"™ cm rakske [8]. Kpome Toro, wepasencrso (5) nosydaercst us (4) Becbma
nipocto. CyIecTBeHHO HOBBIM sIBJIsIETCsT HepaBeHCTBO (6) B Takoit obuHOCTH.
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[Ipumep npumenenns TeopeMbr 4: X = R" ¢ eBKJINIOBBIM PacCTOSTHUEM U
mepoit Jlebera. st unrerpasos Ilyaccona u I'aycca—Beiiepiirpacca dpyHk-
nmit u3 LP(R"™), p > 1, wepasencrsa u3 teopembl 4 nokazansl B |4]. B [4]
MPUBOJIATCST TAKXKe TaKwWe HepaBeHCTBa st (DYHKIWI, HEKOTOpas CTENeHb
KOTOPBIX CyOrapMOHWYHA.

Teopema 1 Tak:ke nepeHocuTcs Ha 00ILy0 cuTyanuto. Jjasg sroro Ham
1OHAI0OUTCs YCJIOBUE YJIBOCHMS:

w(B(x,2r)) < w(B(x,r)), e X,r>0

(S me 3aBucut or x u r). Bynem npesnosaraTh 3TO yCJIOBHE BBIIOJIHEHHBIM
Beiofy Huke. OTMETHM, 9TO B Cjlydae orpaHudeHHoro X 1pu yCJIOBUM YjiBO-
eHHsl CyIecTByeT Takoe n > 0, Jyis KOTOPOro BBIMIOJHEHO (3).

Teopema 5. IIycmv npu nexomopom n > 0 ewnoaneno yceaosue (3),
0<p<qg<oo, a:=n(q/p—1). Toeda daa mobot dynxyuu f € HP(X)
das ecex A > 0 cnpasedauso nepaserncmeo

q

HNauHLP(X)

plMiu > A < [

(< me sasucum om u u A).
B Teopeme 5 ucnonb3oBaHbl caeyonue 0003HAUCHHS:

1/q

1

4 = 1y, : t,h<1

Mlu(z) := sup D) / lul!dy, 0<t,h<ly,,
D(x,t,h)

rue

T
Va(A) := Oz/ta_lfo(y,t) du(y)dt, ACX, a>0,
0 X

D(x,t,h) :={(y,s) € X :d(z,y) <h, 0<s<t}, ze€X, 0<t,h<T.

OrmeTum, 9TO yTBEPKIeHUsT TeopeM 4 u 5 COXPaHSIOT CUJIYy, €CJIU B OIIPe-
nenennn KiaaccoB HP(X') HenmpepblBHOCTD (DYHKIMH 3aMEHUTH HA H3MEPH-
MOCTb.

B zak/roueHne ocTaHOBUMCs Ha 0OOOIEHUU TeOPEeMbI 2.

[Tycrn Hy(X) — sampikanne 1o ksasunopme [[Nyul| () k1acca nenpe-
poiBEbIX B X X [0,7) dyHKnuii ¢ KOMIAKTHBIM HOcuTeseM. HerpyaHo mo-
Ka3aTh, 94TO i Kaxkoi dbynakuun u € HH(X) ana p-nourn Beex € X
cymmecrByer N, -tipejiest, KoTopbiit Mbl o6ozuaunm u*(z) [7].
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Teopema 6. IIycmv npu nexomopom n > 0 ewnoaneno yceaosue (3),
0<p<gqg<oo, a:=n(qg/p—1). Toeda dan mobot Pynryuu f € Hy(X)
oad p-noumu écex x € X cnpacedauco coommouenue

1

I ()| 'dve = 0.
£hs0 Vo (D(x,t, h)) / fu = u(@)['dve =0
D(x,t,h)
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YIK 517.5

YHacrTablil ciiydaii MOCTpoeHnusd »KeCTKNX

dpeiiMOB B ITPON3BOJILHOI HYJILMEPHOH Ipynne!
FO. C. Kpycc (Capatos, Poccus)
KrussUS@gmail.com
B pabore mpuBoauTCS 9ACTHBIN CIy<ail TOCTPOEHHUsT XKECTKUX (PPeiiMOB B TPONU3BOJIb-
HOI HYJIbMEPHOIl IPyIITe 1Mo N3BECTHON MacHuITabupyioreit byHKINH.
Kaoueswie caosa: Betiier bpeiiMbl, HyJIbMePHbIE TPYIIILL, P-aIAIECKHe IUCTIA.

Baazodaprocmu: UCCIEIOBAHUE BBITIOJIHEHO 3a CYET I'paHTa POCCHICKOro HaydHOro
dbonma Ne 22-21-00037, https://rscf.ru/project/22-21-00037/.

Special case of construction tight wavelet

frames in arbitrary zerodimensional gruop:
I. S. Kruss (Saratov, Russia)
KrussUS@gmail.com
In this work we consider some special case of construction tight wavelet frames in
arbitrary zerodimensional gruop from a known scaling function.
Keywords: tight wavelet frame, zero-dimensional group, p-adic numbers.

Acknowledgements: this work was supported by the Russian Science Foundation Ne
22-21-00037, https://rscf.ru/project/22-21-00037 /.

[Iyctn (G, +) — JIOKaQJIbHO-KOMIIAKTHAasA HyJIbMepHasd aJATUBHAs TOIOJOTU-
qecKas TPyIa, TOMOJIOrud B KOTOPOX 3a/[aHa CYETHON CUCTEMON BJIOKEHHBIX
HOﬂprnH..DGnD DG1DGODG13G23...DGHD...Ta—

KX, YTO U G, =G, ﬂ G, = {0} (0 — nyneoii snement rpymibl G),
(G \Gpy1)® = p, tie p — npocroe uncio. g, € G,\G, 11 — 6asucuag 1o-

cJIeJIOBATENIbHOCTD. [1pu Kax oM n € Z Boibupaem sement g, € G, \ G
u durcupyem ero. Torma y000it sementT r € (G OJHO3ZHAYHO HPEJCTABAM

+00 .
B BUJIE T = Y. GpGn, @&, = 0,p — 1. Omeparop pacrsokenus A: G — G
n=—00
+00
3aJ1aeTcsd paBeHCTBOM Ax := > anGn_1.
n=—00

IIycts X — coBOKymHOCTH XapakTepoB Ipymmbl (G, KOTOpas SBJISETCH
I'PYIINOi OTHOCUTEIbHO yMHOXKeHust. O003HaIuM 4epes G# — QHHYJAATOP

rpynnsl Gy, T.e. G = {x € X :Vx € G, (x,x) = 1}.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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O6oszuatum depe3 Dy (G_n) MHOXKECTBO cTymeHYarThix (QyHKIWA f €
Lo(G) rakux, garo supp f C G_y u [ TOCTOsiHHA Ha MHOXKECTBAX
puga Gart+g. dna Takux yHKIHMH MacHITabUpyIolee ypaBHEHHe HMe-
er Bun p(x) = p Y, Bup(Az—h), tne HSN) =1{h € G : h =

heH{N Y
a-19-1+ta_sg9-o+...4+a_yg-n, a; =0,p—1}, N € N.

B uacrorHoii (popme Maciirabupyioiiee ypaBHEHHE MOXKHO 3allMcaTb B
Brze: $(x) = mo(x)p(xA™).

Ecim cnurn (p(x—h))pen, HE OPTOTOHAIBHBI, TO OyJeM CTPOUTH QYyHK-
nnn y(2) Tak, 9Tobb! s m0b0it f € Loy(G)

F@) =33 (el A" Zh))( A"z h).

/=1 neZ heH,

B srom ciyuae adgdunnag cucrema 1y ( A"z —h) nazpibaerca gpeiivom [Tap-
ceBaJist UJIM XKECTKUM BelBJieT ppeiimoMm.

Teopema 1. ITycmv GLy xo (0 = 1,q — 1) cmevicnvie kaacco, oaq xo-
mopvix mo(Gyxe) = 0 u ¢(GLyxeA™!) # 0. Onpedeaum macku my u
6eli6ACMbL 1y PAGEHCTEAMU

mi(X) = Lo, (0) (€ =T0—=1), e(x) = me(x)p(xA ™).

Toeda setisaemuv, () (0 = 1,q — 1) nopoorcdarom ocecmmud gpetim.
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SKCTpeMaJ'IbHBIe 3ala4d1 Ha KJaCCaX

TroJIOMOP(HBIX 0TOOpakeHnit Kpyra B ceds!
O. C. KynpssueBa (Boarorpasa, Poccus),
A. II. CosionoB (Mocksa, Poccus)
kudryavceva os@mail.ru, apsolodov@mail.ru

Haiinersr Tounbe 00/1aCTH OHOJIUCTHOCTH ¥ OOPATUMOCTH HA KJIACCAX TOJOMOPMHBIX
oTo0paXKkKeHuil eIMHUIHOTO KPpyra B cebsi C BHYTPEHHEH U IPAHUYHON HEITOIBUKHBIMU
TOYKAMU W YCJIOBUEM HAa YTJOBYIO MTPOM3BOIHYIO B TPAHWYHON HEMOJIBUKHOIN TOYKe.

Kaouesnie crosa: TomoMopdHOE OTOOparKeHNe, HEMOABUKHBIE TOYKH, YIJIOBAS MPO-
W3BOIHASI, IKCTPEMAJIbLHBIE 331a9N.
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Extremal problems on classes of holomorphic

self-maps of a disc!
O. S. Kudryavtseva (Volgograd, Russia),
A. P. Solodov (Moscow, Russia)
kudryavceva os@mail.ru, apsolodov@mail.ru

Sharp domains of univalence and invertibility on classes of holomorphic self-maps of
the unit disc with an interior and a boundary fixed points, with a restriction on the
value of the angular derivative at the boundary fixed point are found.
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B pabotre uzydaroTcs 3a/iaqu OUCKa, 00JIacTeil OJHOJTUCTHOCTHA U 0O0OpaTH-
MOCTH Ha, KJIaCCaX roJoMOP(MQ HBIX 0TOOParkeHuit Kpyra B ceOsi.

PaccmarpuBast Kyiacc orpaHnIeHHbIX (DUKCUPOBAHHON MOCTOSTHHON T0JIO-
MOP(MHBIX 0TOOpaXkKeHuit f eMHUIHOrO Kpyra ¢ IeHTPOM B HyJie C BHYTPEH-
Heil HenojBMKHO Toukoit z = 0 u Takux, uro f'(0) = 1, Jlangay [1] ycrano-
BIJI CYIIECTBOBAHUE €JIMHOINO KPYTa, OJHOJUCTHOCTHA HA 9TOM KJIACCE U TOYHO
BBIUKCJIII €ro pajuyc. Kpome Toro, on oOHapyKuJI CyIeCTBOBaHUE KPYTa,
B KOTOPOM BCe (DYHKITMHU U3 yKA3aHHOTO KJACCa O0PATUMbBI, TOTHO BbIYHUCJINB
1 €ro PaJinyc.

['opsiinos [2], n3yvag BJMAHUE YIJIOBO IPOU3BOAHON Ha IMOBEJICHUE
GyHKIIMU BHYTPU KPYTa, BbIJEIUI 00JaCTh OJIHOJUCTHOCTH Ha, KJIACCe T'0JIO-
MOP(MHBIX PYHKIHH f, 0TOOparkafommux eIMHUIHBIIH KPYT ¢ IEHTPOM B HyJIE B

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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cebst, co cpoiictBamu f(0) =0, f(1) =1 u f'(1) < a. Bonpoc o naxoxeHnu
HEYJIydIaeMbIX 00J1acTell OJIHOJIMCTHOCTH OCTABAJICH OTKPbITHIM.

B nacrosieit pabore pelieHbl 3aJiaud IOMCKa TOYHBIX 00JiacTeil OHO-
JINCTHOCTHU U 0OPATMMOCTH Ha KJiaccax roJoMOPQHBIX OTODparkeHui Kpyra, B
cebsI ¢ BHYTpeHHEeH U TPaHUTHON HEMOABUXKHBIMU TOUKAMU U OTpaHUYICHUEM
Ha 3HavYeHue yIraoBOil MPOU3BOHON B I'PAHUYIHON HEIO/IBUKHOI TOYKE.

Teopema 1. [Iycmov o € (1,4]. Ecau [ — conomoppran pynryua, omoo-
PAAHCAIOWAH COUHUNHDIT KPY2 C UEHMPOM 68 HYAE 68 CEOA U YOOBAELTNEOPAIOUL LA
yeaosuam f(0) =0, f(1) =1 u f'(1) < a (8 cmuicae yea06020 npedena,),
mozda | odnosucmua 6 obaacmu

|1 — 2z + |2]?] _ 1
1 —|2|? Va—1

Kaxosa 6w, mu 6viaa obracmv %, codepocautanca 6 eQUHUNHOM KpYy2e ¢
uenmpom 6 wyse, D C U, U #+ P, natidemca 2oromopprasn dynruyus f,
0mobpascarowan eQUHUNHYIT KPY2 ¢ UEHMPOM 6 HYAE 6 ceba, CO C80TCTNEaAMU
f(0)=0, f(1) =1 u f'(1) < a, ne odnosucmuan 6 obaacmu % .

Teopema 2. [Tycmov o € (1,2). Ecau [ — 2onomopdnan pymruyus, omob-
PAACANOUWAA COUNUNHDBLIT KPY2 C UEHMPOM 6 HYAE 6 CeOA U YIOBACMEOPAIOULAA
yeaosuam f(0) =0, f(1) =1 u f'(1) < a (8 cmuicae yea06020 npedena),
mozda cywecmsyem Gynryua, oopamman x f u KondopmHo 0mobpastcarowa

obaacms |1 ‘
—w Q
Y =<welC:|lw <1 u <
{ [w] 1 — |w] 2\/04—1}

na wexomopyto obaacms X, codepircawytocs 6 eOUHUNHOM KPY2e ¢ UeHMPOM
6 Hiyne.

Kaxosa 0w nu 6viaa obaacmov V', codepoicausaics 6 eOUHUNHOM Kpy2e ¢
uenmpom 6 wyare, & C V', V # X, waiidemea 2oromoppran dynruyua f,
omobpasicarowas eQununbLll Kpye ¢ yenmpom 6 nyae 6 cebs, co ceolicmeamu
f(0)=0, f(1) =1 u f'(1) < «, ne umerowas obpammnots 6 obaacmu ¥ .

P =352€C:lz] <1 u
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In this work, we study an inverse spectral problem for quadratic pencils of Sturm-—
Liouville operators with singular coefficients and entire functions in the boundary
conditions. It is proved that a part of the spectrum is sufficient for recovering the

pencil if this part generates a complete functional system. As well, we apply the
obtained results to studying a partial inverse problem.
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Acknowledgements: this work was supported by the Russian Science Foundation
(project No. 21-71-10001).
Introduction

We study an inverse spectral problem of recovering the coefficients in the
quadratic pencil

—y" + q(z)y + 2\p(x)y = z € (0,m), (1)

where p € Ly(0,7) and ¢ € W, (0, 7). The latter means ¢ = o’ in the sense
of distributions for some o € L2(0,7r). In the case of singular coefficients,

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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inverse spectral problems of recovering the quadratic pencils were studied
in the works [1,2]. We rewrite and study equation (1) in the form with
quasiderivative yl!l := ¢/ — oy, as it was done in [1,2].

We consider the following boundary conditions:

y(0) =0, ANYI(T) + f(Ny(r) =0, (2)

where fi1(A) and f3(\) are known entire functions. The reason for using
conditions (2) is that they allow to unify studying partial inverse problems.
In [3], it was shown that partial inverse problems for Sturm-Liouville
operators of various classes reduce to recovering their potentials by
subspectra of the boundary value problems with conditions (2).

Our aim is to study the inverse problem of recovering the pencil (1) with
the boundary conditions (2) by a subspectrum {\,},>1 and some number
giving information on p :

Inverse problem 1. Given {\,},>1 and (wymod 1), recover the
coefficients p and gq.

Here, we apply the technique developed in [3] to studying this inverse
problem. We find the conditions on a part of the spectrum under which
Inverse Problem 1 has a unique solution. These conditions include the
completeness of certain functional sequences. Under them, we obtain a
uniqueness theorem for Inverse Problem 1. Then, we provide an example
of the partial inverse problem to which these results are applicable.

Preliminaries

Let S(z,\) be the solution of equation (1) satisfying the initial conditions
S(0,A) =0, SM(0,\) = 1. The following representations hold, see [2]:

S(m\) = Sm(i —wo) % / KC(t) exp(iXt) dt,

SH(r,N) = cos (A — wy) + /W N (t) exp(iAt) dt,

(3)

where wy = }Tfoﬂp(s) ds and IC,N € Lo(—m, ). As the piece of the input

data for Inverse Problem 1, we take the fractional part (wy mod 1) of wy.
First, we note that a number A is an eigenvalue of the boundary value

problem (1), (2) if and only if it is a zero of the characteristic function

A = fLN)SM (7, A) + fo(N)S(, A). (4)

Consider a sequence { A }r>1 such that A(A\z) = 0 and each \j, occurs in the
sequence not more times than its multiplicity as zero of A(\). We call such
sequence {A;}r>1 a subspectrum.
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Put A\g := 0 and introduce the notations
Sx={n>0: N\, # X\, VE:0<Ek<n}, my,=#{k>0: s =\ }
We assume that equal numbers in the sequence {\j}xr>o follow each other:
A= Aps1 = . = Augmy -1, T ES).
Consider the Hilbert space of complex-valued vector-functions
H = Lo(—7,7) & Lo(—7, 7).

For g = [g1, g2] and h = [hq, hs], the scalar product and the norm in H are
given by the formulae

(0. = [ "GO () + g ha(t)] dt, Bl = R,

In particular, we have u(t) := [N (¢),K(t)] € H.
Let us introduce the notations

v(t, \) = [AfiNe(t, A), fa(Ne(t, N)], e(x,N) = exp(ilx).

For n € Sy and v = 0, m, ,, — 1, we denote

F70) (2)

(t) U<V>(t7 )\n)7 n—+v> O, 1 d‘]
Unty - = 05 . .
[0, 1], n=v=0_0, gldz 2=\

Results

Let L(p, q) be the boundary value problem (1), (2) with arbitrary coefficients
p € Ly(0,7) and ¢ € W, (0, 7). Along with L(p, q), we consider another
problem L(p,§) of the same form but with other coefficients p € Lo(0, )
and ¢ € W;l(o,ﬂ'). Let us agree that, if a symbol a denotes an object
related to p and ¢, then the symbol a with tilde will denote the analogous
object related to p and q.

Theorem 1. Suppose that the sequence {v,}22, constructed by {\,}>>,
satisfies the following condition:
(C) The sequence {vg}72, is complete in H.
Then, the equalities {\,}22, = {\,}22, and (wy mod 1) = (& mod 1) yield
P=D,q=q

The proof is based on obtaining explicit formulae for the coefficients
(u,vr)y after substituting (3) into (4). Then, we determine the functions
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N and K uniquely and reduce Inverse Problem 1 to the inverse problem
studied in |2].

In some cases, condition (C) is more difficult to verify than two
independent conditions imposed on the subspectrum and the pair of the
entire functions in (2). The following theorem contains such conditions.

Theorem 2. Under the following two assumptions, (C) is fulfilled:
(S) For n € N, the functions fi(\) and fo(\) do not vanish simultaneously
m A,
(C2) The functional sequence {e~""(t, \n)},cs,.
Lo(—2m, 2m).

Consider the boundary value problem

v=0m =T s complete in

—y" +q(z)y + 2\p(x)y = Ny, =z € (0,27), (5)

y(0) = y(2m) = 0, (6)
where p € Ly(0,27) and ¢ € W, (0,27). The eigenvalues {u,}rez, of the
boundary value problem (5), (6) satisfy the asymptotics

k 1 27
Ui = =+ — p(t) dt + s, {%k}kEZo € ls.

2 27 )

We assume that the coefficients p and ¢ are known on (7,27). In [4],
in the regular case p € W3 (0,27) and ¢ € Ly(0,27), the following inverse
problem was studied:

Inverse Problem 2. Given {ug}rez, along with p and ¢ on (7,27),
recover the coefficients p and ¢ on the interval (0, 7).

For this inverse problem, a uniqueness theorem was obtained, see [4,
Theorem 2]|. By reducing Inverse Problem 2 to Inverse Problem 1, we

generalize the mentioned result to the case when p € Ly(0,27) and g €
Wy (0, 27).
Let us introduce the solution ¢(x, \) of (5) satisfying the initial conditions

p(2m \) =0, 2T N =1.
A number A is an eigenvalue of (5), (6) if and only if
o, NS (m, \) = SH (7, Np(m, \) = 0.

It is clear that o(m, A) and o!!(7, \) are known entire functions. Then, the
eigenvalues {py}rez, of (5), (6) coincide with the eigenvalues of (1), (2),
where we put fi(A) = (7, A) and fo(\) = @M(7, \). This fact and the

previous results allow us to obtain a uniqueness theorem.
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Theorem 3. Let ¢ = § in Wy (m,27), p = P in Lo(m,27), and
{1 kez, = {ik twez,- Then, the identities q = ¢ and p = p hold on (0, 27).
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The mixed problem for wave equation with a summable potential and zero initial
position, containing no derivatives in one of its boundary conditions, is studied. The

properties of its formal solution by Fourier method, depending on smoothness of initial
velocity, are established.
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BBenenune

Paccem AaTPpHUBa€TCsA CMEIIaHHasAd 3aJlavda

TUL) 0D ywyuen), we 0., te Do), (1)

U(%,O) =0, u;(x70> = 1/)($)7 (2)
u, (0,t) + ful(1,t) + aqu(0,t) + Sru(1,t) = au(0,t) + u(1,t) =0,  (3)

rie q(x) € L[0, 1], q(z) u ¥(x) - KommiekcHosuadubie byaknun, o, 3, a1, [
- KOMILJICKCHBIC YHCJIA.

K samaue (1) - (3) mo merony @ypoe npusiekaercs omeparop HItypma-
Juysuns L : Ly = —y"+q(x)y ¢ perynsipabivu nipu 1+a # 0 rpanudsbiMu
YCJIOBUAAMU

y'(0) + By’ (1) + a1y(0) + Biy(1) = ay(0) + y(1) = 0,

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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KOTODPBIl OXBaTbIBAET BCE JIMHEHHBIC JBYXTOYCUYHBbIC PA3HOMOPSJIKOBBIE I'pa-
HU4IHBbIE yeaoBust. OH BBIIEJISIETCS TE€M, 9TO B CHJIY aCUMITOTHIECKUX (DOp-
MYJT €r0 COOCTBEHHBIX 3HAUCHM

Mo =Py A= py (A=, Rep 2 0),
pn =2nm + by +0o(1), p, = 2n7 + by + o(1), (4)

TOJIbKO B HeM 1pu by = by BO3MOXKHO Haju4re OECKOHEIHOI'O MHOXKEe-
CTBa KPaTHBIX COOCTBEHHBIX 3HAUEHUN ¥ UM COOTBETCTBYIOIIUX COOCTBEHHBIX
bynkmuit. Oaun 13 Takux HarboJee TPYIHBIX CIYyYaeB U PACCMATPUBACTCSI
B CTAThe.

Cumraem, aro B 3ajade (1)-(3) o = 0, f = —1, re. B panbueiimem
paccMaTpUBaETCs Takasl 3a/1a49a,

O*u(x,t)  u(x,t)

at2 6:62 _ Q(x)u(xvt)a (5)
U(SE,O) =0, u;(xvo) = w(x)a (6)
ul (0,t) — ul,(1,%) + a1(0,t) + Bru(l,t) =0, u(1,t) = 0. (7)

Nccnepopanue mpooguTcs MeTojoM Pypbe ¢ HOMOIIbIO PE30JbBEHTHO-
ro noaxona n ugaen A.H. Kpwutosa 06 yckopenun cxompumoctn psigoB Oypre.
Takoit mogxoz B [1| mus 3amaun (1), (3) ¢ Havanbabivu yeaoBusMu u(x, 0) =
o(z), uy(z,0) = 0 MO3BOJMI TMOJYIUTH KJIACCHIECKOE Derenne 0e3 3aBbi-
menust riajikoctn @(x); u ¢ npusiedennem teopem Kapiecona n Xanra o
CXOJIMMOCTH TPUTOHOMETpHIECKUX psajioB Pypbe moutn Bewojy (I1.B.) MOKa-
3aTh, 4TO (POpMaIbHOE pelenne cxoauTes 1.8. st o(x) € L,[0,1], p > 1,
a ero CyMMa, siBJISIeTCsl 0OOOIEHHBIM pelleHreM. AHAJOMMYHbIE Pe3yIbTaThl
st 3agaau (1), (2) ¢ rpasmanbivu yeaousimu u(0,t) = u(1,t) = 0 wim
ul(0,t) + cqu(0,t) + Sru(l,t) = ul(1,t) + aou(0,t) + Sou(l,t) = 0 nomyue-
uol B (2], [3].

Mbl noJiyuum KJiaccudeckoe pernenue 3ajaqdu (5)-(2) upu yciosuu, 4ro
Y(z) abcomorno nenpepwiBaa u Y'(x) € L,[0,1], 1 < p < 2. A Takxke
nokaxkem, 4ro B ciaydae Y (x) € L[0, 1] psij popMaiibHOrO perienusi CxojauTest
pasaomepro tipu = € [0,1], ¢ € [0,T] u aBisgercss 06OOIEHHBIM PEIIeHEEM,
a ecom Y(x) € L,0,1], 1 < p < 2, 1o 0000IIEHHOE pelleHre sIBJISETC
SHAYUTEJLHO OoJIee IIajKuM.

Kiaccudeckoe penienne.

Bepem (x) takyio, uro (1) = 0 u jyist mpocToThl canTaeMm, 9o P(x) €
W3[0, 1]. Oneparop Itypma-JInysuns numeer Bu

Ly = —y" + q(x)y, ¥'(0) — 4/ (1) + a1y(0) + Bry(1) = y(1) = 0.
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Jist ero coOCTBeHHBIX 3HAUCHNUIT cripaBe[iuBbl hopMyItbl (4), Tae by = bo,
T.e. Ay = p2, N = p? pp = 2nm+b+o0(1), pl, = 2nm +b+0(1). Oboznaunm
Tn = 1{p| |p—2n7| = 6}, tne 6 > 0 u gocTaToOUHO MAJIO, & N = Ny U Ny TAKOBO,
qTO TP T > Mo BHYTPH 7, HAXOJSATCS 10 OJJHOMY pp, U pl, (KOTOpbIe MOTYT
u coBmajaTh). Ilycts v, - 06pas 4, B A - miockoctu (A = p?, Rep > 0).
Dopwmaspioe perrenue 3aja4n (5)-(2) Gepem B Bujie

sinpt
ule,t) = - / S | (R pd)\

nZ=ng

rje r > 0 TakoBO, UTO BHYTPH || = r HAXOAATCS BCe COOCTBEHHbIE 3HAYCHUST
Ap 1AL utst korphix n < ng, Ry = (L — AE)™! - pesosbsenta oneparopa L.

Mpesicrasum () B Buge Y(z) = i(x) + a(x), me ¢y (x) € Wy[0,1],
¥1(0) = ¥1(1) = 0, ¢o(x) € C?[0,1], ¢»(x) € D (obnacth onpejesenust

oneparopa L). @opmasibHOE pellieHre MpejICTaBUM TaK

1 sin t
up(,1) = —5— / +y / (Rathy — Rpy) 222 (9)
A= n)”o,y
S\ 271 ~ A—pp b ’
)\l_ n/nown

R - pesosibBenta oneparopa Ly : Loy = —y”, ¥/(0) —¢/(1) = 0, y(1) = 0;
[Lo HAXOJUTCs BHE KOHTYDPOB |[A| =7 u 7y, upu n = ng, g = (L — poE)hs.
Teopema 1. Ecau q(z) € L[0,1] u (z) € WH0,1], mo cymma pada
dopmanvrozo pewenus 3adavu (5)-(2) mnenpepwieno duddepenyupyema no
xr ut u ydosaemeopaem ycrosuam (6), (2); ul(z,t) (uy(z,t)) abcorrommno
nenpepwuiera no x (no t) u n.e. ydossemeopaemea ypasnenue (5).
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O6006merHOE perieHne.

[Iycts ¢(z) € L[0,1]. @opmanbroe pemenne Gepem B BHje u(x,t)
up(x,t) + ug(x,t), vae uj(z,t) - Te xe, uro u B (8),(9), Ho ¢ dynxunei
Y(x) Bmecro (). Tlyers vp(z) € W0,1] u up(z,t) - pemenue zamaun
(5)-(2) ¢ bynknueit Yy, (x) B7MecTo ¥(x), 1aBaemoe Teopemoii 1.

: |l

Teopema 2. Ecau q(z) u p(z) € L[0,1], mo pad u(x,t) popmarvrozo
pewenus 3adavu (5)-(2) crodumes paswomepro no x € [0,1] ut € [0,T] u
u(z,0) = 0. Boaee mozo, ecau || P, — ¢ |1— 0 npu h — 0, mo pewenue
up(x,t) sadavu (5)-(2) cxodumes x u(x,t) pasnomepno no x € [0,1] ut €
0, 77.

Ecnn xe ¢(x) € Ly[0,1], 1 < p < 2, TO nMeeT MECTO CJIe/IyIONast Teope-
Ma.

Teopema 3. Ecau q(x) € L[0,1], ¥(z) € Ly[0,1], 1 < p < 2, mo cymma
pada popmarvrozo pewenus 3adavu (5)-(2) abcoarommno nenepvena no x, t
u ydosaemsopsem ycaosuam u(x,0) = 0, u(1l,t) = 0; n.6. no x € [0,1]
up(z,0) = Y(z) u n.e. na [0,00) swnoasnaomen yeaosua u,(0,t) —ul(1,t)+
a1u(0,t) + Sru(l,t) =0, uy(x,0) = P(x).

Boaee mozo, ecau || Yy — ¢ |[,— 0 npu h — 0, mo up(z,t) crodumea x
u(x,t) pasnomepro no x € [0,1] ut € [0,T] npu mobom T > 0.
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[Iycts © = {¢;}72, — opronopmnposannas cucrema dbynkimit (O.H.C.),
3aJIaHHBIX Ha BeposgTHOCTHOM TpocTpancTse (X, i), Cucrema ® HasbiBaeTcs
p-iakyHapHoit (p > 2) nin S,—cucreMoii, ecn Jyist HEKOTOPOii 10CTOSHHOT

N
K u moboro momwaoma P = ) agpy 1o cucreme P crnipaBeyinBo HepaBeH-
CTBO =
1Pl e < K[[P| g2 - (1)

EcTecTBeHHBI BOIPOC 0 MAKCUMAJILHON IIJIOTHOCTHU Sp—HOﬂCHCTeM B JITAHHOM
O.H.C. okazaJjica BecbMa coKHBIM. OH OcTaBaJiCs OTKPBITBIM JIaxKe B CJIy-
4ae TPUIOHOMETPUUYECKOH CUCTEMbI JIO HOsIBJEHUs IIPOPBIBHONH paboThl [1]
2K.Bypreiina, B KoTopoit Obljia yCTaHOBJICHA
_ N
Teopema A. [Tycmo p > 2 u O.H.C. ® = {pi};_, maxosa, wmo

ngkHLOC SM: k:1727"'7N-

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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Tozda naiidémea mmoncecmeo A C (N) maroe, wmo |A| > NP u daa ao-
6020 noaunoma P =Y, _\ arpy umeem mecmo oyenxa (1) ¢ K = K (M, p).
3necw u manee (N) obosnataer muoxkecTBo uncen {1,2,..., N}.

[Iyctb A C (N) m Sy — omeparop, JeHCTBYIOMHUH MO MPABUILY

Sa({artrer) = D appr(z). dAcno, aro s MmHOKecTBa A, cyiecrBoBanue
keA
KOTOPOro ycranosjieHo B Teopeme A,

1S = 1(A) = LP(X)|| < |A]'2 - K (M, p). (2)
Beeném npocrpanctso Opimua Ly, , rie

o In%(e + [¢])
In*(e + 1/J¢])’

¢a(t) = a > O, (3)

a nopma dyukunn f € Ly (X) onpeznessiercs o dbopmysie

[l =infd x>0 /w( )d <1

B pabore [2]| ycranossennt anajorn onenku (2) jisi mpocrpancets Opinaa
Ly, 71st TpOM3BOJIBHBIX OPTOTOHAJIBHBIX CHCTEM C PABHOMEDHO OTDAHUYCH-
HBIMU 3JIeMeHTaMu. ECTecTBEHHO, 9TO B 9TOM CJIyvae MOXKHO TapaHTHPOBATH
bostbiityto, uem B Teopeme A, mioTHocTh MEOXKecTBa A. OJIHAKO JIJIsT TTPOCT-
parcTBa Opiinda, TOpoXKIEHHOTO QyHKIHME (3), HETb3s 0XKUATH, UTO CJIY-
vaitnag nogcucrema momuoctn > N/(log N)P (8 — ckonb yrojmo Gostbinas
MOCTOSIHHAST) OKAXKeTCs 1), —TakyHapHoii. [losToMy ecTecTBeHHO HCKATD MOJI-
cucrembl Py 1= {@k }ren, JUist KOTOPHIX CHPABEJIMB aHAJIOr bosiee ciaboro,
deM p-JIaKyHapHOCTb, cBojicTBa (2). JJokaszareabcTBO pe3ynbTaTtoB u3 pabo-
ThI [2] ocHOBaHO Ha HeKOTOpOH MojubUKanuu Meroga Bypreiina [1].

Huxe wam yjobHee paccmarpuBarTh OPTOrOHAJbHBIE (He 00s3aTesbHO
nopmuposannbie B L2(X, 1)) cucreMs! co cBO#CTBOM

lokll o) < 1, E=1,2,... N. (4)

[Tycrs {&(w) Y, — nabop HE3aBUCHMBIX CIIYHalHBIX BeJUINH, TPUHN-
Matorux 3Hadenus 0 u 1 (cesekTopoB), 3aJlaHHBIX HA BEPOSTHOCTHOM PO~

crpatcrse (£, V) ¢
:/@-(w)dy:é, i=1,2... N
QO
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s w € ) 6ynem obo3HaYATDH
A, ={i € (N):&(w)=1}.

Teopema 1. Ilycmo o > 0 u p > 0 Pukcuposanv. rs npoudsosvhol
opmozonanrvroti cucmemor Y = {gpk}{f:l co c8OUCMBOM

lorll ey 1, k=1,2,...,N.

c sepoammnocmovlo boavuiett 1 — C’(,O)N_9 0N CAYUATIHO20 MHONCECTNEA
A = Ay, noposcdénnozo nabopom {&(w)}Y, ¢ E& =6 = (log(N +3)) ",
1 <1< N, umeem mecmo nepasencmaeo

1S °(A) — Ly, (X)|| < K (a, p)| A2 ((1og(N +3))F T4 1) .

CaencrBue. Illpu 6 = (log(N + 3))_2a HOpMa onepamopa Sy - |A|—1/2;
deticmeyrousezo us I™°(A) 6 Ly, (X), ¢ sepoamnocmoio bauskot x 1 oeparu-
yena seaudurol, ne aasucauet om N.

MakcumasibHblil onieparop Sg (Mid, 9TO TO XKe, ONEpaTOp MayKOPAHTbI
YACTHBIX CyMM) 3ajiaérest coornomenuem: s {ayn_; € RY

Sifac)@) = sup |3 aspu(e)|.
SMEN =

Teopema 2. Ilpu p > 4 0daa 210000 0pmMo20HaALHOT CUCTNEMDL
® = {ep}, co ceoticmeom (4) naidémea A C (N), moumocmu

|A| > N (log(N +3)) ", manoe, wmo
|85, = 1°(A) = LA(X)|| < Clp)|A'2. (5)

3ameuanne. CyiiecTByeT OPTOrOHAIbHA CHCTEMa, OCHOBAHHAs Ha MaT-
purie ['manbepra (cm. 3], ri1. 9), co cBoiicTBOM (4), /Tt KOTOPO#t BBITIOTHEHTE

onenkn (5) st A C (N) BoamMoxkHO TosibKO TipH |A| < N(log(N + 3))_2.
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DddekTuBHOE NpuMeHeHne Metoga Pypbe K
peIeHnIo0 CMEIaHHON 3aJaun A

TejierpapHOTO ypaBHEHNIS!
. C. JlomoB (Mocksa, Poccust)
lomov@cs.msu.ru

[IpuBenen aaropuTM MOCTPOEHUS OBICTPO CXOAAIIETOCS PSiA, MPEICTABISIONIETO CO-
00it 0000ITIEHHOE WU KJIACCHYECKOe PEIIeHNe CMEIMAHHOW 3a0a4u s TererpadHo-
T0 ypaBHEHUsI, PACCMATPUBAEMOTO B TIOJIyIOJOCe. PaccMoTpen ciydail CylecTBeHHO
HECAMOCOIIPSIZKEHHOTO OIIepaToOpa IO MPOCTPAHCTBEHHOI mepemenHoil. [locTpoenubit
psa npenacrasisietT coboit 0b6obieruy0 dbopmyry Jdamambepa.

Karouesnie caosa: tenerpadHoe ypaBHEHNE, CMEIIaHHAA 330344, Meton Pypbe, Heca-
MOCOIIPSI2KEHHBIN OIepaTop.

Effective application of the Fourier method to
solving a mixed problem for the telegraph

equation!
I. S. Lomov (Moscow, Russia)
lomov@cs.msu.ru

An algorithm for constructing a rapidly converging series is presented, which is
a generalized or classical solution of a mixed problem for the telegraph equation
considered in a half-strip. The case of an essentially non-self-adjoint operator with
respect to the spatial variable is considered. The constructed series is a generalized
d’Alembert formula.

Keywords: telegraph equation, mixed problem, Fourier method, non-self-adjoint
operator.

PaccMoTpyM cMelIaHHY10 3ajady Jiisd TejerpadHoro ypaBHEHMs

u(x,t) = Uge(x,t) — q(z)u(z,t), (z,t) € @=1(0,1) x (0,00), (1)

u(0,t) =0, wu.(0,t) =u,(1,t), t>0, (2)
u(z,0) = ¢(x), w(x,0) =0, z€]0,1], (3)

q(x), p(x) — KoMILIeKCHOBHAUHBIE, nHTerpupyembie Ha (0, 1) Gynkmn,
O6osnasnm 4epes R = (Ly — AE)™! — pesoansenty oneparopa Ly :

—y"(x), z € (0,1), y(0) =0, y/'(0) = y/(1); A = ¢* Reo >0, E — epunnu-

HeIiit onepatop. llycts y = Rg\g, TOTJ/Ia Y SABJISIETCS PelleHreM 3a]aun
" 2 / /
—y'(x) — oy(x) = g(x), x € (0,1), y(0) = 0, ¥ (0) = (1)
!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International

(CC-BY 4.0)
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Pemus a1y 3amady, nogydum

1 x

/cosg (1—1)g )dt—é/sing(m—t)g(t)dt. (4)

0 0

sin ox

Rgg(x) = T3 920

2981 3

Pemrenne 3a1a1m (1)-(3) npu ¢(z) = 0 mo metoy Pypbe 3anuinem B Buje

2mZ/ (RY) cos otd, (5)

n>0

e A = 0%, Reo > 0, 9, — 06pa3 B A-ILIOCKOCTH OKPYXKHOCTH 7, = {0 :
lo—2mn| =0}, § > 0 u gocraTodHo Maso, TaK YTO BHYTPH 7Y, HAXOJUTCS 110
OJIHOMY COOCTBEHHOMY 3HAUEHMIO oneparopa L.

Ilogcrasus (4) B (5) n IpUMEHUB TEOPEMY O BLIUETAX, MOJYIHM

up(z,t) = %[2(:6 +6)(1,p) +4 Z[(go, (1 —7)sin 2wnT) sin 2mn(x + t)+

n=1

+(p, cos 2tnT)(x + t) cos 2mn(x + t)]+

+2(z —t)(1,p) + 4 Z[(gp, (1 — 7)sin27nT) sin 2mn(z — t)+

n=1

S1B(a + 1) + 3o — 1),

IIOCJIEJIHEE PABEHCTBO 00'bsiCHSETCsE TeM, 4To (DyHKIUsE @(T) UMeer ciiejyio-
1mee pasioxkeHne Mo paccCMaTpUBaeMoil cucTeMe KOpHeBbIX (pyHKuii: p(x) =
o0

+(p, cos 2mnT)(z — t) cos 2mn(z — t)]] =

2¢(1,0) +4 > [(¢, (1 — 7) sin 2wn7) sin 27nx + (@, cos 2wnT)x cos 27nx).

n=1
[opcraBum ug(z,t) = —[gp(aj +t) + o(z — t)] B kpaesble ycuoBus (2).
[Tosyuum siBa COOTHOHJGHI/IH o(x) = —p(—z), v € R, 1. e. bynkuus o(x)

— HeYeTHasd, U

/95/(1 + 'r) - 2/95/('%) - 95/(1 - .I), 2 R? (6)

rJie yaTeHo, 9To @' (x) — derTHas (DYHKIUS.
[Ipounrerpuposas paserctso (6) 1o orpesky [0, x|, moaydum

o(1+x)=2p(x)+¢(1 —x), z € R, (7)

Cootrrorenre (7) nossosisier npojo/kuTh dyHkno o(x) = @(x), x €
0, 1], ¢ orpeska [0, 1] na momyocs x > 0.
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O6ozuatum Qr = (0,1) x (0,7) st TPOU3BOIBHOTO (DUKCHPOBAHHOTO
gncaa 1 > 0.

Nmeror MecTo ciiejiyrolue yTrBepxK IeHUs.
Teopema 1. /s mozo wmobvl cyuecmeosano eQuHCMBEHHOE KAGCCUE-
ckoe pewenue u(x,t) sadavu (1)-(3), neobrodumo u docmamoyuno, wmobo

dynruuu p(x), @' (x) ovau abcorrommno nenpepvishv na ompeske [0,1] u
©(0) =0,¢'(0) = ¢'(1). Imo pewenue daemea popmy.aoi

ule,t) = Alz,1) = 3 a(a.1), 0
n=0
2de 1
1 t r+t—7
ap(z,t) == [ dr ]?n_l(n,r)dn, n=12...,
[ ]

~

o(x) ecmv newemmoe npodosscenue dynruuu p(x) ¢ ompesxa [0, 1], onpe-

deasemoe coommowenuem (7), fo(n,7) = fuln,7) = —q(n)a,(n,7) npu
nel0,1],n=0,1,..., fu(n,7) npodosscaemca no nepemennot n ¢ [0, 1] na

6C10 NPAMYI0 Mak dce, Kak Pynryua p(x), ],E;L(T],T) = —q(n)an(n, 7).
Dopmysty (8) MmoxkHO HazBaTh 0000MIEHHON hopmyJoit anambepa.
Teopema 2. Ecau ¢ € L(0,1), mo pad A(x,t) (8) cxodumesa abcoarommo

U pasromepro (¢ aKcnonenyuaivrot ckopocmuvio) 6 Qr daa abozo T > 0.
Teopema 3. Fcau ¢ € L£(0,1), a ¢ynrwyuu pp(x), h = 1,2,..., ydo-

saemeoparom ycaosuam meopemv, 1 u ||on — ¢ll1 = 0 npu h — oo, mo

coomsememeyrowue dynryuam pp(T) Kraccuveckue pewenus up(z,t) 3a-
davu (1)-(3) cxodamea no wopme L(Qr) ® A(x,t), m.e. 6 9mom cayuae pad

(8) asanemen obobusennvm pewenuem zadavu (1)—(3).

Takum obpasom, u3 reopem 1-3 ciejiyer, 4o ojut u ToT ke psij A(x, t),
OBICTPO CXOMSAIIMIACH, ABJISIETCS KJIACCUIECKUM UJId 0OOOIIEHHBIM pelleHueM
sajiaan (1)—(3) B 3aBucumocTu ot riajgkoct GyHkiun ().
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YIK 517.5

O p-agmyecKmux »KecTKuUX BeiiBjer dppeiimax!
C. ®. JIykomckwuii, A. M. Bogomazos (Caparos, Poccust)
LukomskiiSF@Qinfo.sgu.ru, vam21@yandex.ru

[Ipenaraercst cmocob MOCTPOEHUST KECTKUX BEUBJIET (DPEHMOB B MPOU3BOJIHHOMN HYTh-
MEpHO# IPYIINe 10 U3BECTHOH MacmTadbupyiorieit pyHKinn. B kagecTBe rpymmbl MOXK-
HO BBIOWDATH AJIUTUBHYIO TPYIIY TOJS P-aJUYIeCKUX UHCEN, IIUTUBHYIO TPYIITY
MOJIst MOJIOXKUTENBHOM XapakTepucTuku, rpynmny Bunenkuna. [Ipenmaraemsrit Mmetos
HE HUCHOJIb3YeT IPUHIUII YHUTAPHOIO pacuiupenus. [IpuBejen npumep mocTrpoeHus
2KEeCTKOro ¢peiiMa B TPYIIe 2-auIeCKUX IUCE.

Karouesvie caosa: BeiBaeT (ppeiiMbl, HYyJIbMEPHBIE TPYIIIHI, P-aINIECKHE TUCTIA.

Baazodaprocmu: WCCIeOBAHAE BBIIOTHEHO 33 CYeT rpaHTa POCCHIICKOro HaydHOTO
dbonma Ne 22-21-00037, https:/ /rscf.ru/project /22-21-00037/.

On p-adic tight wavelet frames!
S. F. Lukomskii, A. M. Vodolazov (Saratov, Russia)
LukomskiiSF@Qinfo.sgu.ru, vam21@yandex.ru

We propose a method for constructing tight wavelet frames in an arbitrary zero-
dimensional group from a known scaling function. As a group, one can choose the
additive group of the field of p -adic numbers, the additive group of the field of
positive characteristic, or the Vilenkin group. The proposed method does not use the
principle of unitary expansion. An example of constructing a tight wavelet frame in
the group of 2-adic numbers is given.

Keywords: tight wavelet frame, zero-dimensional group, p-adic numbers.

Acknowledgements: this work was supported by the Russian Science Foundation Ne
22-21-00037, https://rscf.ru/project /22-21-00037 .

BBenenne

B paborax [2-4] paspaboratbl METOJbI TIOCTPOCHUSI KECTKUX BelBjer (dhpeii-
MOB B I'pynnax BujaeHKnHa 1 MOJISIX MOJOXKUTEIbHONR XapaKTepucTuku. s
3TOr0 aBTOPBI WCIIOJIL30BAJM PUHIIUIT YHUTAPHPro paciiupenus. B [1] yka-
3aH cocob mocTpoeHus: (ppeiiMoB B MOJIe p-aIuuecKUX THUCeN, HO HeT Jlarke
IIPUMEPOB KecTKux ppeitmoB. Mbl mpejiiaraem crocod MoCTPOEHUs XKeCTKIX
BeiiBieT PpeitMoB B J11000# HyJIbMEPHO# I'pyIiiie, 110 U3BECTHO! MaciiTadbupy-
o11eil PyHKIUU. DTOT CI1cOD MMO3BOJISET JIOCTATOTHO IIPCTO CTPOUTD XKECTKHE
BelijieT ppeiimbl U B 110J1e p-ajindeckux duces. [lpejyiaraemplit criocod He uc-
0JIB3YeT IPHUHIIUII YHUTAPHOTO PACIIAPEHUS.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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1. HysibMepHBble Ipynnbl M X XapaKTepbl

[Iycrs G-0KaJILHO KOMIAKTHAST HYJIbMepHAas TPYIIa ¢ OCHOBHON IEIOYKOIl
nogrpyni -+ D G_, D - DGE_1 DGy DG D - DG, D -, TOPSIOK
dbaxrop rpymn §G,/G,y1 = p - npocroe uucio, g, € G, \ G411 -6asucnas
LI0CJIEJIOBATEILHOCTD.

Hy={h e G:h=a191}tasg99+...4a_s9-5,s € N, a; = 0,p— 1},
muoxkectBo c¢asuros. Omneparop A: G — G, onpejieleHHBI paBeHCTBOM,

+00 +00
Az == > angn1, ipu = > a,g, € G - oneparop pacTsKEHUs B
n=—00 n=—00

Ga Agn = Gn—1, AGn = Gn—l-

[Tycrs nanee X —rpynma xapakrepos, G = {xy € X :Vz € G, , x(z) =
1} ammynatopet, 7, € Gy \ G — dbysknmn Pagemaxepa. Omneparop
pacrsikenusi B X onpejensiercst pasencrsom (A, x) = (x, Ax).

[Ipu M, N € N. Obosnaunm qepe3 D¢,, (G- y) muOKecTBO DyHKIWI f €
Lo(G) rakux, aro 1) supp f C G_n, u 2) f nocrosiiaa Ha CMEXKHBIX KJIACCax
G+g. Knace QGiN(GJb) OIpeJIeIISIeTCs] AHAJIOTHIHO.

Jlemma 1. Jlaa 4000 pukcuposanmvlr g, o, ..., s = 0,1, ....p — 1 Mmno-

osicecmeo Hy ecmv opmonopmuposannvid basuc 6 Lo(Gyrg°rt...ros).

Jlemma 2. ITycmov s € N. Jlaa m066ix pukcuposannois Quy,...000_1, ..., _g =

0,p — 1 cemeticmeo p2 A*Hy ecmo opmonopmuposanno 6asuc 6
[ I & iy a_1 Qg Qy
Lo(G=yrZ o ytrg® rie).

s" —S u

[Iycts dyukimo ¢ € Lo(G) ynoBierBopsieT MacimTabupyoImeMy ypas-

nernio , 4(x) = mo(x)@(xA™"), ¢ mackoit mo(x) = Y. Bu(x A, h).
heH,

Jlemma 3. Ecau macwmabupyrowas gynkyus @ € D¢, (G_n), M, N € N,
Mo macumabupyrouLee YpasHenue umeem 6ud

p(x)=p Y PBuplAzh).

he VD

2. IlocTtpoenne xectkmx ¢peiiMoB 03 NpUHIAIIA YHU-
TapHOI'O PACIIUPEHNUS

[ycts ¢ € Dg,, (G-n), Te. ¢ € Dgr (Gyy). Macka

mo(x) = Y Bulx, ATh)

heHN T

IIOCTOAHHAQ Ha CME2KHbBIX KJIaCCaX IIO IIOJI'DYIIIIE GJ_'N
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Jlemma 4. IIycmo macku m; (§ =1,...,q) ydosaemeoparom ycrosuam

~

DI (x) = p(xA my(x) = 1
HA4 CMENCHDIL kaaccaxr

1 V—s Y-1,.7% w _ -
G rly vl s=s(j).

Tozda
SN = S NP= [ 1P
heHy heH, [ o O VI

Teopema 3. Ilycmo ¢ € @GiN(Gﬁ) MACUWMadbupyIou,as GYnKyUL ¢ Mac-
Kol mo. Onpedeaum macku mj: j =1,2,...,q max, wmo

1)p(xA mj(x) = 1g,(x), 2de E; = Gfs(j)rf;%)r:f%);...7’8‘0...rﬂM duso-
onkmuve cmescnve kaaceo, u E; AL dusstonkmuse mmoocecmsa.
2)cywsecmeyrom yeavie wucaa t(j), maxue, wmo

|_| EjAt(j) - G]J\_/[—i—l \ Gﬁ-
J

Tozda dyrxyuu Py, )a, ..., 1Y, noposcdarom srcecmrui ppetim.

JokazareabeTBo TEOPEMbl OCHOBAHO Ha, jieMMax 1-4.
Mpumep.( 2-adic dbpeiim) Onepanus + yI0BJIETBOPSAET YCIOBUIO DYy = Gri1-
Pacemorpum npocreiimuit cayyait: p = 2, M = N =1 1e. ¢ € DGfl(GlL)

Macky mo(x) = 3y B0 A Th), mmiewt tascyio, 110 mo(x)mo(xA~) =
0 na Gy \ Gi. Obosnauum m = a1 + agp + a1p?, n=a_1 +a_sp,

(XA_la h) = (Gflrgilfgorf”,&—1go+a—29—1) = Am,na

_2mi(as+aop T +ap?) (am +52) 1,0 a1y
Apn=ce v mo(GrI ' rgryt) = A

A= (Am,n)m:0,77n:0,37 B = (607 ) B3)T7 A= (A()) SEE) )‘7)T-

,ZLJIH HaXOXXJEHUA MaCKHU 17y UMEEM CUCTEMY
AB = A. (1)
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Pemenue cucrembl uiem Takoe, 4tobbl mo(x)mo(x A1) = 0 na Gy \ Gi.
[Tonaraem A\g = 1, Ay = A\ = A7 = 0, pertaem cucremy

Aoo Aoa Aoz Ao Bo Ao 1
Asog Agq Aza Ags Bl | A |0
Asp As1 A2 Ass Bl | X ] O
Aro A7n A7e Arg B3 A7 0

¥ HAXOAUM [y = %,51 = %,52 = %,53 = % [Topcrasisist ux B cucremy (1)
Haxoqum Ay = 1+4, Ag=1—i, =1+ e%, A5 = 1. Ioslaraem
mi(x) = t51ee,(X), YW () = gOeA )ma(x),

m2(X) = $1gem (), PP () = @OcA ) ma(x).

0 0 0 L2
L C i my(y)
WG% — ﬂ?‘% I
0 1/(1+14) 0 0
/Gil\ Gy | | - m(x)
0 T — g — T

Puc.1. I'paduku macok meo 1 my.

BoccranasimBaem
YW (x) = [1ge,, (x, 2)dv(z) = 2ro(z)1a_, (2)
X

Y®(z) = ){ Lagrgr, (X, 2)dv(z) = ro(2)r1(2) 16, (2)

Tax xax GLro Al |Ggrory = (G4 \ Gi), 1o bdynxmuu ™, ) noposx-

JaroT xkectkuit ppeitm. ['padukn Macok npuBejieHbl Ha pucyHKe 1.

CIIMCOK JINTEPATYPEI
[1] Albeverio S., Evdokimov S., Skopina M. p-Adic Multiresolution Analysis and Wavelet
Frames // J. Fourier Anal Appl. 2010. Vol. 16, Ne 5. P. 693-714.
[2] Shah F.A., Debnaht L. Tightwavelet frames on local fields// Analysis. 2013. Vol. 33.
P. 293-307.
[3] Farkov Y., Lebedeva E., Skopina M. Wavelet frames on Vilenkin groups and their

approximation properties // Iternational Journal of Wavelets, Multiresolution and
Information Processing. 2015. Vol. 13, Ne 5. 1550036 (19 pages).

[4] Ahmada O., Bhatb M.Y., Sheikha N.A. Construction of Parseval Framelets
Associated with GMRA on Local Fields of Positive Characteristic // Num Func.
Anal. and Optim. 2021. Vol. 42, Ne 3. P. 344-370.

184



YIK 517.5

CoboJieBcK1e CUCTEMBI, OPTOTOHAJIbLHBIE
OTHOCHUTEJ/IbHO BECOBOI'O CKAJIAPHOTIO
Ipomn3peJennda C AByM:d JUCKPETHBIMUA
TO4YKaMu'

M. I'. Maromen-Kacymos (Maxaukasa, Poccust)
rasuldev@gmail.com

[Monydennt mpezicTaBiennsi QyHKIUNA U3 CHCTEM, OPTOTOHAJIBHBIX OTHOCHTEIBHO
JIMCKPETHO-HEIIPEPBIBHOIO BECOBOI'O CKAJIsIPHOrO mpou3ssenenus tuna Cobosesa ¢ 1By-
Ms JIUCKPETHBIMM TOYKAMHU, B TePMHUHAX (PYHKIUH, OPTOTOHAJBHBIX OTHOCHUTEIHHO
KJIaCCUY€CKUX CKaJIAPHBIX [IPOU3BEIEHU.

Karouesvie croea: BeCOBOe CKAJIAPHOE IPOU3BEIEHNE, CKAJIAPHOTO IIPON3BE/IeHNE TUTIA,
CobouteBa, TUCKPETHO-HEIIPEPBIBHOE CKAJISAPHOE IIPOU3BEICHUE.

Sobolev systems orthogonal with respect to
the weighted inner product with two discrete
points!

M. G. Magomed-Kasumov (Makhachkala, Russia)

rasuldev@gmail.com

Representations for functions from systems, orthogonal with respect to a discrete-
continuous weighted Sobolev-type inner product with two discrete points, are obtained
in terms of functions orthogonal with respect to classical inner products.

Keywords: weighted inner product, Sobolev-type inner product, discrete-continuous
inner product.

BBenenne

B pa6orax Mlapanymurosa N.U. (cm. [1,2] n npuBejieHHble TaM CIUCKH JIH-
TEpaTYPhl) UCCIEYIOTCSA CBOHCTBA cucTeM (DYHKITHA, OPTOrOHATBHBIX OTHO-
CUTEJILHO CKAJISIPHOIO [IPOU3BEICHUST

r—1

) = f9(@)g (@) + / ()9 (b ()t 1)

v=0

n psigoB Oypre o HuM. OHO M3 3aMedaTe/IbHbIX CBOWCTB 9aCTUIHBIX CYMM
psijioB Qypoe Sy, (f) 10 TaknM cucremaM 3aKJIIOYACTCS B TOM, OHU T-KPATHO
COBIIAIAIOT ¢ (DYHKIMEH f B TOUKe a. YKazaHHOe CBOMCTBO JIeJaeT 3TU PsiJIbl

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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yJIOOHBIM KHCTPYMEHTOM JIJIsi HPUOJINKEHHOT'O PEIIeHUs] CIIEKTPaJIbHBIMU Me-
rojamu 3aiadn Ko Jijisi HeJinHeiiHOTo OObIKHOBEHHOT'O JiuddepeHinalib-
Horo ypasaenus [3,4]. OfHAKO JIJIs peIieHnst IByXTOUETHBIX KPACBBIX 33/1a1
YIOMSIHYTOT'O CBOMCTBA COBIAJEHUsI B HadaJe OTPE3Ka y»Ke HeJ0CTATOIHO: B
9TOM CJIydae XOTEeJOCh Obl COBIAJIEHMS YACTUUHBIX CYMM C IPHOJIMXKAEMOi
dyHKImeir Ha 000MX KOHIAX pacCMaTpUBAEMOro oTpesKa. B cBsa3u ¢ 3Tum
BOBHUKAET 3aj1a4a 00 u3ydeHun cucreM (pyHKIUA, OPTOIOHAJIbLHBIX OTHOCH-
TEeJTLHO CKAJIAPHOTO MPOU3BEJEHUA ¢ JIBYMsI JUCKPETHBIMU TOUKAMUT:

r—1

(1.9) = - (@ (@) + £ g ) + [ F0g uitiat. 2

v=0

OCHOBHOII 11€JIbI0 JTAHHON PAabOTHI SIBJISETCs MOJYyUYeHUE IPEeJCTABICHNN JJIsd
bynkimit 13 cucrem @1 = {1}, OpTOHOPMUPOBAHHBIX OTHOCHTEJIBLHO (2)
npu r = 1, B TepMunax (QpyHKIUH, OPTOrOHAILHLIX OTHOCHTEILHO KJIACCH-
YECKUX CKAJSIPHBIX NMpousBegenuii. Mol Oyaem cunrarh onHy u3 (DyHKIIN
cucrembl Py paBHOil KoHCTaHTE (B paMKax JlaHHO# paboThl 6e3 norepu 061
HOCTH MOXKHO CIHUTATDH, ITO KOHCTAHTOM sBJsiercs 1 (t)). Bes TpeboBanus,
CBSI3AHHOIO ¢ KOHCTAHTOM, MOJIyUEeHNE COJIEPKATEIHLHBIX PE3YIbLTATOB CTAHO-
BUTCsI TOpa30 OoJiee cioxKHoit 3aadeit. C npyroit cTOpoHbI, 3TO TpebOBAHHIE
SIBJISIETCSL JIOBOJIBHO €CTEeCTBEHHDBIM, MOCKOJILKY M3BECTHBIE OPTOrOHAJIbLHBIE
CHCTEMBI, KaK MPaBUJIO, BKIIOYAIOT B ceOsa KoncranTy. OTMETHM, UTO yKa-
3aHHas 3aja4a B OE3BECOBOM CJIyvdae paccMarpuBajach B pabore [5].

OcHoBHBIE PE3YJIbTATHI

O6o3naunm uepes W}% = W}, [a, b] npocrpancro CoGosteBa, cocTostiee u3

2
w
abCOMTIOTHO HelpephIBHLIX Ha [a, b] dyukmuit f, Takux uro f € L2 [a,b], rae
L? = L2 ]a,b] — upocrpancrro Jlebera ¢ Becoroil (HeOTPUIIATENILHOMN, TOUTH

BCIOJ/LY IIOJIOXKUTEJIbHOU U H3MepI/IM0171) dbyukiuei w:

%mmzﬁ3/uw%wW<m&

Herpynto ybeaurbest B Tom, aro dbopmyda (2) npu r = 1

b
(f,9)s = fla)g(a) + f(b)g(b) + / f(t)g' (w(t)dt (3)

3aaeT CKaJIsipHOe TponsBejienne B npocrpancree W, . Uepes @1 = {1}
w
Oynem obozHauaTh cucTeMy (byHknui nz W ng.
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IIpennoxenue 1. Ecau p10(t) = const, mo ®1 6ydem opmozonarvnod
cucmemoti mozda u Moavko moezda, K020a

Qpl,k(a) + Qol,k(b) =0,k >1, (4)

b
2011(a)p1a(a) + / o)t (Ow(t)dt =0,k,n > 1Lk #n.  (5)

IIpengoxkenue 2. Obosnauum wepes © cucmemy dynwuyui {prp(r) =
O wi1 (@) 320 To2da svinonnenue mobvix dsyr u3 credyrouwur yerosut e.ae-
Yem GHINOAHENUE U MPEMBE20:

e Level 0 Item 0 cucmema dynxyud ® opmozonarvna 6 L2 ;

o Level 0 Item 1 cucmema dpynxyut ®1 opmozonasvra 0mHocumMesbHO

(3);

o Level 0 Item 2 dynxyuu 1, k> 1, ydosaemeopsarom ycaosusm:

pr1(a) + ¢1.1(b) =0, (6)
p1r(a) = p1x(b) =0,k > 2. (7)

_ /
[Ipennoxenne 3. [lycmv pi(x) = @), (7)), k > 0. Tozda cwnoanenue
M0OOLLT 06YT U3 CACOYIOUUT YCAOBUL BACHEIN GUNOAHEHUE U MPETNbELO:

o Level 0 Ttem 0 dynxuusa pr(x) nopmuposana 6 L2 |a,b];
o Level 0 Item 1 dynruyua o1 j41(x) nopmuposana omuocumervno (3);

o Level 0 Item 2 na xonuax ompesxa dynkyua o1 p+1(T) obpawaemes 6
HOAD:

p1r1(a) = o1p41(b) = 0. (8)

Teopema 4. I[Tycmv & = {¢r} — cucmema Ppynryut, ydosaemeoparouwasn
YCA0BUIN0

/b or(t)u(t)dt =0,k > 1. (9)

Tozda opmonopmuposanmocmy 6 L2 cucmemve ® = {pp} pasrocuavna op-

MOHOPMUPOSAHHOCTNU 6 WLl?J, p(x) = ﬁx), cucmemol, gynryut P = {11},

3a0anHot pasercmeami

p10(z) =

5
[\
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p11(r) = \/%%(%JO + /x goo(t)u(t)dt> o = /ab po(t)u(t)dt,
01 541(T) = /ax ep(t)u(t)dt, k> 1.

Teopema 5. ITycmv ® = {p;} C Lf) — OPMOHOPMUPOBAHHAA CUCTEMA
bynryut, obradarow,as c6otucmeom

/b or(t)dt =0,k > m. (10)

Toeda cucmema ynrkyut ©1 = {p11}, 6 komopod p1 4k, 0 < k < m, noay-
YeHl OPMO20HANUSAUUET CUCTEMBL PYHKUUL

1,/ er(t)dt, 0<k<m-—1, (11)

o1 u(z) = / o a(D)dt, k> m1, (12)

bydem opmoHOPMUPOBAHHOT 6 Wng.
P
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YIK 517.5

O HenmpepbIBHOCTU HEKOTOPBLIX KJIACCOB 1
II0AKJIACCOB OTODpaXKeHuii ¢ S-ycpeaHeHHOI
XapaKTEepPUCTUKOM!

A. H. Masoruna (Tomck, Poccust)
nmd@math.tsu.ru

ITo uzBecrHoii Teopeme C. JI. Cobosesa [1], eciiu G orpanuvennasi 061acTh €BKJIMI0BA
npoctpancTsa R n ¢pynkmusa f: G — R, f € W;_IOC(G), p > M, TO OHA HEMPEPHIBHA B

G. Eciu 1 < p < n, 3roro coiicrBa, BoOOIIE roBOPsi, MOKeT U He ObiTh. B Hacrosieit
paboTe MbI 0000IIIaeM PE3yIbTATHI, IOy YeHHBIE B [2] 1 HAXOAUM HEOOXOJUMBIE YCIIO-
B, [IPU KOTOPBIX HEKOTOPbIE KJIACCHI U HOAKJIACCHI OTOOPAXKEHUi € S-yCpPeaHEHHON
xapakTepucTukoii [7] 1 < s < n Oymyr HenmpepbIBHBIMHA. IIpUMEpDI TOJKIACCOB TAKHX
0or0obpakeHuil ¢ yKa3aHHbIMU Bbllle CBOHCTBAMU 1IPUBE/EHbL B |7, 8].

Karwuesvie caosa: 0TOOparKeHrEe C S-yCPEIHEHHONW XapaKTEPUCTUKON, nuddepeHiu-
AJIbHBIE CBOMCTBA, HEIIPEPHIBHOCTD.

On the continuity of some classes and
subclasses of mappings with s-averaged
characteristic!

A. N. Malyutina (Tomsk, Russia)
nmd@math.tsu.ru

According to the well-known S. L. Sobolev’s embedding theorem [1], if G is a bounded
domain of Euclidean space and a function f : G — R', f € W, ,,.(G), p > n, then

this function is continuous in G. If 1 < p < n, then this property may not exist. In this
paper we generalize the results obtained in [2] and find the necessary conditions of the
continuity of some classes and subclasses of mappings with saveraged characteristic [7].
Examples of subclasses of such mappings are given in [7,8].

Keywords: mapping with s-averaged characteristic, differential properties, continuity.

BBenenne

IIycts obmacts G C R, f : G — R", f € WHG),1 < s < n, nycrs s
1100010 4 € G BBLINOJIHAIOTCS HEPaBEHCTBA,

/G (A, 1))k(|x — yl)do, < M, 1)

/G (N (a, 1)) E(|z — yl)do, < M, )

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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rie dbyukius k(t) onpenenena npu ¢ > 0, MOJOXKUTEIbHA, HE BO3PACTACT 1

tlir(ﬁ k(t) = +o0. B cayuae (1) 6ygaem ropopurh, uro orobpaxenue ¢ (s, k)-
—

YCPEJIHEHHOW XapaKTepucTukoil, a B ciaydae (2) — orobpaxkenue ¢ (s* k)-
ycpeJiHeHHol XapaKTepucTukoii, riae dbynkuus f € WHG k, M), 1 < s <n
|7].

Teopema 1. ITycmv f, omobpasicenue ¢ (s*, k)-ycpednennotl xaparme-
PUCTNUKOT U BBINOAHEHO HEPABEHCTIEO

/k:sl*(t)ts?*dt < 400, a>n—p. (3)
0

Ecou f € W, 1, (G), f7H € W1, (G), 1 < s < nudas moboi mouku y € G

Jloc

AN I
/ (' /1 ) eyl *do, | < M, (4)
&

J(z, f)

ecat, o > n — S, mo ua aobom womnaxme A us obnacmu G pynruua f
IKBUBANEHNHA HEKOMOPOT HENPEPLIEHOT PYHKUUL.

JlokazaTebcTBO TeopeMbl cienyer u3 TeopeMmbl Aprena. s sToro mo-
CTPOUM PABHOCTEIIEHHO HEMPEPHIBHYIO U PABHOMEDPHO OrpaHUYeHHYIO Ha K
HOCJIEJIOBATEILHOCTD (PYHKIUMT, cxojsytocs K pyHkiuu f nodaru Besje B G.
Paccmorpuwm nocseioBarenbHocTh e-yepeauennuit byuknun f mo C. JI. Co-
OOJIeBY TIPH JIOCTATOYHO MaJibIX €. 3JIeCh -ycpejHernuem (yHkiuu f 110
C. JI. Cobonesy |1] aBasiercst dbyukmns

= e (m = “) fdn == [ o (%) 1t = wdu

R» B(O,S)

U3z [1, c. 79] caepyer, uro sue obsiactu G Gynkuus f. = 0. Uzsecrno [1], uro

bynkius f; 6eckoneuno auddepenimpyema 8 R" u || fz — fl,, R” — 0 upu
e— 0muro 2 = (2L
8a:i 8.131 c
CymiecTByIoT OTKpbIThIe MHOXKeCTBa (G 1 (G Takume, 9T0 KOMIIAKT

KCG1CGQ,G_1CG2,G_QCG

rie G - 3ambikanure muoxkectna (.0 = 1, 2. [Tokaxkem, 9T0 [1J1s1 JOCTATOUHO
MAJIbIX €

[Af]" _
I 2 ey do, | < Myea
/J(l’,f)”x yH 9 < y € G

G
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Vcnonb3ys obobmennoe nepasenctso Mumkosckoro [1] u yemosue (1) mo-
Sy dUM

I o
I !J@ij yl~do, | =

@ =

IA

B u\ |Af(x —w)|”
/e /“wg) ey dlle —ldo
G B(0,e)

] [ (e ]

B(0,¢) 2
e / o(4) =, (5)

ecin (y —u) € G, T.e. ipu € < €, TJIe £g MEHbIIIE PACCTOSHUSA OT TPAHUI[BI
MHoxkectBa G 10 rpanuipl G. U3 wepasencrsa (5) caenyer, uro Yy € Gy
BBIIIOJIHEHO HEPaBEHCTBO:

S

AYIk n
/ 2]] >H$ —yl|"%do, | <n*M, ecm B(y,r) C G>.
G

J(@, f

3 (3) caepyer, uro nenpepbiBHbie QyHKIMU fo U € < €g YJIOBIETBOPSIOT
yeqiosuto jiemMbl H. Moppu [7], mosTomy Jijist JIFOOBIX TOUEK ',y TAKUX, 9TO
map

B (52 5l 0l) € G 1) = )] < Nlo = ol
rie 5= (a—n+s)/su N sapucur or M,n, s, a.

Takum obpasom, cemeiicTBo pyHKIMA f- 1pu € < g9 Ha K paBHOCTENEHHO
HeIPePbIBHO.

[Tokazkem, uro pyHknuu f. npu € < €9 Ha K OrpaHUYIEHbI OJJHUM THCIOM.
Cymectyer dyHkius 1 € D Ttakast, 970 ee HOCUTEb J1exKuT B Go un(x) = 1
st € Gy [3].

Qynkius f, € Wpl(R"). Hoonpegennm f = 0 Bue obnactu G. Hast o € D
nMeeM
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13 (6) caemyer, 1410 0000IIEHHAST TTPOU3BOHAST

dn, f)  On of

[TokaxkeMm, aTo it pynknuu 7 f

(1

U3 (7) caenyer, aro

(e

|z — y|ad0x> <M, Vy e K.

|x—y|adax) <
VN B
_ do,
I(G/ St | e =l a>+

A |
f(! 15| e =l dom) <

Af[f .
I(/‘J(x,nf)f o=l “) *
G yEGQ

IAfI™ _ o
I — |l do, <A B+CM=M 8
(/‘nj(x’f) |z —y| “do < + 1 (8)
G yeGs

192



e A = maxg—g, r € Go; C = mazn(z), v € Go; B = ||fl,.¢; d - pac-

cTostHre Mexk 1y rpannnamn Muoxkects (1 u GGo. MI3BectHO [6], 910 (PYHKITUST

@ € D yjioBjieTBOpseT yCJOBUsIM TEOPEMbl U, IIpuMensis ycjioBue l'ejibjiepa
¥ OTeHKH (8) mosrydaem.

Yi
In(x) fo(z)] = o 12/ &L’z —y)|y‘ndyay <

p
ly — x| %doy, | X /Iy—xlmday < Mo,

1 ¢ d(nf-)
Wn—liz:; (m[ y;

rje m = ”pp# m + n > 0,M, zasucur or M7, n u quamerpa obaactu Go.

Hust v € K, n(x) v fo(x) = fo(x) u |f| < My cienoBaresibHo pas-
HOMEpHO orpanumveHa. Takum obpazom, Ha K cemeiictBo dbyukimit f.(z),
£ < €p PABHOCTEIICHHO HENPEPLIBHO, PABHOMEPHO OMPAHMYEHHO, TIO3TOMY T10
TeopeMe Aprenst U3 ceMeiicTBa MOXKHO BBLJICIUTDL HOIIIOCAEI0BATEILHOCTD
dbyuknuii | f,, ()| paBHOMEpHO cxO/AMIyIOCS Ha K K HEKOTOPOil HEIPEPbIBHO

dyuknuit ¥ . Takum obpasom, rnosyausiimecs: pyakiun f n W 9KBUBaAJIEHT-
HBI.

Bameuanue. [locmpoennvie npumMePs, NOKA3LLEAIOM, YIMO 6 PACCMAMPU-
BAEMBLT NOOMHONCECNBAT PYHKUUT KAACCA Wpl(G) Cp=mn cywecmsyrom
bynryuu, He npuHadiencausue Wi 0OHOMY U3 KAACCOS I/Vll(G) npu l > n.
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VIK 517.53

Hekoropble nHTErpajbHble oepaTopbl B

obJiacTax ¢ rpaHuliaMm KJjacca JlaBpeHTheBa!
H. M. Maxuna (Bpsinck, Poccus)
mahinanm@yandex.ru

B manmnoi#t pabore crpowTCd OrpaHUYEHHBIN MHTEIPAJIbHDLIA OIEPaToOp, O0TOOpPaZKAIO-
Uit BECOBOE MPOCTPAHCTBO M3MEPUMbBIX (DYHKIINH HA, COOTBETCTBYIOIIEE MPOCTPAHC-
TBO aHAJIMTHYECKUX (DYHKIW, B CIIydae, ecjid JAHHbIE IPOCTPAHCTBA PACCMATPUBA-
I0TCs HA NPOM3BEIEHUX 00JIacTeil ¢ rpaHuiiaMu Kiacca JlaBpeHTbesa.

Karouesvie caosa: KoHMOpPMHOE OTOOpayKeHWe, MPOEKTOP, TPOM3BeIeHe 0biacTeil,
KJtacc KpuBbix JlaBperTheBa.

Some integral operators in domains with the

boundaries of the Lavrentiev class?
N. M. Makhina (Bryansk, Russia)

mahinanm@yandex.ru

In this paper we construct a bounded integral operator, mapping the weight space of
measurable functions on the corresponding space of analytic functions, if these spaces
are considered on the products of domains with the boundaries of the Lavrentiev
class.

Keywords: conformal mapping, projector, product of domains, Lavrentiev curve class.

[Iycts (L) — muOXKecTBO KpuBbiX | (Ki1ace KpuBbix JlaBpeHTheBa) TAKUX,
aro [(wy,we) < clwy — wsl, rye ToUKM Wi, Wy — NPOUBBOJIBLHO BhIODAHHbBIE
wa [, [(wy,wy) — mymua kpatdaitmeit gyru [V na kpusoii I', coemunstormeii
Touku wi, we (em. [1], [2]).

B paborax aBropa (cMm., Hampumep, |3]-[6]) paccmaTpuBatoTcs BOIpPOCH,
CBSI3QHHBIC C BOBMOXKHOCTBIO OCTPOCHUA OIPAHUYEHHBIX NHTEIPAJIbHBIX Olle-
pPaTOPOB B BECOBBLIX KJlaccax aHajuThueckKux GpyHKiuil Tuma beprmana. Ot-
MEUAeTCsl, YTO PEHIeHUE TOJ00HOr0 POJa 3aad BO MHOTMX CJydYasX TECHO
CBSI3AHO C TEOMETPUUYECKUMU XapaKTePUCTUKAMY I'DAHUILI 00JIaCTH aHAJIN-
TUYHOCTH, KOTOPBIE, B CBOIO OYePE/Ib, MOT'YT BBIPAXKAThCS B PA3IMTHOTO POJA
olleHKax KOH(pOPMHO orobpakaroieit (pyHKInu.

[Tycrs H(G) — MHOXKecTBO Beex aHagnTuaeckux dyHkiwii B G; Lg(G) =
Kjaacc GyHKIui f, namepumbix 1o Jlebery, Takux, 4To

150y = [ V@)l @, 0G)dmafw) < 4005 > ~1,0 < p < +cx,
G
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AR(G) = H(G) N LE(G).

Teopema 1 (cm. [7]). [Iycts G — mekoropas oHocBsA3HAs 00IACTD HA
KOMILIEKCHO# 11J10cKOCTH ¢ Ipanuiei kiacca (L), ¢(z) — dyukuus Pumana,
orobpazkarorast S Ha G, ¢(0) = wy, wy € G,¢'(0) > 0. Torma mia 1 < p <
+00 CclIpaBe/InBa OleHKa:

/\90 AR, QI (= 1D GO ©
11

2 )
— Ca|r2[1 — Eefr (1= ¢ 75 (1 — gl
1 1 y
3 ~
5—2+——l;u>2—%,5:const>0.

Teopema 2. (cum. [6]). [Tycts G — ojjHOCBsI3HAS 00JIACTD HA KOMILJIEKCHOI
IJIOCKOCTH ¢ Tpanutieit kiacca (L), ¢(z) — dyukius, koadopMHO 0ToOpaXKa-
omast S na G, 0(0) = wy, wy € G, ¢'(0) >0, ¢ = ¢~ 1. Torna

Ny (=[G Py
w ) =0

() [ (1) dma(pe)

nenpepbiHO otobpazkaer Li(G) ma AR(G), 1 < p < +oo, > —1, 1 >
2(8 + 1), npuuem npu (5, p) = const > 0,

HFHA’/;(G) < C(Bap) Hf”Lg(G)

Pesynbrar 1annoii TeopeMbl OCHOBAH Ha OIEHKAX MOJYJIsl MPOM3BOIHOM
KOH(MOPMHO 0TOOpazkatoreil (byHKIUN (AHAJIOTOB TEOPEMBbI 1).
m (¥
[Tycrs renepn {G}L; — knacc obnacreii, OrpaHUIeHHbIX KPUBBIMHA KJIaC-
ca (L) u G=Gy X ...x Gy
[To anajornu, obO3HAYTMM, L%(G) — MHOXKeCTBO m3MepuMbix B G DyHK-

U, JIJIsT KOTOPBIX

56 = [ 1@ @ (w,0G)dman () =

:/.../\f(wl,...,wm)|pHdﬁj(wj,8Gj)dm2(wj) < 00,
(ele J=1

rie 0 < p < —I—oo,~g: (61, - ,ﬁm) Bj > - m; dma,, = dms...dmso —

L
mepa Jlebera na G. Tycrn AP(G) H(G ) (é)

Ql'ﬁ
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OKasblBaeTCs, CIPaBEJJINBa CJIEJIYIONAsa TeopeMa:
m o
Teopema 3. Ilycrs {G;};L, — BbileyKasaHHoe MHOXKeCTBO oOJacTeii ¢

rpannmnami kiracca (L), G = Gy x ... x G,
IIycrs {¢; }77”:1 — MHOXKeCTBO (DYHKIUI, KOH(POPMHO OTOOPAIKATOIITIX €11~

nuunbtit kpyr S na G, ¢;(0) = wg, wé € Gy, ¢5(0) > 0,1 = goj_l,j =1,m.
Torna

Pﬁ<f><w>défF<w>:H”f“/ /f it e )

dmg(,ul)...dmg(,un)

Xﬁ 1_‘?7bj nj|¢/,u)|
j=1 1 - % (:u])qvbj (wj))nj 2
(

HEIpepPbIBHO 0TOOparKaer Lp( ) na A% G),1<p< +o0, Bi>—-1,5=1m
p

pu BCEX 1 > Ng, Ny = 770(6) de = c(g )
HFHA%(G) <c Hf”L%(é)
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O BekTOpHO3HaUYHLIX MHTerpaJjax Mak-Illeiina

n XeHCTOKa'
K. M. Hapanenkos (Mocksa, Poccust)
naralenkov@gmail.com

Ilosmygensr nocrarodnbsle yeaoBus st waTerpupyeMoctn mo Mak-Ileitny na cuérHOi
cucremMe 3aMKHYTHIX MHOXKECTB B KJIACCE M3MEPUMBIX 110 PuMany u mHTErpupyeMbIx
110 XeHCTOKY BEKTOPHO3HAYHBIX (DYHKITHIA.

Karouesvie caosa: uzmepumas 110 Pumany dyuknus, orpanndennas sapuaius, AC,
u AC dyukiuu, narerpanasl Mak-Ileitna u Xercroka, Hopma Ajiekcuda.

On the vector-valued McShane and Henstock
integrals?
K. M. Naralenkov (Moscow, Russia)

naralenkov@gmail.com

We obtain sufficient conditions for a Riemann-measurable Henstock integrable vector-
valued function to be McShane integrable on a sequence of closed sets.

Keywords: Riemann-measurable function, bounded variation, AC, and AC functions,
McShane and Henstock integrals, Alexiewicz norm.

XOopoIo U3BECTHO, YTO JIJIs JIeHCTBUTEIbHOZHAUYHON (PYHKIIMU, UHTEIPU-
pyemoii 1o XeHCTOKY Ha OTpPe3Ke, 3TOT OTPE30K IOKPBIBACTCSA CUETHON CH-
CTEMOI 3aMKHYTHIX MHOXKECTB, Ha KakJIOM U3 KOTOPbIX paccMaTpuBacMast
dyuknusa narerpupyema mo Maxk-Illeitny. JlokazaTeabcTBO JTaHHOTO (DaKTa
CYIIIECTBEHHO UCIIOJb3YeT TO, YTO JIJIsi JIeHCTBUTEIbHOBHAYHBIX (DYHKIINI UH-
TerpaJl XeHCTOKa SKBUBAJEHTEH y3KOMY MHTerpajy Jlam:Kya, a mHTerpaJ
Max-Ileitna — unrerpasy Jlebera. C apyroit ctoponsr, B |1] mocrpoen mpu-
Mep uHTerpupyemoi 110 XeHCTOKY Ha OTpe3Ke (PYHKIMU CO 3HAUYEHUSIMU B
IIPOCTPAHCTBE Cy, KoTopas He uHTerpupyema 1o Mak-Illeiiny Hu Ha KakoMm
HEBBIPOXKJIEHHOM 110JI0Tpe3Ke. Takum o0pas3oM, jiist IMOJIydeHUs] aHaJIOI'oB
YIOMSIHYTOI'O BBIIIE PE3yJIbTaTa JJjisd BEKTOPHO3HAUYHBIX (DYHKIUN TOTpedy-
I0TCsl WJIW JIOTTOJIHUTE/IbHBIE YCJIOBUS HA ITPOCTPAHCTBO 3HAUEHUI WJIU Orpa-
HUYEHUsT HAa pAacCMaTpUBaeMyto (DYHKINIO (MIH Ke Ha €8 Heompe e/ eHHbII
unrerpad). [lonsarue usmepumocmu no Pumany ectecTBeHHBIM 06PA30M BO3-
HUKAET [1IPU PACCMOTPEHUM BEKTOPHO3HAUYHbIX 00001eHnii nnrerpaJia Puma-
ra [2|. Bee nsamepumbie o Boxuepy dyukinu usmepumbl o Pumany, ogaako
uzMepumMbie 110 Pumany pyHKIMKM MOTYT MUMETh HecelapadebHyo 00J1acThb
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sHaveHnii. B nacrosimeir pabore, Mbl IPOOJIKAEM M3y UeHNEe B3aHMOOTHOIIIE-
HUsi BeKTOpHO3HaUYHbIX nHTerpaJjioB Mak-Illeiina n Xencroka B kjiacce uzme-
puMbix o Pumany dbynkmmit, mataroe B [3], [4].

[Tycts X — nejicTBuTesibHOE HaHAXOBO MPOCTPAHCTBO U [a, b] ecTh dhukcu-
POBAHHBII HEBBIPOXKJICHHBIN OTPE30K JieiicTBUuTeIbHOM ocu. Ha mporsikennn
Bceit paboTel I n E OyayT 0003HaYATH TPOU3BOJILHbBI HEBBIPOXK IEHHBI MO0~
TPE30K U IPOU3BOJIbHOE U3MepuMoe 110 JIebery moMHOKEeCTBO OTpe3Ka [a, b]
coorercreento. Ecu F @ [a,b] — X, ro AF(I) obosnauaer npupauserue
F na I. ITonoxxkutenbhas GpyHKIusd Ha [ Oyj1er Ha3bIBATHCA Macuimadom Ha
muoxkectse F/. Hakonerr, p1 oboznadaer mepy Jlebera na JieiicTBUTEILHO OCH.

Jacmuunoe pasbuenue Max-Iletina orpeska [a, b] ectb KoHeuHbI HAOOD
{(I, tx) }_, map orpesok-Touka Takoii, uto orpesku {I}* | nomapno mne
nepekpbiBaloTcst u ty € [a,b] s kaxoro k. Hacruunoe pasbuenne Mak-
[leitna orpeska [a, b] HA3BIBaETCS wacmuunvm pasbuenuem Xencmora OT-
peska [a,b] ecom tp € I nns Beex k. Hacruunoe pasbuenume Mak-1lleitna
(Xencroka) orpeska |a,b] naseiBaercst pasbuenuem Max-Iletna (Xencmo-
ka) oTpeska |a, b] ecam ero OTpesKu nokpwuiealom OTpe3oK |a, bl.

Onpepesienne 1. Oyukius f : [a,b] — X HaspiBaeTcs unmezpupyemots
no Max-Iletny (Xencmoxy) na [a, b], ¢ unmeepasom Max-Iletna (Xencmo-
ka) w € X, ecmn s Kaxaoro € > 0 maiigerca macmrab d na |a, b] Taxoii,
9TO HEPABEHCTBO

<€

> fte)ul) —w

BBITIOJIHACT s Jyist Bestkoro pasbuenus Mak-Ilefina (Xencroka) { (I, t) }E
orpeska |a,b] ¢ yciosuewm I, C (ty — 0(ty), tx + 0(t)) juist Beex k.

Onpepesienne 2. Qyukuust f : [a,b] — X M-unmezpupyema (H-
unmezpupyema) Ha [a, b] ecau ona unrerpupyema no Maxk-leiiny (Xencro-
Ky) Ha [a, b] u kaxjomy £ > 0 B onpejesenun unrerpaia Mak-Hleitna (Xen-
croka) dyukiwu f 1o [a, b] coorBeTcTBYeT UsMepumbitl MacTad §. OyHKius
f M-unmeepupyema (H-unmezpupyema) na muoxkecrse E eciu dyHKIims
f - XE, noe xg obozHavaeT xapakmepucmuueckyro Gyruryulo MHOXKECTBa F,
M-unmezpupyema (H-unmezpupyema) na [a, b|.

Onpenenenue 3. Oyukius f : EF — X naswiBaercs uamepumoti no
Pumany na E ecaun nisa kaxjgoro € > 0 HaiijiyTcsd 3aMKHYTOEe MHOXKECTBO
F C FE, ypnosaerBopstoriee yeiaosuio pu(E\ F') < &, v MOJOXKUTETBHOE TUCIIO
0 TaKue, 9TO HEPABEHCTBO

K

> {f ) — Ft)} - u(Ii)

k=1

<e€
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BBITIOJTHSIETCS JIJIsT BCIKOTO KOHeTHOTO Habopa {1 k},le [OIIApHO HeIlepeKphl-
BAIOIIMXCsI OTPE3KOB C YCJIOBUEM II}{ELX p(ly) < 6w st Beex ty, t), € I, N F.
1<k<K

Bee H-unrerpupyembie (pyHKIUU 00si3aTE/]bHO U3MEPUMbI 110 Pumany,
oostee Toro, narerpas Maxk-Illeitna (Xencroka) oKa3bBaeTCS SKBHBAJICHTEH
M-unrerpany (H-unrerpasy) jjist usMepuMbix 110 Pumany dynkimii [2].

Omnpepesierne 4. F : [a,b] — X ectb sV B ¢ynryua va E ecan

K
SV(F,B) =sup S |AF(I)| < o,
k=1
rjie cyupemyM Gepercs 110 BceM HabopaM HOoIapHO HellepeKPbIBAIOIIUXCs OT-
peskos { I} | ¢ yenosuem 01, C E noia Beex k.
Onpenesienne 5. F': [a,b] — X ecrb V B, dynryus na E ecin

K

> AF(Iy)

k=1

V(F, FE) = sup < o0,

rje cynpeMyM Gepercst no BceM HabopaM MONapHO HEIePeKPBIBAIOIUXCA OT-
peskos { I} | ¢ yenosuem 0l N E # & nna Beex k.

Omnpenenenne 6. F : [a,b] — X ecro AC (AC.) ¢ynxyus na E ecan
Jutst Kaxkjioro € > 0 cymecrsyer n > 0 Takoe, 4T0

<e€

K
Y AF(L)
k=1

BBIIIOJIHACTCA JIJI8 KazKJIOTO KOHEUYHOr0 HAOOpa IMOMAapHO HEINePEeKPLIBAIOIINX-
¢ OTPE3KOB {Ik}le ¢ yeaosuem Ol C E (01 N E # &) st Beex k n

K
g:)lu(fk) <.

Omnpenenenne 7. F : [a,b] — X ecr» sVBG (VBG,, ACG, ACG,)
dynryua Ha F ecaym MOXKHO IIOKPBITh CUETHON CUCTEMON MHOXKECTB, Ha, KazK-

nom u3 koropeix F'ects sV B (V By, AC, AC,) dyuxipust.
Omnpepesienne 8. [Iycrs f : [a,b] — X wnrerpupyema ua [a, b]. Torma
nopma Anexcuua byuknmm f onpenessiercss paBeHCTBOM

t
[

Teopema 1. IIycmv X wne codeporcum nodnpocmparcmea, u3omophro-
20 co. Ecau f @ [a,b] — X H-unwmeepupyema na |a,b], mo |a,b] mooicno

| flla = sup

a<t<b

200



NOKPLIMB CHEMHOT CUCTEMOT, 3AMEHYMBLT MHONCECME, HA KAHCOOM U3 KO-
mopwuix Heonpedesénnvit unmeezpan pyuxuyuu fecmov VB, u AC dynryua,
a maxoce pynxyua [ M-unmezpupyema.

Teopema 2. Ilycmo f : [a,b] — X H-unmeepupyema na [a,b]. Ec-
AU neonpedeaénmnviti unmeepans gynruuu fecmov sV BG dynkyua na [a,b),
mo [a, b] MoorcHo nokpumy cuémmuoti cucmemots 3aMERYMBLE MHOHCECME, Ha
Kaotcdom u3 Komopux neonpedesCrnvill unmezpar gynkuuu f ecmo sVB u
AC pynruyua, a maxoce pynxyua f M-unmezpupyema.

Teopema 3. ITycmo f : [a,b] — X unmeepupyema no Xencmory wa
[a,b]. Ecau cywecmeyem mmosicecmso N C |a,b] maxoe, wmo u(N) = 0
u [a,b] \ N mootcho nokpums cuémmoti cucmemots 3amMEHymoLT MHOHCECTNE,
na kaocdom uz komopor f unmezpupyema no Max-Iletny, mo [a,b] \ N
ecmb obsedunenue cuEmmot 603pacmarouwet nocaedosamesvbHOCMU 3aMKHY-
moie muoocecme {F,}°0 1, na kascdom uz xomopwx f unwmezpupyema no
Max-Iletiny u ycarosue

I fxe, — flla < - ()

BHINOANENO ONA 6CET M.

Caencreue 1. ITycmo [ : [a,b] — X H-unmeepupyema na [a,b] u
EUINONNACTNCA NO Kpatined mepe 0010 U3 CAeOYIUUT YCA0GUT:

1. X me codeporcum nodnpocmpancmea, uzomophrozo cy;
2. neonpedeaérunoili unmezpan gynryuu f ecmo sV BG dynryua na [a, b).

Tozda [a,b] ecmv obsedunenue cuémmoti eospacmarowet nociedosamenvHo-
cmu damrnymor muoocecms {F,}°° 1, na kaocdom us xomopwx [ unme-
epupyema no Max-Iletny u ycaosue (1) ewnoaneno das écex n.

Teopema 4. [lycmv dynryua f : [a,b] — X H-unmeepupyema na [a, b.
Tozda natidemca mmoorcecmeo N C |a, bl maxoe, wmo p(N) =0 u [a,b] \ N
ecms obsedunenue cuémmuoti 603pacmatowet nociedosamesvHOCU 3aMKEHY-
mowx muoorcecme { F,}°° 1, na kasrcdom uz xomopor f ozpanuvena u ycrosue
(1) svinoaneno daa ecex n.
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Kondopmubie moayin n

KBa3NKOH(MOPMHOE OTparKeHue!
C. P. HaceipoB (Ka3zausb, Poccust)
email@mail.ru

Mp#1 onuchIBaeM 3a/1a49¥, CBSI3aHHBIE C BHENTHUMU ¥ BHYTPEHHUME KOH(MOPMHBIMU MO-
JIyJISIMA 9eThIPeXyroabHUKOB. OTAETbHO PACCMATPUBACTCS CIAydail paBHODEIPEHHBIX
Tpamemnuii, 1Jiss KOTOPBIX YCTAHABIUBAKOTCS OIMEHKN KO3 DUIMEHT KBA3UKOH(MOPM-
HOT'O OTPaKE€HUs OTHOCUTEIHbHO UX I'DAHUIIBI.

Karuesvie caosa: KOHMOPMHBINH MOIYJb, 9eTHIPEXCTOPOHHUK, KBA3UKOH(MOPMHOE OT-
pazkenne, KOHPOPMHOE 0TOOpaAKEHTE.

Baazodaprocmu: paboTa BHITTOIHEHA TP (DHHAHCOBOM TMOAIEPIKKE IMPOrPaMMbBI Pa3BH-
tust Hay<uno-o6pa3oBareibHOTO MaTeMaTHIecKoro nearpa [IpuBomkckoro dpeaepatb-
HOro okpyra (cornamenue Ne 075-02-2021-1393).

Conformal moduli and
quasiconformal reflection!
S. R. Nasyrov (Kazan, Russia)
email@mail.ru

We describe some problems connected with the exterior an interior moduli of
polygonal quadrilaterals. In particular, isosceles trapezoids are considered, and
for their boundaries estimations of the coefficient of quasiconformal reflection are
obtained.

Keywords: conformal module, quadrilateral, quasiconformal reflection, conformal
mapping.
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Yemuwpexcmoponnukom Q = (Q;z1, 22, 23, 74) HA3BIBACTCS YKOPJIAHOBA,
obnacth () Ha cdhepe Pumana ¢ 94eTbIpbMs OTMEYEHHBIME TOUKAME 21, 29, 23
W 24 Ha ee rpanue; OyjemM HyMepoBaTh Z; B TOM IOPsJIKe, KaK OHU PACIIOJia-
raloTCs Ha IpaHulle 00JaCTU IIPU ee MOJOKUTETLHOM 00XO/Ie.

OJ1HO#T U3 OCHOBHBIX M€OMETPUIECKIX XaPAKTEPUCTUK Y€ThIPEXCTOPOHHH-
Ka @ sSBIAETCA €r0 KoHPopMHbit MoJYAb. VIMeeTcss MHOTO SKBUBAJIEHTHBIX
ornpeienierunit aroro mousitus. Hampuwmep, ecan f — xordopmHOE 0TOOparKe-
nue @ na upsimoyrosibauk [0, 1] x [0, h], A > 0, Takoe 4To TOUKM 21, 29, 23 U
z4 nepexojdr B 0, 1, 1 4+ ¢h u ¢h, To h onpejie/ieHO eMHCTBEHHBIM 00pa30M
1 Ha3bIBaeTCst KOHPOPMHBIM MojayaeM Q. B sTom ciiydae Mbl muiem

h = Mod(Q).
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Hpyroii crocob ompeenennsi MOyl COCTOUT B HCIOJb30BAHUY ITOHATHS
skcrpemasbhoil Jymabl A(I') cemeitersa kpusbix I'. Ecoin I — cemedicTBo Kpn-
BLIX B 00acT (Q, COSAMHSIIONMX CTOPOHDBI 2129 M 2324 YETHIPEXCTOPOHHUKA
Q, o Mod(Q) = A(I'). Eciu xke mbl paccMoTpuM cemeiictBo 'y KpUBBIX,
COEJIMHSIIONIAX CTOPOHBI 2223 U 2124 B (), T0 Mod(Q) = 1/A(I'1). Hakonern,

-1
Mod(Q) = | inf / / \Vu|*dzdy
u Q

ryie wHGUMyM OepeTcst 0 BCeM TIaKuM (DYHKIUSIM u in (), HempephiBHBIM
B (), Koropble pasHbl 0 Ha I'DAHUYHON Jyre 212 U 1 Ha Jyre 2324 XOpo-
10 M3BECTHO, 9TO STOT WH(MUMYM HA CAMOM JIeJIe SIBJISeTCS MHUHIMYMOM H
JIOCTUTAETCS Ha TAPMOHUIECKON (DYHKIINN.

[Ipeamonoxum, uro () — orpanmdennas »kopaanosa obyacts B C, L = 9Q)
W 21, Z9, 23, Z4 — HEKOTOpbIE TOYKHU Ha L, YIOBJIETBOPSAIONINE OMMCAHHBIM
BbIITIE TpeOOBaHUAM. PaccMoTpuM deThipexcTopoHHuK Q = (Q); 21, 29, 23, 24).
Torna Benmanna Mod(Q); 21, 29, 23, 24) HA3BIBAECTCS GHYMPEHHUM MOJYAEM.
Mbl TakzKe MOXKEM PACCMOTPETh YeThiPpexCTOpoHHUK QF = (QF; 24, 23, 29, 21),
riae Q¢ — sro gonosaerue @ o chepol Pumana. B stom ciyaae Mod(Q°)
HA3BIBAETCST GHEUHUM MOODYAEM.

Kondopmubie MOyl UTPAOT BayKHYIO POJIb B M€OMETPUIECKOH TeOpun
dbyuKIMit 1 ee npuaoxkennit. Mbl aHagu3upyeM BHYTPEHHUE W BHEITHUE MO-
JIyJIA, X OTHOIICHKE U IIPUMEHSIEM [TOJIYIeHHbIE PE3YILTATHI B TEOPUU KBA3U-
KOHMOPMHBIX 0TOOParkeHnii. 3aMeTuM, 9TO OJHO U3 U3BECTHDIX OTPEIeIeHN
KBa3UKOH(MOPMHbBIX OTOOparKeHui, Tak Ha3blBAEMOE I'€OMETPUUYECKOe Olpe-
JIeJIeHe, UCIOb3yeT KoHndopMuble Moy, CoXpaHsIONi OpUEeHTAIIIO I'O-
meomopdusm chepnl Pumana C naseisaercs K-kpasukondopmubiv (K > 1),
ecJIM OH YJIOBJIETBOPSIET YCJIOBHIO: KOH(DOPMHbBIE TOAY/IN KBA3UNHBAPUAHTHDI
pu TakoM oToOpaxkeHww, T. €. eciin Q = (Q); 21, 22, 23, 24) — IPOU3BOJIHHBII

sertipexcroponnk 1 f(Q) = (£(Q): f(21), f(22), f(2). f(z)). 0
K 'Mod(Q) < Mod(f(Q)) < KMod(Q).

Ba>KHbIM sIBJISIETCSI IIOHSITHE KBA3UMOKPYKHOCTHA. HalmoMHUM, 9TO 3aMKHY-
Tasi »KopjaHoBa kKpuBas L Ha cdepe Pumana HazbIiBaeTcs k6a3uokpyotc-
HOCMBI0, €CJIN OHA, SIBJIAETCs 00pa30M OKPYKHOCTH TIPU HEKOTOpoM K -
KBa3MKOH(MOPMHOM aBToMOpdu3me cdepbl Pumana, npu 3ToM, OHa TaK¥Ke
Ha3biBaeTCs K -KBa30KPYKHOCTHIO. BaxkHoii 3ajia4a cCOCTOUT B OlIPEJIeJIeHUK
JIUIs1 3aJIAHHON KPUBOM, SIBJISETCS JIM OHA KBAa3UOKPYKHOCTHIO MJIU HET, U €CJIH
OTBET MOJIOXKUTEJIEH, TO TPedyeTcsi HallT MUHUMAJIHLHO BO3MOXKHOE 3HaUEHUE
K, xoropoe Mbl 0603HaunM depe3 K. [Ipobaema naxoxjpenust Ky sBigercs
OTKPBITOW JlaXKe JIJIs CJIydast TaKUX MPOCTHIX KPUBBIX L KakK TPaHUIbI JIJINH-
HBIX IIPSAMOYTOJILHUKOB.
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Bamerum, U410 AJbGOpPC Jal CIEIYIONIYI0 FeOMEeTPUIECKYI0 XapaKTepu-
3allMI0 KBa3uOKpy»kHocteil. Ecin L — 3aMKHyTas »KOpJlaHOBa KpuUBas Ha
IIJIOCKOCTH U cyIecTByeT KoHcTanTa C' > 0 Takas, 9To JJIsd JIIOOBIX TPeX TO-
YeK 21, Zo U 23 HA L TaKux, 9TO 23 JIEXKUT Ha, MOJIyre L MEHBIIEro juaMerpa
C KOHITAMHU B TOYKAX 2] U 22, BHITIOJHAETCS HEPABEHCTBO

‘Zl — 23| + |22 — 23‘ < C|Zl — 22‘,

10 L sBisiercs K-KBas3smoKpyKHOCTLIO, Tie K 3apucut Tosbko or C. OO6-
parTHo, ecyin L siBjisiercst K -KBa3uOKpPYKHOCTHIO, TO JJIsi KaXK/I0# 110100HO
TPOIKHU TOUEK Ha L 3TO HepaBeHCTBO nMeeT MecTo ¢ (. 3aBACAIIUM TOJHKO
or K.

Ecin L — KBa3noKpy>KHOCTh, TO CYIIECTBYET KBa3WKOH(OPMHOE OTParke-
HUE OTHOCUTEJbHO L, T. €. MEHAIOIMNN OPUEHTAIINIO KBA3UKOH(MOPMHBIN aB-
ToMopdusM g cepbl Pumana, KOTOPBI OCTaBIgET Ha MECTe KayK 1ylo TOUKY
L, orobpaxkaeT orpaHuIeHHYI0 KOMIIOHEHTY JIONOJIHeHNsT [ Ha HeorpaHuIeH-
Hyto 1 HaoObopoT. Hapsity ¢ mpobsiemoit Haxoxkjaenus K; mmeeMcs Jipyras
BarKHas 3ajla9a — JJIs 3aJIaHHON KBa3MOKPY>KHOCTU L HAWTU WM OLEHUTDH
MUHAMAaJIbHBII KO3(DUIMEHT KBAa3UKOH(MOPMHOCTH CPEIU BCEX OTParKeHnii
g oTHOCHTENIHbHO L; 0obo3HaumM 10T KO umuenT depes (QRy. D10 ovueHb
TpyiHAS TPoOJIeMa, Jaxke JJIs TTOJUTOHATBHBIX KPUBbIX, OHA HCCIIEI0BAIACH
B padorax P. Kionay (cm. [3], [1, c¢. 525-531]).

[IpuBejieM HEKOTOPBIE PE3YIBTATHI, KAaCAIONuecss KBA3UKOHMOPMHOTO OT-
pakeHusi OTHOCUTEIbHO TOJMUTOHAJBHBIX KPUBHIX. Tak Kak KarkJas Takas
kpuBasg L B C ompejesisier ¢BOIO BHYTPEHHOCTH int(L) eInHCTBEHHBIM 00-
pasom, Mbl OyjmeM Tak»Ke TOBOPHUTh, UT0 QR sBisiercs KodpdUImEeHTOM
aist int(L). Ecau cymectByer OKpy:KHOCTH, BIHMCAHHAS B MOJUTOH L, TO
QRp =2/a—1, rjie ma — 970 HaMMEHbITNI 13 BHyTpeHHUX yrioB L. B gact-
HOCTH, JIJIsi TPEYTOJbHUKOB 1pobJieMa Haxoxiennsi QQ Ry pemena. s de-
TBHIPEXYTOJLHUKOB MPOOJIEMa OTKPBITA JaKe JJIsl CJIydas TPsAMOYTOJbHUKOB.
Buauenue (Q Ry u3BeCTHO TOJBLKO Jijist psiMoyTroJibHukoB [0, a] X [0, 1], 6iius-
Knx K KBajpary ( [5], em. rakxke [1,2]): ecoin 1 < a < 1.037, 10 QR = 3. dna
JIOCTATOYHO JUIMHHBIX PSMOYTOJLHUKOB (a > 2.76) usBecrHo, uro Q Ry > 3.
Bostee Toro, st moboro a > 1 B [5] mokazana onenka

£a<QRL<7ra.

Besimauna (Q Ry, TecHO ¢BsizaHa ¢ BEJIUINHOMN

Mod(Q)
Mod(Q')
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rie Q = (Q; z1, 29, 23, 24), 0Q = L u cynpemym Gepercst 1o BceM deTBepKaM
Touek (z1, 29, 23, z4) Ha L. Kak zamerunn Kionay [4],

QRL Z ML7

TaKUM 00pa30M, KaxKJas HIXKHsisl OleHKa s M jgaer Tak»Ke HUXKHIONO
onenky st QRy.

Mpgr nccnenyem 3ajady onenuBanus pejaudud My u QR st paBHobe/I-
pennbix Tpanenuit. C momomnibio (hopmysisl Kpucroddens-IIsapia u ee 0600-
IIIeHUiIl MBI CTPOUM KOH(DOPMHBIE OTOOparKeHMsT BEPXHEH MOJIYILIIOCKOCTH Ha
BHYTPEHHOCTh ¥ BHEITHOCThL KpuBOil L. CpaBHeHne BHYTPEHHErO W BHEITHE-
0 MOJLYJIsl I PA3JIMYHbIX YE€TBEPOK TOYEK 21, 29, 23, 24 € L 103BOJIsieT
OJIYINTh HUXKHIOIO OIEeHKY jJist My, u, ciemoBaresnbHo, qist QR

Kpome Toro, ucrosib3ysi JIOCTaTOYHO IPOCTHIE METOJIbI, Mbl I10JIy4aeM
oneHku g QRp u My B ciiydae paBHOOEIPEHHBIX TpallelernajJbHbIX JIO-
MaHBbIX L BbICOTHI 1 B TepMUHAX JJIMH WX CTOPOH U yIJIOB.

Teopema. /i xaocdoti pasnobedpermnoti mpaneyeudanvnoti somanot L
C OCMPOIM YesoMm T U dAuHGMY ocrosanuti ¢ u d, ¢ < d, cnpasediusa
OUEHKA

g(Ao)(1+ C(a))d, ecan
g N1+ Cla))d, ecau
Baech g(A) = A (V1 — A2) /K(X), K(A) — 310 noaubiit samunrueckmii

uHTErpaJi 1nepBoro poja, A\g = 0.7373921... — ejuHcTBEeHHAs TOYKA MUHU-

myma byuakmun g #Ha (0,1), g(Ag) = 0.708434... u

Z A07

QUlo

My >
< Xo.

Ulo

Cla) = <\/1 + tg?(ra) /4 —tg(ﬂa)/2>2, 0<a<1/2

Kpowme Toro, ¢ HCoIb30BaHNEM CBONCTB CTPOrO 3Be3/1000pa3HbIX KPUBBIX
MOYKHO TOJIYUNTh OIEHKY CBepxy it QR .

[annasi paboTa ocHOBaHa Ha Pe3yJbTaTaX COBMECTHBIX HCCJIEIOBAHUIM C
M. Byopunenom u T. Cyranoii.
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HepaBencTBa 11j1g nepBoii 1 BTOPOIA

ITPON3BOAHBLIX aJredpamvieckKoro MHOro4JeHa
Ha 3JLJIAIICe!
T. M. Hukudoposa (Exarepunbypr, Poccus)
t.m.nikiforova@yandex.ru

JlokazaHa TeopeMa O COXPAHEHWH HEPABEHCTB MEXKY (DYHKIUSIMU CIEUaTHLHOTO BU-
Ja mpu nudepeHmpoBaHnn Ha dIUICe. B 9acTHOCTH, MOTydeHbl 0000IeHns Hepa-
ercts Jadduna-Illedpdepa n Bugerckoro mjs mepBoii 1 BTOpOit TPOU3BOIHBIX AJI-
reGpangeckoro MHOrOYIeHA HA SJLINTICE.

Karoueevie cao6a: MHOTOUIIEH, TTPOU3BOIHAS, SJIIUTIC, MAYKOPAHTA, HepaBeHCTBO BepH-
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Inequalities for the first and second derivatives

of algebraic polynomials on an ellipse!
T. M. Nikforova (Yekaterinburg, Russia)
t.m.nikiforova@yandex.ru
We prove a theorem on the preservation of inequalities between functions of a special
form after differentiation on an ellipse. In particular, we obtain generalizations of

the Duffin-Schaeffer inequality and the Vidensky inequality for the first and second
derivatives of algebraic polynomials to an ellipse.

Keywords: polynomial, derivative, ellipse, majorant, Bernstein inequality, Duffin-
Schaeffer inequality, Vidensky inequality.
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BBenenune

SHaMeHHTa CJeyiolas TeopeMa, Ha3biBaeMasl HepaBeHCTBOM Bepwinreiina:

Teopema 1. Ilycmv 7,, — mpuzonomempuyeckuti NOAUHOM CMENEHU T
¢ KOMNACKCHULMU Ko3PPuyuenmams, u

IT(t)] <1, teR

Tozda
‘Té(t” <n, teR.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International

(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

208



B 1912 rony C. H. Bepuirrreiin 1] mosyuna HepaBeHCTBO JIJIsT BEIECTBEH-
HBIX YETHBIX U HEYETHBIX TPUNOHOMETPUIECKUX TIOJUHOMOB ¢ KOHCTAHTOM N,
3HAUUT, B 00IIEM cjaydae ¢ KoHcTaHToi 2n. Bekope 9. Jlamgay oOHAPYKUII,
KaK TOJIYUUTh U3 pe3ysbTaTa BepHITeiiHa HepaBeHCTBO ¢ KOHCTAHTOW M.
[TozaHee ObLIO MOJyUeHO OOJIBIIOE KOJUUECTBO PA3IUUHBIX JTOKA3ATEIbLCTB
Teopembl 1. OyiHo u3 Hanbostee obmwx npunasexkut M. Puccy [2].

13 9710i1 T€OpEMBI JIEI'KO TOJIyYaeTCsl cieiyioniee yreep:kpenne. [Iycrs aJi-
reOpandecKuil MHOTOUJIEH P, CTEIIEHU 7. ¢ KOMILJIEKCHBIMU KO3 DUIlmeHTaMm
YJIOBJIETBOPSIET YCJIOBUIO

lpn(z)| < 1= , x € (—1,1),

To(w) + /1= 22T )

(x4+V22—1)"+(z—/22—1)"

rie T,,(x) 5 eCTb MHOTOUJICH JeDObIéBa NepBoro pojia.
Torpma na (—1,1) BepHO HEPABEHCTBO

zy@+(§¢fiﬁmu0/

DTOT pe3ybTaT TaKyKe Ha3bIBAIOT HepaBeHcTBOM DBephinreiina.

B 1938 roxy P. Jadbdun u A. [leddep [3| ynpoctuaun morazareabeTBo
HepasencTBa MapkoBa JijIs MHOTOYJICHOB Ha OTPE3Ke. BaKHbIM B WX JIOKa-
3are/bCTBe siBJIsieTcst 06001eHne HepasencTsa (1) Ha ciydail crapiumx npo-
U3BOJIHLIX. A UMEHHO, €CJIM MHOIOYJICH Py, YIOBJIETBOPSET YCJIOBUIO TEOPEMbI
1, Ttorna juist k = 1,...,n BBINOJHSIETCS HEPABEHCTBO

n

(@) < ot =
Pl <~

. (1)

i (k)
) < [0+ (VTP ) | e (1),

DTOT pe3yabrar HasbBaroT HepaBeHcTBoM Hadduna-Illeddepa.

B 1951 romy B. C. Bujenckuii [4] Bén wmaxkopanthl Buga K,(r) +
ivV1—2x2L,_1(x), rne K, u L, ; — anrebpandeckue MHOTOWIEHBI CTeNeHed
n nn — 1 coorBercTBenHo, mpuaém Bee vy K, n L, 1 gexar na [—1,1] n
B3aMMHO depejiytorces. BujeHckuii jjokazad ciieyroiiee 0600iieHne HepapeH-
crea Haddbuna-Ileddepa.

Teopema 2. ITycmv mHozousen p, cmenenu n YydoBAemMEOPALM HEPAGEH-
cmey

o ()| < |Kp(x) +iv1 — 220, 1(x)|, =€ (-1,1).
Toeda dns x € (—1,1), k=1,...,n

(k)
)] < KO+ (VI (o)
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[Toyaum obobienune nepapencts Jladduna-Illedpdepa nu Bujgenckoro
JUIsl TIEepBOM U BTOPO# MPOU3BBOJHBIX aJIredOparnvyeckoro MHOIOUJICHa Ha 3JI-
JIATICE.

0O06o03HaYeHud

Paccmorpum dynkiuio 2Kykosckoro

1 1
:G = — —_—
2 (w) 2<w+w>
[Iycrn
1 1/r —
Er:{z:%cost—i¥sint, tG[O,QTF]}.

BamernM, uro G(rw), G(w/r) € E,, |w| = 1.

O6osnaunm kak h(z) = z++v/2? — 1 obparnyio kK dyskiun 2KyKoBcKoro.
Eé nenpepbiBHbIE 0JIHO3HAUYHBIE BETBU 0TOOpaKaloT F, Ha OKPYKHOCTH |z2| =
r u |z| = 1/r B 3aBucumocT or BbIOOpa BeTBu V22 — 1. Bhibepem BeTBb
V22 — 1 rak, 4r0bbl dyukiuus h orobpaxana E, na |z| = r.

PacemorpuM hyHKIMK BUJIA

Qan(w)
fulGlrw)) = ===, |Jw[=1 (G(rw) € E,),

riae (Qo, — anrebpandeckuit Muorowsien crenenn 2n. B gacrnoctu, B TakoMm
BUJIE TIPEJICTABUMbI

L] aﬂre6paﬂquKHe MHOTI'O4YJICHDbI CTEIICHHN 71 Ha IJIJINIICE Er;

o {yukiwu Buga K,(z) +ivz2 — 1L, 1(z), tne K, u L, 1 — anrebpau-

JecKre MHOTOYJIEHBI Ha F.

Teopema

Teopema 3. ITycmov

QY (w)
My(Glrw)) = = ] = 1,
ede QM — anecebpauneckuii muozovaen cmenenu 2n, 6ce MYAU KOMOPO20

AEACAM, 8 OMEPLIMOM edunuvrom kpyze. Ecau
Pu(2)] < [Mn(2)], 2 € B,
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mo dasa k =1, 2
PP () < IMP(2)], 2 € E,.

Herpynno ybeuurbesi, uro Teopema obobimaer HepasencTs Jladhduna-
[leddepa st mepBoit U BTOPOH IPOU3BOJAHLIX Ha sjaunce. Ilycrs T, —

MHOTrOYJIeH HeObIéRa mepBoro poja ¢ eJMHUIHON pPaBHOMEPHOI HOPMOIT Ha
E,. n

1
M,(z) = —= [ Tn(2) + ~V 2-1T)(2)), z€E,.

2n
Hecaioxno jiokasars, uro M,(G(rw)) = w" = “=. Torja, 110 reopeme, eciiu
asirebpanIecKuil MHOTOWIEH Py, YIOBJIeTBOpsieT yeiaosuio |p,(z)| < 1, z € E,.,
TO

B ()] < IMP G k=1, 2

Terepb TMoKazkeM, 9TO TeopeMa 0000ITIaeT HEepaBEeHCTBO BHJIEHCKOro Ha
CJIyYail 3JIIuIIca JJist IePBOMl M BTOPOil TPON3BOJIHBIX.
Paccmorpum pyHKIMIO

fo(2) = Kp(z2) +ivV 22— 10,4(2), z € E,,

rie K, L, 1 — ajrebpaniecKue MHOI'OUYJIEHbI TOYHBLIX creneHeir n u n — 1
COOTBETCTBEHHO.
Ucnonwbayst cpoiicrBa yHkimn 2KyKOBCKOI0O, MOXKHO IPOBEPUTH, UTO

2n

Fu(Glrw)) = =S el Ju] =1

j=0
Kpowme Toro, sicHo, 4T0
7(t) = fu(G(re™)), Rer(t), Imr(t)

— TPUTOHOMETPHUUIECKKE MOJUHOMBI nopsiika n. [lycrs Re7,(t) u Im7,(t)
VMEIOT 2N pas3jIndyHbIX HyJeil Ha Hepuoje, KOTOpble B3aUMHO UepeyioTCsl.
Orcrojia, Kpusasi 7, (t) 0OXOIUT HAYATIO KOOPJMHAT N pa3, KOTJa { MEHAETCs
or 0 go 2m. Honoxum M,(z) = f.(z), eciu KpuBast T, (t) 10J0KUTEILHO
opuentuposana. Unaue nycrs M, (z) = f,(z). Urak, kpusas M, coseprmaer
BOKPYT HavaJja KOOPJAWHAT N 000poToB. Vcrosb3yst MPUHIMIT apryMeHTa B
IUIOCKOCTH W, HECJI0KHO yoeurhest, uro M, (G(rw)) ypoBiaerBopsier yciio-
BUSIM TEOPEMBI.

Hanee nam nonaoburcst nousitue komnosurun Ceré muorowseron. s

MHOTOWIIEHOB h(2) =
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n n
= S CFhpt w g(z) = Y Crgp2¥. ona onpenensierca kak Muorodsnen
k=0 k=0

[hxg](z) = > C’f,fhkgkzk.
k=0

B 1922 rogy T'. Ceré [5] jokazas ciejiyomyto Teopemy.

Teopema 4. ITycmv 6ce nyau mruozouiena h aescam 6 omrpvimom eou-
NUNHOM KPY2e, U 6Ce Nyl § — 6 €20 damvikanuu. Tozda ece nysu h x g
AEIACAM 6 OMEPLIMOM €OUHUYHOM KPY2€.

Teneps onuineM J0Ka3aTeJbLCTBO CISLYIONEH JeMMbI, OCHOBHOM 7151 J10-
Ka3aTeJbCTBa Hallleil TEeOPEMbI.

Jlemma 1. [Tycmo f,(G(rw)) = %, |lw| =1, 2de QQ — anezebpaue-
cruti mrozousen cmenenu 2n. Tozda cnpasediuso npedcmasaenue

R(w)

(B) () — =
/) w1 (rw — 1/ (rw))+2(E-1)7 wl =1, 2 € B,

2de R — aneebpauneckuts mruozousern cmenenu 2n + 2(k — 1). Kpome moeo,

ecau 6ce nyau R aeosrcam 6 omxpumom edunusrom Kpyee, mo fT(lkH)(z) =+
0, ze€kE,.

[TepBasi vacTh JieMMbI JIOKa3bIBaETCs 110 MHAYKIMKU. [LJ1s1 JloKa3aTebcTBa,
BTOPOTO YTBEPXKJICHUsT HYXKHO JlAJee 3aMETHTh, ITO fy(lkﬂ)(G(rw)) STBJISTET-
¢ JIpoDObIO, UUCIUTEb KOTOPOH B KaXKJ0# TOUKE €IUHUYIHON OKDPYKHOCTH
paBen kommnosumu Ceré MuoroweHa [ ¢ MHOTOUYIEHOM, BCe HYJIM KOTOPOTO
JIEXKAT BHYTPHU €UHUTHOIO KPyra. SHAYHUT, 110 Teopeme Ceré, BepHO BTOPOE
yTBEpK/JIeHue JIEeMMBbI.

[Tepeitjiém K JjlokazaresberBy Teopembl. Ilycthb

Fw M ()
fu(G(rw)) = %, M, (G(rw)) = Qw—i), lw| = 1.
Ecan
|fu(2)] < |Mn(2)|, 2 € E,

Q7 (w)| < |QY (w)], |w| = 1.

Venosue QM (w) # 0, |w| = 1 Breuér nepasencTso
0@’ (w)| < QY (w)], o <1, Ju| =1.

ITo teopeme Pyme, muorounensr QM u QM — a@Q/ umeror Bce nynu B
oTKpbITOM ejuauaHoM kpyre. Torga, no semme 1, (M,(2) — af.(z)) #
0, Ja| <1, z € E,. Tenepb MeTOMOM OT MPOTUBHOTO HECJOXKHO MOKA3AT,
9T0

f(2) < M (2)], 2 € E,.
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PaccmoTpum ciaydait Bropoii mpon3BoiHol. JIerko npoBepuThb, 9To

2(QM % Do, (w)

M, (Glrw)) = w(rw — 1/(rw))’

rie Do, (w) = n(w + 1)*" 1 (w — 1).

ITo reopeme Ceré, muorounen [QM x Ds,] umeer Bce Hyam B OTKPBHITOM
eJIMHUIHOM KpyTe. Mbl OKa3aJich B YCJIOBUSX CJIydasi IePBOii TPOU3BO/IHOI.
Temu ke paccy X JIEHUAME MOJLYIAEM, ITO

[fa () < [M(z)]. O
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Marpunsl MaabiieBa u ppeiiMbr!
C. 4. Hosukos, B. B. CeBocthsanoBa (Camapa, Poccus)
nvks@ssau.ru, victoria.sevostyanova@gmail.com

B 1947 roay omy6usimkoBana 3amerka A. . MasbiieBa, B KOTOPO# OH MOCTPOMIT MAT-
PHUILY, CTPOKH KOTOPOIi, KaK BEKTOPHI (BEIIECTBEHHOI0) €BKJ/IM/I0BA IPOCTPAHCTBA, OP-
TOrOHAJIbHBI U UMEIOT €JUHUYHYIO JJIHHY, a CTOJOIbI 3TOW MATPHUIBI, KAK BEKTODHI,
WMEIOT OJMHAKOBBIE HOPMbBI. Takme MaTpUIIBI MbI HA3bIBAEM Mmampuyamu Masvuesa.
DaKTUIECKH, BIIEPBBIE OBLT IMOCTPOCH PASHOMEPHbIT dHcecmruti ppeiim.

Kaxaprit paBHOMEpHBIH KecTKuii bpeiiM sABISIeTCs IMEHHBIM WHCTPYMEHTOM B CO-
3nanuu 3(MEKTUBHBIX BBIYUCTUTETHHBIX ATrOpuTMOB. OCHOBON MOCTPOEHUST TAKUX
dpeitmo ams C? 6bia MaTpuIa UCKpeTHOTO Tpeobpasopanns ®ypne, B R? nepsrie
KOHCTPYKIIMH PABHOMEPHBIX KECTKHUX (DPEeMOB MOSBUIINCH TOJIHLKO B Hadaste 21 Beka.

Karwuesvie caosa: marpuna, GpeiM, Crapk.

Baazodaprocmu: pabora BLIIOJHEHA B paMKax peajm3anuu IIporpaMMbl pasBuThs
Haywro-o6pazoBaTeabHOr0 MaTeMaTH4deckoro 1enTpa IlpuBoskckoro deaepaibHOro
okpyra (cormamenue Ne 075-02-2021-1393).

Maltsev matrix and frames!
S. Ya. Novikov, V. V. Sevostyanova (Samara, Russia)
nvks@ssau.ru, victoria.sevostyanova@gmail.com

In 1947 A. 1. Maltsev published an article, in which he constructed a matrix, the rows
of which, as vectors of the Euclidean space, are orthogonal, and the columns have
unit norms. Such matrices we called Maltsev matrices. In fact, a uniform tight frame
was built.

A uniform tight frame is a valuable tool in creating efficient computational algorithms.

The basis of the construction of such frames in C? is the matrix of the discrete Fourier
transform, and in R? such constructions appeared only in the beginning of the 21
century.

Keywords: matrix, frame, spark.

Acknowledgements: the work performed under the development program of Volga
Region Mathematical Center (agreement no. 075-02-2021-1393).

ITyctb n 1 d obo3HavaOT HaTYypaJbHbIe Ynucia, n > d. PpeiiMm B IpocTpaH-
cree RY — 510 1oJiHOE CceMeiicTBO, COCTOsIee U3 N BEKTOPOB B d-MEPHOM
eBKJIMIOBOM IIPOCTPaHCTBe, obobIaoIiee MoHaTue 6a3uca, B OIpee/IeHIN
HeT TpebOBaHUs JIMHEIHOW He3aBUCUMOCTH BeKTOPOB. [lonpobhee, cemeitcTBO
BEKTOPOB { }?:1 Ha3bIBAETCS hpedimom mpoctpatcTsa R? ecin cyimecTByior

KonctanTsl 0 < ¢ < b < 00, TaKue, 4TO s Beex X € RY,

allx| < D Ix, 05 < bllx1*

j=1

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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Yucna a u b HaspBaloTcst (PPedMOBLIME MPAHUIAMU, OHE OIPEJIE/IeHbI
HEOJHO3HAYHO, OOBIYHO UMEIOT B BHJY ONTHUMAJbLHBIC PAHUILI, TO €CTh MHU-
HUMYM b 1 MAKCUMYM @.

J171s1 KOHEYHOMEPHOTO IIPOCTPAHCTBA MOHsTHE (dpeiiMa SKBUBAJEHTHO

n _ d
MOJTHOTE CHCTEMBI BEKTOPOB, TO ecTh span{y;}i_; = R Dror u jpyrue
XOPOIIIO U3BeCTHBIE (DaKThI O (peiiMax MOKHO TTOCMOTPeTh B [1].
n d
Onepamop cunmesa KOHeIHOTO Habopa BEeKTOPoB {p;}7_; n3 R ompe-

nensercs kak @ 1 R" — RY, $x = ix(j)goj, rie x(j) obosHadaer j-1o
koopjuHary X € R". ConpsizkeHHbIM K]orllepaTopy CUHTE3a SBJISIETCS 0NepPa-
mop anaausa ®* : R — R", oupejensiemblii kak (®*y)(5) = (p;,y) s
j=1...,n.

Kommosunys  onepaTtopoB aHaau3a M CUHTE3a ONPEJACIseT MaTPHILY
['pama ®*® : R" — R" n X n-marpuny, (j,j)-it ssemenr Koropoii
(®*P®)(4,7') = (¥j, ;). Komnosunus 31ux onepaTopoB B APYroM HODsIIKe

n
onpesessier gpedimosviti onepamop ®P* : RY — R dP*y = > (0, y)p;.
=1
Marpuunoe mpecraBieHne oneparopa cuare3a P BbIFJIHJ:LHJT Kak d X n-
MaTpHIA, CTOJOIAMU KOTOPOW SIBJISIOTCS KOOPJAMHATHI BEKTOPOB (peiima
{gpj}?zl. B uactaoctn, eciau ¢peiitMOBLIe TpaHUILI PaBHBI MEXKIY CO0Oii,
TO (DpeiiMOBBIN ONepaTop MpeJICTaABISETCS InaroHaabHoil MaTpuieilt PP* =
alps ¢ a > 0, n 310 HpejCTABICHNE TTO3BOJISIET TTOJyIUTh BECbMa ITPOCTOE
dbpeiiMoBOe mpejcTaBIeHe BEKTOPa WA CUTHAJA!

n

1 1
=-3%'x =~ (p;,x)p;, x € R".
X - X - (pj, X)), X

j=1

Taxoit ¢ppeiim Ha3BIBACTCA oHcecmruM U G-dACecmruM. 1-KecTKuit dppeiim
Ha3bIBAIOT ¢hpetimom Ilapcesans.

OcoOblit WHTEpEC TPEJACTABISIOT KECTKHe (GPeAMbI, BEKTOPbI KOTOPHIX
UMEIOT OJIMHAKOBbIE HOPMbI. Takue (peiiMbl HA3BIBAIOTCSH PAGHOMEPHLMUL.
[Tonpobuee, dpeiim {goj};?:l HA3bIBACTCA PABHOMEPHDILM, €CJIA CYIIEeCTBYET
c > 0, rakoe, uro ||p;]|> =¢, j=1,...,n.

Eciin a->xectkuit ppeiim siBiisiercsi paBHOMEPHBIM, TO MEXK 1y BBEJIEHHBIMK
BBIIIIE BeJIMUMHAME d, ¢ U @ CYHNIECTBYIOT 3aBUCUMOCTH:

da = trace(a Ips) = trace(PP*) = trace(P*P) = Z HgojH2 = nc.
j=1

B uacrHoctu, jijist ppeiima [lapcesasis umeem d = nc, mo3ToMy paBHOMEPHbI
dpeiim [TapceBansa nmeet HOpMbI < 1.
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Crenyromuii pesysmbrar M.A. Haiimapka [2] okazasicst ocHOBO# jijist duc-
JIEHHBIX KOHCTPYKIUil (ppeitmMoB.

Teopema 1. Ecau ® = {p;}7_; — ¢peiim lapcesara 6 R?, mo cywe-
CMBYEMm 0PMOHOPMUPOBAHHILT ba3UcC {bj}?zl npocmparcmea R™ maxotd wmo
@; = Prabj daa scex j, 2de Pra 0bosnavwaem opmozonarvnoli npoexmop us
npocmpancmea R™ na RE,

ObpaTHOe yTBep:K/IeHNEe TaKKe CIPABEJJIMBO U JIEI'KO JIOKA3bIBACTCS.

Teopema 1 0606mieHa B pabore [3| Ha dpeiimbl 001ero Bujia, KOTOPbHIE
oKazaJinch rnpoekiusimu dasucos Pucca. Ilpoekiuu obIiux oproroHasibHbIX
crucTeM, BOOOIIE TOBOPsI, HEMOJHBIX, PACCMOTPEHBI B [4].

W5 meopembr 1 criepyer, aro ecin {p;}7_ — xecrkuii dpeiim, T0 Koop-
JIMHATBI BEKTOPOB (0 ABJIAIOTCS MEePBBIMU d KOODJUHATAMHI HEKOTOPBIX BeK-
TOPOB, KOTOpPbIE 00Pa3yloT OpTOroHaJIbHbII 6asuc npocrpancTsa R”.

CurejioBaTeIbHO, MATPHILA, ¢ OPTOHOPMUPOBAHHBIMU CTPOKAMHU U CTOJIOA-
MU OJIMHAKOBO# JIIMHBI IIPEJICTaB/IsieT coO0il paBHOMEPHBI XKecTKuil ppeiim.

B npocrpancrsax C? cranapTHbIM HCTOYHIKOM PABHOMEPHbBIX KECTKUX
¢ peiiMoB oKazasiach MaTpHIla JIUCKPETHOTO IpeobpasoBanus Pypbe, B Ipo-
crpancTeax RY cymiecrBoBanye Taknx MaTpuil ObIIO TaJIeKO HE OUEBHJHBIM.

B 1947 rony omybiukoBana 3amerka A. 1. Masbuesa [5], B KoTOpoii OH,
oTBeuas Ha Bonpoc, nocrasaennubiii A. H. KoamoroposbiM, nmoctponi d X n-
MaTPHUILY, CTPOKM KOTOPOIf, KaK BEKTOPbI (BEIIECTBEHHOIO) eBKJIMJIOBA 1POCT-
PaHCTBa, OPTONOHAJILHBI M UMEIOT €JIMHUIHYTO JITMHY, a CTOJIOIbI 9TO# MaTpu-
I[bI, KAK BEKTOPbI, UMEIOT OJIMHAKOBYIO JTMHY. TaKie MaTpPUIlbl Mbl Ha3bIBa-
em mampuuamu Manrvuesa. PaxTuiecKn, BIIEPBbIE TOCTPOCH PABHOMEPHBLT
dpeiim [Tapcesans. Takum obpazom, marpuilbl MaJiblieBa Jal0T OCHOBaHKE
JUISL CJIELYIONIEro 3aK/IOUeHns: B KasK[0M mpocTpancrse RY cymecrsyer u
MOXKeT ObITh KOHCTPYKTHBHO MOCTPOEH PaBHOMEPHBIN YKeCTKuii (ppeiim ¢ n
BEKTOpaMU JIJisi IPOU3BOJILHOIO 1 > d.

CoBpeMeHHble KOHCTPYKIINI PABHOMEPHBIX 2KecTKuxX dbpeiimos B R? crasu
HOSIBJISITHCSL TOJILKO B Hauasie 21 Beka [6].

Marpuibl MaJjibiieBa ObLIM IIOCTPOEHbI Ha ocHOBe MaTpull CujibBecTpa-
Youiia, KoTopbie 00pa3yioT MOJIMHOXKECTBO MHOXKECTBa MaTpuIl Ajjamapa.

[TocTpoenue marpunbl MaJbiieBa ObLIO TPOBEJEHO B JiBa dTamna. Ha mep-
BOM CTPOMJIACH MATPHUIA C OPTOTOHAJILHBIMI CTPOKAMM U3 dnces +1 n HyJei,
a Ha BTOPOM, HE Hapyllasi OPTOTOHAJBHOCTH CTPOK, IIPOBOJIMIACH TPedyeMast
YCJIOBUSIMU 3aJlauil HOPMHUPOBKA.

[Toapobubiit ananns marpui; MaJibiieBa 1 (ppeiiMoB, KOTOPbIE C €€ TOMO-
MbIO MoJtyuatorcs, Oyaer onyosukoBan B "'Mzsectusx PAH. Cepus marema-
Trdeckast'.
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CpaBHeHIE CKOPOCTH CXOJMMOCTU
CTaHIaPTHOI'O Y1UCTO 2Ka/JITHOT'O AJITOPUTMA N
YICTO »KAJIHOTO aJITOPUTMA II0 Mape cjoBapeii
A. C. Opaosa (Mocksa, Poccus)
Anastasia-Orloval@Qya.ru

B nmammoit pabore CpaBHUBAIOTCSA CKOPOCTH CXOAUMOCTHU CTAHIAPTHOTO YHUCTO YKATHO-
r0 AJrOPUTMA U €ro MOAU(DUKAIINN — YUCTO YKATHOTO AJITOPUTMA 10 MAPEe CJIAOBAPEi.
[Tokazano, 9TO YMCTO KATHBIN AJTOPUTM IO MApPE CIOBAPEil B HEKOTOPBIX CJIydasix
“ObicTpee’, a B HEKOTOPBIX — “‘MeJjieHHee” 9UCTO KAJHOTO AJTOPUTMA IO KasKIOMY
CJIOBApIO B OTAEIHHOCTH. EC/IM CPAaBHUBATH YHUCTO YKAAHBIN AJTOPUTM TIO MApe CJIO-
Bapeil W YUCTO YKAJHBI AJTOPUTM M0 UX OOBEIUHEHWIO, TO TAKXKe Peau3yeMbl 00e
BBINIEONMCAHHBIE CUTYAIUN.

Karouesvie cA06a: 9UCTO KATHBINA aJITOPUTM, IUCTO YKATHBIA aJTOPUTM II0 Tape CJIOo-
Bapei, CXOAUMOCTb.

The convergence rate comparison of a
standard pure greedy algorithm and a pure

greedy algorithm over a pair of dictionaries!
A. S. Orlova (Moscow, Russia)
Anastasia-OrlovalQya.ru

In this paper the convergence rates of a standard pure greedy algorithm and its
modification, a pure greedy algorithm over a pair of dictionaries, are compared. It is
shown that a pure greedy algorithm over a pair of dictionaries is in some cases “faster”
and in some cases it is “slower” than a pure greedy algorithm over each dictionary
separately. If we compare a pure greedy algorithm over a pair of dictionaries and a
pure greedy algorithm over union of them, then similarly both situations described
above are realizable.

Keywords: pure greedy algorithm, pure greedy algorithm over a pair of dictionaries,
convergence.

BBenenne.

B ciyuae opTOroHaJ nHOrO CIOBAps YUCTO »KaJHble pasjaoxkenust [1| B rujib-
OoeproBoM 1pocTpaHcTBe H siBjsiioTcst 0000IEHMEM Pa3JI0XKEHUsI BEKTOPa B
pan Oypoe. B obmem ciaydae 9ucTo »KaIHbIEe Pa3/I0XKeHUsI COBIAIAIT ¢ OPTO-
PEKYPCUBHBLIMU PA3JIOXKEHUSIMU, €CJIA BEKTOPDI CJIOBAPS JIOHOJHUTEILHO Bbi-
OMparoTCs Ha KarkIOM IIare JIOKaJbLHO ONTHMAIbLHBIM oOpas3oM. Bosee Toumno,
JUIst BeKTopa x € H omnpenesnm 9ucTo KaiHOE Pa3JIOKeHue M0 HOPMUPO-
BaHHOMY cJioBapio D cieayromuM oOpa3oM. NHIYKTHBHO OIpesenM mocie-

o0
JI0BATEIBHOCTE OCTATKOB {1y, ()}, _ ), MOC/IE[0BATENILHOCTD KO3 DUINEHTOB

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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oo

{@,},7 | 1 nocsenoBaTeILHOCTD JIeMeHTOB coBaps {e,(z)}

ro(z) = x;
en(z) €D [(rp-1(z), en())| = Sup |(rn—1(z), )|,

T = (rn_1(x),en(x)), ro(x) =rp1(x) — Tpen(x), n=1,2, ...

Tornma umcTo KaTHBIM pas3JjioyKeHueM BEKTOpa T IO cJoBapio [) Ha3bIBaeTCsd
(0.}
Pt > Tpen(x).
n=1
HucTo Ka Hble aJTOPUTMBI 10 Tape CJIOBapeil, B CBOIO OUepe/ib, ABJISIIOTCA
OJIHMM U3 MHOIMX 000011eHuit [2] 4rcTo KajHbiX aaropurMos. Jucro xajHoe
pasjoxKeHnne BeKTopa 1o nape cjaoBapeit D m Do onpeiesigeTcs aHaJOTHIHO,
HO H& HEYETHBIX IM1arax B KauecTne cjioBapst oepércs Dy, a Ha 4€THbIX — Ds.

CranaapTHBIT 9UCTO YKAAHBIN AJTOPUTM W YHUCTO Ka/-
HBII1 AJITOPUTM IO TIape CJOBapei.

CpaBHuBas YKUCTO »KaJHbIE AJTOPUTMBI 110 TIape CJoBapeil u 10 KaXKJOMy B
OTJIEJIbHOCTH, TOJIYYaEM CJIEIYIONIYIO TEOPEMY.

Teopema 1. Cywecmsyrom deéa opmonopmuposannvx caosaps Dy u Do
u sexmop x € A1(D1) N A1(Dy) makue, wmo
1) wucmo orcadnoids aszopumm no caosapro Dy u wucmo srcadnvii anzopumm
no caosapto Do cxodamea 3a KoneuHoe “ucio uazos,
2) wuemo ostcadnwili aszopumm no nape caosapeti Dy u Dy ne cxodumca 3a
KOHEUHOE YUCAO ULA206.

Ho 3a c4€T Toro, 9To Npu pasyioKeHnuu 1o nape caoBapeil MHOYKECTBO BeK-
TOPOB, 110 KOTOPOMY ITPOUCXOJIUT PazJioxKeHue, 0oJibllle, YeM B CiIydae pas-
JIOKEHUS TI0 OJTHOMY CJIOBapio, YUCTO KAJIHBIN aJrOPUTM IO Tape CJIoBapeit
MOXKeT OBITH “ObicTpee”’, YeM CTaHJIaPTHbBINH aJTOPUTM.

Teopema 2. Cywecmsyrom dea opmonopmuposarnve caosaps Dy u Do
u sexmop x € A1(Dq) N Ai(Dy) makue, wmo
1) wucmo orcadnoiis aszopumm no caosapro Dy u wucmo orcadnoit anzopumm
no caosapto Do He cxodamcea 3a KOHEUHOE YUCA0 ULL208,
2) wucmo orcadnoid arzopumm no nape caosapet Dy u Dy cxodumea 3a xo-
HEYHOE YUCAO ULAZOE.
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CrapgapTHBII YICTO 2KAaJHBIN aJITOPUTM II0 OO0bLeIuHe-
HUIO CJIOBApeil U YUCTO XKAJHBIA aJIrOPUTM 110 mape CJio-
Bapeii.

JlomonHUTEIHHO K PACCMOTPEHWIO PA3JIOXKEeHUs 110 cjioBapam [y m Dy B OT-
JIeJIbHOCTH CPABHUM YKCTO >Ka/IHbI aJropuTM 110 nape cjiopapeit Dy u Do
¢ YHICTO >KAJHLIM aJrOPUTMOM 110 uX obbeaunenuio D = D U Dy, B stom
cjydae BepeH aHaJjor Teopembl 1:

Teopema 3. Cywecmsyrom dea opmonopmuposannvx carosaps Dy u Do
u eexmop x € A1(Dq) N Ay (Ds) makue, wmo
1) wuemo srcadnviti arzopumm no caosapro D = Dy U Dy cxodumes 3a xo-
HEUWHOE YUCAO ULG206,
2) wucmo slcadnuil anzopumm no nape caosapet Dy u Dy ne cxodumes 3a
KOHEUHOE YUCAO ULG206.

Ho, ¢ apyroii cropoHbl, HEKOTOPOE OIrpaHUYUYEHHE, KOTOpPOe JaéT pasjie-
jgenne ciaosapss D = Dy U Dy Ha JBa U HPOBEJIEHUE AJIIOPUTMA 110 I1ape
cJ0oBapeii, B HEKOTOPBIX CJIyUasX OKa3bIBAETCs “TIOJIE3HBIM .

Teopema 4. Cywecmesyrom dea mopmuposanunz crosaps Dy u Dy u
sexmop v € Ay(D1) N A1 (D2) maxue, wmo
1) cywecmeyem peaiudayui 4ucmo Hcadnoz2o ar2opumma no ciosapto D =
Dy U Dy, xomopas ne crodumca 3a KOHEYHOE YUCAO ULG206,
2) wucmo orcadnoid arzopumm no nape caosapet Dy u Dy cxodumes 3a xo-
HEYWHOE YUCAO ULG20G.

BriBog.

CpaBHuBasi CTaHJIAPTHBIA YUCTO KA HBII AJITOPUTM U IUCTO KA HBII aJro-
PUTM IO Mape CJaoBapeil, MOXKHO CJieJIaTh BBIBOJ O TOM, UTO AJTOPUTM IIO
nape cjoBapeil MoxKeT ObITh “ObIcTpee’ KJIAaCCUUEeCKOTO, ¢ JAPYIOil CTOPOHDI
peajuzyemMa 1 oOpaTHasi CUTyaI[Usl.
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O paggpax ®ypbe MO0 OPTOrOHAJIbHBIM
nosimHomaMm CoboJieBat
B. Il. Ocunenkep (Mocksa, Poccus)
b osilenker@mail.ru

PaccmarpuBarorcs 3a1a9m 0 CXOAMMOCTH, CyMMUAPYEMOCTH U MYJIBTHILTHKATOPAX Psi-
10B @yphe MO OPTOrOHATHHBIM KOHTUHYAJIbHO-TUCKPETHBIM mojauHoMaM Cobosiena.

Karoueswie caosa: nomunombl Cobosea, psin @ypbe-CobosieBa, CXOAMMOCTH PsIOB
Dypne-CoboneBa, cyMmmMupyeMocTs psgoB @ypbe, MyJbTUIINKATOPHI psiaoB Pypbe,
BecoBbie pocrpancTBa CobosreBa.

Fourier series in Sobolev orthogonal
polynomials?
B. P. Osilenker (Moscow, Russia)
b osilenker@mail.ru

Some problems of the convergence, summability and multipliers of the Fourier series
in orthogonal continual-discrete Sobolev’s polynomials have been considered.

Keywords: Sobolev’s polynomials, convergence of the Fourier-Sobolev series,
summability of the Fourier-Sobolev series, multipliers of the Fourier-Sobolev series,
weighted Sobolev spaces.

20, _
Pacemorpum Becosoe npocrpanctso Cobonesa Wi(i = (pio, i1, - - 5 ),
B KOTOPOM 33JIaHO CKaJIAPHOE [IPOU3BEICHIe

N
Fahw=S / FO(@)g® (o) dp (), 1)

st Harypasbaoro anciaa N, pup(k = 0,1,..., N) — nonoxuresbubie 6ope-
JieBckue mepbl. Ha Muoxkectse Bcex nojimnomoB [P rosmnom h,degh > 1,
h : R — R Taxoii, 4T0O BBIIOJIHSIETCS

(hf7 g)W - (fa hg)W (paq S ]P))a (2)

CYIIECTBYET TOTJIA U TOJHKO TOT/A, KOTa Kaxkgas u3 mep py(k =1,2,..., N)
qucTo TodedHa. IlycTh

1

(9) = [ F@gw@ds + 33 MufOa)g (). @)
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rie w(z)-BecoBasg dyuxmms; —1 < ap < 1; My, > 0,k =1,2,...,m; i =
0,1,...,N;.

Beegem konTHHYyasbHO—IHCKpETHBIE ToJgHHOMBI CoboseBa ¢, (x), n =
,2,...; ¢ € [—1,1], OpTOHOPMUPOBAHHbBIE B CKAJSIPHOM [POU3BE/ICHUN

0,1,2
(3):
(aﬂﬁam) — 6n7m7n,m - 0,1,2,...

OboznaunM depe3 R MHOXKECTBO (PYHKITHI

1, f|f (z)dx < o0; f¥(ay) - cymecrsytor

—1Sakg1(1—0,1,2,...,Nk,k=1,2,...,m)

%:

Kaxxoit pyukiun f € R nocraBuMm B coorBercTBre psiji Pypne-Cobosiena

)~ Y el Ha) (v € [-1,1]),6(f) = (£,@) (k=0,1,2,...).  (4)
k=0

PaccMoTprM TpeyrosibHYI0 MaTPUILY BEIECTBEHHBIX YUCEJ
A= k=01, nn+LA"=1A", =0n=0,1,2,..}. (5

Kax ot dynkiun f € R no eé psagy @ypbe-Cobosiesa (4) ¢ momorpio pery-
asiproii o Terutuity maTputist (5) MOCTABUM B COOTBETCTBHE MOCJIEI0BATE] b
HOCTh A—Ccpennnx

Un(f;2;A) = Z)\k ce(f)gp(x)(n=0,1,2,...;2 € [-1,1]).

[Tosygensl pesyabTarhl B 3ajade o A-—cymmumpyemoctun psiioB Dypbe-
CobosieBa, T.e. TPU KaKWX YCJIOBUSX Ha JIEMEHTHI MaTpuilbl A m opTOHOP-
MUPOBAHHYIO CUCTEMY 1OJUMHOMOB Gy (x),n = 0,1,2, ..., 1104TH BCIO/LY, paB-
HOMEPHO ¥ 0 HOpME KOHTHHYaJbHO-JIUCKPETHOro mnpocrpaHcTa Cobosiena
BBITIOJTHSIETCST COOTHOITIEHHUE

limy, oo Un(f;2;A) = f(2). (6)
PaCCMOTpI/IM [IOCJIEe10BaTCJIBHOCTDh BEIIIECTBEHHBIX YU CEJI
O=1{op, k=0,1,...; dp=1, {d} € 1%}, (7)

Mot kaxxoit ynknuu f € R o eé pany Pypoe-Cobosesa (4) BBemeM
T - nuueitHoe orobpaxkeHue (MyJIbTHIIIMKATOPHBIN Oleparop), 3ajaBaeMoe

dopmyitoit

f@) ~ > er(fan() = T(f;2; ) Z¢kck z)(z € [-1,1]).

k=0
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Usyuaercsa caemyiomas 3ajada: HailTu yciosus Ha cuctemy {g,(z)}
¥ 9JEMEHThl  MyJbTUIIMKATOPHON TocseoBarebioctn  (7), mpu  KOTO-
PBIX CIPaBEJJINBA  OIEHKa HOPMbI MYJILTHILIMKATOPHOIO OIeparopa B
KOHTHHYaAJBHO-UCKPETHBIX pocTparcTBax Cobosera. [lomydennnie pesyiinh-
TATHI TIPEJIIONAral0T YCIOBUE KBa3UBLIIYKJIOCTH MOCIeI0BaTeIbHOCTH P,
Ckasisipaoe pousBejienne (3) 1 COOTBETCTBYIONINE CUCTEMbI OPTOTOHAJbHBIX
IOJIMHOMOB UI'PAIOT BaXKHYIO POJIb BO MHOI'MX npobjeMax Teopuun QyHKIMii,
DYHKIMOHAJBLHOIO aHAIM3a, KBAHTOBOM MEXaHUKU, MaTeMaTHIeCcKonl (usu-
KM, MEXaHUKKM U BBLIYMCIUTEILHON MaTeMaTHKY.

Paccmorpum 3amaay o npegenbubix suadenusx Uy, (f;x; A).

I[Iycrs N} narypasbHOe 9nCII0, onpejiesideMoe CJeyIonuM 00pa3om

N + 1, eciiu Nj, - HeueTHO,

N; =
N + 2, ecitm Nj, - 9eTHO,
1 m m
wy(@) = [J@ - a)™, N =" N,
k=1 k=1

Ecnu Bomosasiercs yciosue (2), TO MOTUHOMBI Gy, (Z) YAOBIETBOPSIOT pe-
KYPPEHTHOMY COOTHOIIIEHUIO

N+1 N+1

TN 1 ()G (®) = du @i (x) + D dujGn ()
=0 j=1

(n:O,l.Q,...;qA_j(x):O,j:1,2,...;dn,j:O,n>j),

rie Ty41(x) = [wn(t)dt.
0
Bsenem obosnauenue:
em = (=1,1) \ UL, {as}.

CupaseuinBo ciejyioniee yrsepxjenue. Ilycrb st opToHOPMUPOBAHHOI
MOJMHOMUAIBHOM crcTeMbl {G, () }0° ) BHITOTHSIOTCS TTPE/ITOTOKEHHUS

(1)
lgk(x)| < h(z)(k=0,1,...), tae h(zx) nonoxkureabHast, HeMpepbiBHAsT (DYHKIINS;

(8)

J (|dstjjdstjrin — dspjrrjdstrg] + |dstjjdstji — dstj—ids1]) <
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¥ 9JIEMEHTHI MATPHIBI (5) YIOBICTBOPSIOT YCIOBHIO

ﬁéﬁwﬂxn—k+n n+1

k=0

rie AZ/\,(:)—BTOpre Pa3HOCTHU JIJIs /\,(f)
Torga jnst A—cpenrux U, (f;x; A) pspa @ypbe-CobosieBa (4) B Kaxj1oif
rouke Jlebera x € €, Gyukuuu f € R, yJIoBAETBOPAIOIIEH

1

[ 7@l < oc / v)ds < o, (11)

-1

umeer Mecro paseHcTso (6). Eciu, kpome Toro, BblosHsiercst

0
>[4
J

j=0

)| <o (i=0,1,...,Ng; s=1,2,...,m), (12)

TO CIIPpaBEJJINBO COOTHOIICHUE
1 Q ' =0,1,..., Np,k=1,2,...,m).
nl_{{.loz)\ Cl Cbk) f (ak’) (Z 07 ) ) k’?k 7 4 7m)

st nerrpepbiBroit Ha [—1, 1] dbyukiun f paBeHcTBo (6) BBIOTHSIETCST pABHO-
MEpHO Ha BCeX KOMIAKTHBIX NojMHoxkecTBax K us g,,. OTMerum, 4To cpej-
rue Yezapo (C, a), a > 0, ynosiserBopsitor yeaosuto (10).

[IpuBesieM TpuMep CHCTEMBI KOHTHHYAJbLHO—IUCKPETHBIX MOJUHOMOB
CobosieBa—CUMMETPUYIHBIE JIMCKPETHBIE MOJUHOMBI ['erenbayspa—Cobosiena.
PaceMOTpuM JMHEHHOE TPOCTPAHCTBO CO CKAJAPHBIM MPOU3BEICHICM

1

(ﬁma=/EWMWMJ@M+WﬂﬂUﬂU+fPDﬂ—N+

_ N (g (1) + (-1 (~1)
(M >0, N >0),

rje

I'(2a) o 1
wa(T) = P (o 1 1)(1 — z%) (a > —§> :
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[Tycrn {g,(f)(x) = Efla)(x; M, N)} crcTeMa CUMMETPUIHBIX OPTOHOPMH-

POBaHHBLIX MHOro4jeHoB ['erenbayspa-CobosieBa

m

/1 E(a)(ﬂf) A(a)(x)wa(x)dx + M [Eﬁﬁ)(l)ﬁ a)(l) + B(a)(_l) (a)(—l)} n
N [{E,ga><1>}’ (Bl +{Bw-n}{ A;,;v>(_1)}'] = Gy (M E L),

[Ipn o = 0 mosydaem CUCTEMY CHUMMETPHYHBLIX OPTOHOPMHUPOBAHHBIX
muorowienoB Jlexkanapa—Cobosena.

[osimHOMBI ér(fl)(x; M,N) mpu M > 0, N > 0 obmagaor psjaom
CBOJCTB, OTJIMYHBIX OT COOTBETCTBYIOIINX CBOMCTB KJIACCHIECKUX MHOTOYJIC-
nos [erenbayspa pl (x) (ynbrpacdepuuecknx ), OPTOHOPMUPOBAHHBIX 10 Be-
cy wo(x)(cayaait M =0, N = 0).

Mo2KHO HOKa3aTh, YTO IIOJMHOMbI E,(La)(x) VJIOBJIETBODSAIOT yesioBusiM (8), (9),
(12), u s dyuxrmuu f Buimosmsiores (11), npu sTom

) 1
—1<x<1;cv>—§ :

N

halz) = (1 —2?) (5
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OO0 ogHOM JOCTATOYHOM YyCJIOBUU

cyOTapMOHIIHOCTH!
P. A. Ocun (Mocksa, Poccus)

roman.osin99@mail.ru

Oupesesrorcs: pPacoIoKeHust HeOOIbIION0 KOJTMIEeCTBA, Y3JI0B, IIPU KOTOPBIX JTOCTA~
TOYHBIM YCJIOBHEM CyOrapMOHUYIHOCTH HEMPEPHIBHBIX (DYHKITUH SBJISETCS BHITIOJIHEHUE
HEPABEHCTBA CPEIHEro B MPOCTefIneil JucKpeTHoi gpopme.

Karoueeve caoea: cybrapmonmdeckne (DyHKINN, HEPaBEHCTBO CPEJIHErO, CpejHee
apudMeTHuIecKoe.

On the sufficient condition of subharmonicity*
R. A. Osin (Mocsow, Russia)
roman.osin99@mail.ru
Defines the locations of a small number of nodal points that are suitable for the

sufficient condition of subharmonicity of continuous functions with the inequality of
mean value in the simplest discrete form.

Keywords: subharmonic functions, inequality of mean value, arithmetic mean.

I[Iycrs dbynxmua u(z) zempeposra B obmactu G C R2. JlocTaTounnpiv
yCJOBUEM CYOrapMOHUYIHOCTH SIBJISIETCSI BBIIIOJHEHKE BO BCEX TOYKAX 00JIacTH
29 € G, npu J1000M CKOJIb YTOJHO MaJiOM pajuyce 7 OKPYKHOCTU C IEHTPOM
B 9TOIl TOYKE, HEPABEHCTBA, CPEJIHETO

N\

2mr
C(zo,r)

u(zg) < L/u(z) dl.

M.A. Kpeiinec mpegoxun [1] mocratounoe yeioBue cybrapMOHUIHOCTH,
B KOTOPOM HEPaBEHCTBO CpEJIHEr0 MMeeT JUCKpeTHbI Buji. HemnpepbiBHas
B obsiactu G dyukuus u(z) siBisiercs cybrapMOHUUYECKON, ecyin B JI000#
OKPECTHOCTH KaxKJ0it Touku zg € G nHaiinercs okpyxuoctb C(2g,7) CKOJb
YTOJHO MAJIOIO PaJnyca 7, B KOTOPYIO BIHUCAH MPABUJILHBIA N-YTOJbHUK C
BepImmMHamMu z;,J = 1,...,nn

u(zy) +u(ze) + ...+ u(zn)

u(zo) < (1)
T.e. 3HaUYeHWe (PYHKIUU B TEHTPE OKPYXKHOCTU HE IMPEBOCXOJUT CPETHEro
apudmernyeckoro sHadenuil GyHKIuKM B ysjax z;.
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B pabote 3apanee He IpejIIoiaraeTcs paciooXKeHne y3JI0B B BePIINHAX
PaBUJILHOIO MHOTOYTOJIbHUKA. OTpPeJIesisercs, P KaKuX PacioOKEHUIX
Y3JI0B zj Ha OKPYKHOCTH HEPaBeHCTBO cpejnero B dhopme (1) maer gocrarod-
HOE ycJIoBHE CyOrapMOHUYHOCTH HENPepbIBHbIX (pyHKIMiA. 15t 9Toro Tpedy-
eTCcsl HAJIOXKUTH JOMOJHUTEIbHBIE OMPAHUYCHNS HA PACCIONOKEHHUS Y3JI0B,
koropoie ycranosui 1.C. Tensakosckuii [2].

Teopema 1. Ilycmo dynrxyus u(z) wenpepwena 6 obaacmu G u das
kaorcdot mouku zy € G natidemca oxpyotcnocmo C(2g,1) ckoav y2odno ma-
1020 paduyca, a max oce nabop Yy3noe zj,Jj = 1,...,n na ned, das Komopux
suinoaneno nepasencmeo (1). Oyuwyua u(z) asaaemea 6 G cybzapmornusy-
Hnol ecau

a) npun = 3,4,5 ysav z; Pacnososcenvl 6 6EPUURAT NPABUNDHOZO
N-Y20N0HUKG,

0) npu n = 6 Y3av Zj PACTOAOANCENDL 6 BEPUUNAT OBYT NPAGUADHOLL
MPEY20NLHUKOG, TLOBEPHYMBIT IPYe 0MHOCUMerbHo dpyeaa.

[Tosryuenbl IpuMepbl pACIOIOXKEHUsT . 2> 7 y3JI0B Ha OKPYXKHOCTHU, Y10~
BieTBOpsitorue (1) u He COBIAJAIONIME ¢ BEPITMHAME MPABUJILHOTO MHOTO-
YTOJbHWUKA.

BameuyaHue. B teopeme 1 MOXKHO OTKA3aThCsAd OT TPEINOJOKEHHUST O
HenmpepbIBHOCTH (DYHKIMK %(2) W 3aMEHUTH €ro YCJIOBHEM CyMMHPYEMOCTH
¥ HEIPEPbIBHOCTHU 110 HAIIPABJIEHUSIM KAK 9T0 ObLIO ¢jejano B [3].

ABTOp BhIpazkaer riybokyio Osarogapaocts K.d.-m.H .C. TensgakoBcko-
MY 3a [OCTAHOBKY 3a/1a1u, IIOCTOSTHHOE BHUMAHUE K paboTe 1, B 0COOEHHOCTH,
38 PEKOMEH/ AN 110 OhOPMIICHUIO JTAHHBIX TE3UCOB.
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HepaBencrso Koamoroposa aJist
IOJIOXKUTEJIbHON CPE3KU BTOPOIl TPOU3BOIHON
PYHKIINN HA OC U HEPABEHCTBO MJIsI

BBIITYKJIBIX (DYHKIMIA Ha OoTpe3Ke!
H. C. ITaouenko (Exarepunbypr, Poccus)
aueiyo@gmail.com

IIycts K Touynas koncranTa B HEpaBeHcTBe Kosimoroposa na ocu mex iy L,.-HOpMOii
dynkunm, L,-HOpMON TPOW3BOAHON W L,-HOPMO# TTOJIOXKNTENBHON CPE3KNW BTOPOit

npou3BoaHOM, a K — TodHas KOHCTaHTa B HepaBeHcTBe KosmMmoroposa ¢ Temu ke
HOpMaM#, HO Ha OoTpe3ke. IIpw 3TOM HEpaBEeHCTBO Ha OTPE3Ke PACCMATPUBAETCS TIO
KJIACCY BBIMYKJIBIX (DYHKIINN, IMEOMUX a0COIIOTHO HEMTPEPBIBHYIO MPOU3BOIHYIO, KO-
TOpasi 0OpaIAeTCs B HOJIb HA JIEBOM KOHIIE oTpe3ka. [Ipm ycioBusix 1 < ¢, r,p < 0o

n 1/r+1/p = 2/q nokazamno paeencrso K = K. Ilpu ¢ = 2,r = 1,p = oo HaiizeHa
Tounas Koncranta K, = K = 1/8/3.
Karwuesvie caosa: HEpaBeHCTBO K0O/IMOropoBa, HEpABEHCTBA, MEXKIY HOpMaMHu (hyHK-

MY U €e [IPOU3BOJHDBIX, IIOJIO2KUTEJIbHAA CPE3Ka BTOPOU IIPOU3BOJ/IHOM, TOYHbIE KOH-
CTAHTHI.

Baazodaprocmu: ucciiejopaiue BbIIOJIHEHO 1pu (puHaHCcoBOM nomuepxkke PODPU B
pamkax HaydHoro mpoekta N 20-31-90124.

Kolmogorov-type inequality for a non negative
part of the second derivative of the function on
the real line and an inequality for convex

functions on an interval®
N. S. Payuchenko (Yekaterinburg, Russia)
aueiyo@gmail.com

Let K be the exact constant in the Kolmogorov-type inequality on the real line
between L,-norm of the function, Lg,-norm of the first derivative and Lp-norm of

the non negative part of the second derivative. Let K be the exact constant in the
Kolmogorov-type inequality with the same norms on [0,1]. The inequality on the
interval is considered on the class of convex functions with absolutely continuous
derivative which is vanishing at « = 0. The equality K = K is proved under following
conditions 1 < ¢,r,p < oo and 1/r +1/p = 2/q. If ¢ = 2,7 = 1,p = oo the exact
constant Ky = K = /8/3 is founded.

Keywords: Kolmogorov inequality, inequalities between norms of function and its
derivatives, non-negative part of the second derivative, exact constant.
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BBenenne

1/p

b
Baenem obosnauennst mopm ||yl z, p) = /!y )|Pdx s MYl 2o @)

esssup |y(x)|, 1 MOMOKUTENBHON cpe3Kn Y (X ) = max{y(z),0} bynknun.
x€(a,b)

Hepapencrpa Buia

2 @l g (1)

1 ux 0000Ienust n3ydaiorcsa dbosee Beka. Onua n3 QyHIAMEHTAJIBLHBIX pe-
syabraroB mosydwa B 1939 r. A.H.Komamoroposbiv [1]. On Hamesn toumyto
KoHcTaHTy K Juisi ¢ = p =1 = 00 1 Bcex 3HaveHusix n n k, 1 < k < n.

B 1976 1. B.H. T'abyumun 2] jokaszadn cieyromuit kpurepuit cyiecrsosa-
HUs KOHEUHOW KOHCTAHTBHI B HepaBeHCTBaX (1) ¥ B HEPABEHCTBAX C MOJIOKU-
TEJbHOU CPE3KOil crapiieil Ipou3BO/HOM.

Teopema 1 [B.H. Tabymmn| ITycmo 0 < k <n, 0<q, 7, p <00 uq+#
r, ecau k = 0. IIpednososcum, wmo ece npousseoduvie dynrkyuu y € L,(R)
do nopadka n — 1 aokarvro abcomommo nenpepvienv, u Q(y™) = y™ wau
Q(y™) = (y™),. Toeda nepasencmeo

Hy(k)HLq(R) =

Hy(k)”Lq(R) > L R)HQ(Q(”))HZ(R)

cnpasedauco ¢ koncemanmoti K, ne sasucawetd om f, mozda u moarvko mo-
2da, Kxozda
k—1/q+1)r n—k

— :1—
n—1/p+1/r’ b a r

+o2m

p q

O6ozuatum 1depe3 W(r, p) muoxkectso yuknuii y € L,(R), umeomunx
JIOKAQJILHO a0COJIIOTHO HENPEPLIBHYIO MPOU3BOJHYI0 U TaKMUX, UTO MOJIOKHU-
TesbHast cpe3ka Bropoil npomssonnoit ¥ = (y"); € L,(R). Yepes U obo-
SHAUYUM MHOXKECTBO BBINYKJIbIX Ha orpeske [0, 1] dynkuuii u, nmeronmx ab-
COJIFOTHO HeIlpepbiBHYIO 1pousBosuyto Ha [0, 1] u obsajaromux cBORCTBOM
u'(0) = 0. s dynxuuit u € U Bblnosuserca pasenctso v’ = u'l.

E.A. Bepubimkuna B 2006 r. [3] nama Tounyo koncrauty Kioo B ciie-
JVIOIIEM HepaBeHCTBe C MOJIOKUTEJILHON CPE3KO BTOPOU MTPOU3BOIHOA:

91wy < Koo/l lly ), v € W(2,2)

st mosmyuenust sroro pesyabrata E.A. S3épHLIIKIHA TOKA3aJa paBEeHCTBO
K99 = Ko29, rjie K999 — 3TO TOUHAsl KOHCTaHTa B HepaBeHCTBe

p=1,

14| 2,000y < ?2,2,2\/HUHLQ(OJ)HU"HL2(0,1>7 uel, (3)
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3areM Haluia K999 1 sKcTpeMasbible GyHKIun B (3).
[lesbio nceseoBanust SIBJISETCA BLIACHCHUE CBSI3U MEXK/y TOYHBIMU KOH-
crautamu K, = K, ,,., n K = K, ,, B HepaBeHCTBax

19/l < Ko/ lly

LT(R)HylHLP(R% yE W(T7p>a

112,00 < B/l oollelin,on, weU.

OcHoBHBIE Pe3yJabTaThI

Teopema 2. Ecau noxasamenru q,7,p € [1,00) ydosaemsopaiom paserncmay

1/r+1/p=2/q, (4)

mo K, = K.
OTMmernM, ITO B YCJIOBHUIX TeopeMbl HepaBeHcTBO (2) (n—k)/r+k/p >
n/q w3 kpurepust B.H. Tabymwina obpaiaercst B paBencrso (4).

Teopema 3. Fcau g =2,7 = 1,p = 00 mo cnpasedauso pasencmeo

K, =K =/8/3.

B okazaTenbeTBe NCIOMb3YEeTCs aHaJIoT TEOPEMBI 2, TIOCIE Yero HaXO U T-
ca 3HaueHne Ko o M 9KCTpeMasibHasd (DyHKINSA HA OTPE3Ke, UTO M03BOJIAeT
MOCTPOUTH IKCTPEMATIBHYIO MTOCJIEIOBATETLHOCTD (DYHKIINIH JIJIsT HEPABEHCTBA
Ha OCH.
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[1] Koamozopos A. H. O HepaBeHCTBAaX MeKJIy BEPXHHME IDAHSME IOCTI€I0BATETbHBIX
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O npeobpazoBannn I'ankenasa pyHKOnMit 3

KJjaccoB HukoJjibckoro — beccejis!
C. C. Ilnaronos (Ilerpo3aBosick, Poccus)
ssplatonov@yandex.ru

Iycts bysknus f npuraamexut GyHKIHOHAILHOMY Kaaccy Hukombckoro — Beccess
H) (Ry),1<p<2,7>0,a>-1/2, Ry =[0,+00), u mycTs f — npeobpazopanue
lankesnst dynkiun f. OCHOBHBIM pe3ysbTaToM DabOTHI SIBJISETCS OTBET HA BOIPOC:

Py KaKWX 3HAYEHUSAX mapamerpa ¢ GyHKIus [ COIEPIKUTCS B BECOBOM MPOCTDAH-
cree Jlebera L, o = Ly(Ry, 22t dz)? Tlonyvennas Teopema SIBIAETCS aHAIOTOM
Knaccuaeckoit Teopembl E. Turamapira o npeodpazosanun Pypbe GyHKIMI 13 KIac-
cop JIunmmna Lip(r,p; R) mpn 0 < r < 1.

Kamouesnie crosa: mpocrpancrsa Hukonbckoro — Beccens, mpeobpa3osanne [ankens,
rapmormdeckuii anann3 @ypne — Beccens, Teopema Turumapria.

On the Hankel transform of functions from
Nikol’skil — Bessel classes!
S. S. Platonov (Petrozavodsk, Russia)
ssplatonov@yandex.ru

Let a function f belongs to the Nikol’skii — Bessel function class H! ,(Ry), 1 <p < 2,

P
r>0,a>-1/2, Ry =[0,400), and let f be the Hankel transform of f. The main
result of the work is the answer to the question: at what values of the parameter

q the function f belongs to the Lebesgue weight classes L, . = Lq(Ry, 2?1 dz)?
The resulting theorem is an analogue of the classical E. Titchmarsh theorem for the
Fourier transform of functions from the Lipschitz classes Lip(r, p; R) with 0 < r < 1.

Keywords: Nikol’skii — Bessel spaces, Hankel transform, Fourier — Bessel harmonic
analysis, Titchmarsh’s theorem.

[To oupesesienuto, dbyukiust f(z) na R npunajiexur kiaccy Jlummuiga
Lip(r,p;R), 0 <r <1, p>1,ecmu f € L,(R) n

1z =1) = f(@)]lz,@ = O1")

npu t — 0.
sBecrna ciemyiomnas Kiaaccudeckas teopema E. Turamapra (em. [1],
Teopema 84):

~

Teopema 1. I[Tycmo f(x) € Lip(r,p;R), 1 <p<2,0<r <1, u f(A) —
npeobpasosarnue Pypve dynruuu f. Toeda f npunadaescum xaaccam Jlebeza
Ly(R) npu

p p
— < g < )
rp+p—1 q_p—l

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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B nacrosimieit pabore mosyden anaJor reopeMbl 1 i npeodpa3oBaHust
lankenst ynknuit nz xkinaccos Hukosbcekoro — Beccenst H) , = Hg}a(RJF) Ha
nosyocn R, = [0, 400).

[yers o« > —1%, du(z) = 2**de — mepa ma R, 1 < p < oo,
L, = Ly(Ry,du), || - |lpo — HOpMa B GamaxoBom mpocrpancrse Ly,
B, = % + %% — nuddepennnaabhbiil oneparop beccens. s o0oii
bynxmun f(xr) € CP(R,) o6obmennbiit cusur Beccens u(x,y) = TYf(x)
(z,y € R}) ompenensercst Kak perenne cieyomnieit 3agadu Kormn:

Bou(z,y) = Byu(z,y), u(x,0)= f(z), wuy(z,0)=0.

B sBHOM BHjie 00001IeHHBIH ¢JBUT Beccens 3aaercsa ¢popmyioii

™

Tf(a) = u(e.9) = o [ 1 (VTP Zryeosy) (singde (1)

0

_ T(at1)
Val(a+1/2)
PBIBHOTO OllepaTopa B HpocTpancTse L, ,, 1 < p < oo.

Hna f € Ly pasuocrun AFf(z) nopsaaxa k (K = 1,2,3,...)c marom
h > 0 u Momysb rajgkocty wi( f, §), 4 mopsiiika k onpeessiorces popMynamu

Apf(x) = Apf() = fz) = T"f(=),

Apf(x) = Mp(A3 7 (@), k> L
W (f,0)pa = Osup IAF fllpas 0> 0.

rIe Coq = [To dopmyste (1), oneparop T mpooKaeTcs 10 Hempe-

[Iycts r > 0 — BermecTBeHHOE UKCI0, kK — HaTypaJibHOE YKUCJIO, TAKOE YTO
2k > r.

Omnpenenenne 1. Qynkyus f(x) npunadaiescum npocmparncmsy Hp .,
p € [1,00], ecau f € L, o u daa nexomopot nocmoannot Ay > 0 cnpaseo-

AUG0 HEPABGEHCTNEO
wk(f; 5)p,a < Af (V, d > 0.

Moxno nokasath, uto H) , ne sasucut ot k (cm. [2]). Takxe B crarbe
2] npyrue onmcanus npocrpancts Hy . Ilpocrpancrsa H) , asisoTcs ana-
JIOTAMH KJTACCHICCKNX yHKIMORATbHBIX Kraccos Hukomekoro H) (R) ma R
(em. [3]).

[Tycrs jo(x) = 2°T(a+ 1) 2= Jo(z), tne Jo(x) — dbyuxnus Beccens
nepBoro pojia u ['(x) — ramma-dbyHKImS.
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s moboit dbynknuu f € Ly, npeobpasosanue 'ankess onpenesnsgerca
dopmyJioit

F:f(x) —~ /f ) jo(Az) 2% da, AeER,.
0

st Besikoro p € [1, +00) mycrsb p' = z%' Ecmu f € Lyo, 1 <p <2, 10

ee npeobpazosanue Lakess f(\) onpesesnsieTcst Kak Mpejiest B IPOCTPAHCTRE
L,y o nocnenoBaTesbHOCTH (DYHKITHIM

_ / F(2) ju(Ax) 2274 da
0

npu n — oo. Ipeobpasosanne Tankenss F : f(z) — f()\) apasercs auueii-
HBIM HEIPEPBIBHBIM OIIepaTOpOoM 13 baHaxoBa MpocTpaHcTBa L, , B 6aHaxoBo
IIPOCTPAHCTBO Ly 4.

OCHOBHBIM PE3YJILTATOM SIBJISIETCS CIIEYIOIIAs TEOPEMa.

Teopema 2. IIycmo f € H .1 <p <2 r>0, unycmo ]? — npeod-

pas

pasosanue Lanxers pynxyuu f. Toeda f npunadaesicum waaccam Lq o npu

p p
<g< Lt
rp/2a+2)+p—1 q_p—l

U 2paruUUbl U 6 IMOM HEPABEHCMEE MOYUYHDBLE, TN. €. TLPOME-

p p
rp/(2a+2)+p—1 p—1
ACYMOK 3HAUEHUTE NAPAMEMPA § HE MOAHCEM. ObIMb PACULUPEH.

Pesysibrarsl paborbl 4acTuaHO O1y6MKoBatbl B [4].
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YIK 517.5

I/IHTepHOJ'IﬂU;I/IOHHO-OpTOI‘OHaﬂbeIe
BCIIJIECKN HA OCHOBE HECKOJIbKUX
MAaCIITAadOUPYIOINX PyHKITHAIHA!

E. A. Ilnemesa (Exarepunbypr, Poccust)
eplescheva@gmail.com

B pabore paccmarpuBaeTcs MOCTPOEHNE HHTEPIIONAIMOHHO-OPTOrOHAIBHBIX 0A3MCOB
kparHomaciTabroro aHammsa (KMA) u cOOTBETCTBYIOIINX BCILJIECKOB Ha, OCHOBE
HECKOJIbKUX Macmrabupyionmux GpyHkmuit. B ormyane or KIaccuIeckoro ciaydasi, B
JIAHHO} CTaThe PACCMATPUBACTCH He OJIMH, & HECKOJIbKO Gasucos npocrpancrsa L2 (R),
KaXKJIplil 13 KOTOPHIX 00pa30BaH CABUTAMU U Cxkatusamu 1 pyukmit ¢°, s =1,...,n.
Takas cucrema CTpPOUTCS HA OCHOBE BBEIEHHOI'O Hamu paHee n-pasgeibnoro KMA. B
JIAHHOI CTaThe NMPUBOJINTCS CIIOCO0 MOIUMUKAIME MACOK 7-Pa3esbHbIX MacHITabu-
pyomux GpyHKIH IMIPOKOro KIacca TAKUM 00pa30M, 9TOOBI CHCTEMA CIBUIOB HOBBIX
MacHTabupyomux pyHKImit, ocTaBasich OPTOrOHAJILHON, CTAJIN €Ille U WHTEPIIOJISIIH-
OHHOIA.

Karoueevie ca06a: OPTOTOHANIBHBIN BCIJIECK, WHTEPIIOJISIIIUOHHBIH BCILJIECK, MACIITa-
oupyiomasa GpyHKIH, 0a3uC, KPATHOMACIITAOHBIH aHAIN3, MACKA MACIITAOHPYIOIeit
dbyHKIINA, N-pa3IeIbHbBIH BCILJIECK.

Interpolating-orthogonal wavelets

based on several scaling functions!
E. A. Pleshcheva (Ekaterinburg, Russia)
eplescheva@gmail.com

The paper considers the construction of interpolating-orthogonal bases of
multiresolution analysis (MRA) and corresponding wavelets based on several scaling

functions. We consider several bases of the space L?(R), which are formed by shifts
and compressions of n functions ¥, s = 1,...,n. These systems of wavelets are based
on the n-separate MRA, which we introduced earlier. This article provides a method
for modifying masks of n-separate scaling functions of a wide class. The shifts of new
scaling functions will be interpolating, while remaining orthogonal.

Keywords: orthogonal wavelet, interpolating wavelet, scaling function, Dbasis,
multiresolution analysis, mask of scaling function, n-separate wavelet.

BBenenune

Berieck TpaJIMIIMOHHO OnpejiesisieTcst Kak (DyHKIUsT 1)(x), Takast, 970 CHCTe-
ma ee capuros u cxaruii {1 (z) = 29/2(2x — k) }rez obpasyer opronop-
MUpOBaHHbI Gazuc npocrpancrsa L2(R). Haunnas ¢ pabor Masna |1], Meii-
epa [2] nocrpoenune 6a3uCOB BCILUIECKOB HAYMHAJIOCH C IIOCTPOCHUST CUCTEMbI
BJIOZKEHHBIX IIOJIPOCTPAHCTB V) MPOCTPAHCTBA L*(R), nasniBaeMoit xpam-
nomacumabnvim anasusom npocmpancmea L?(R). Basuc kaxaoro n3 arux

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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IIPOCTPAHCTB 00PA30BaH CABUIAMU OJIHON CXKATOH B 2 pa3 MacIITabupyoIeit
bynkiun {p;(z) := 29/2p(2x — k) }rez. dononusior npocrpancrsa Vj jio
Vi1 noampocrpancrsa W, 6a3uchbl KOTOPBIX 0OPA30BAHbI TAKXKe CABUTAMH
onnoit dynkimn {1 () }rez. Basuc seero npocrpancrsa L?(R) obpasyior
Dyt {13(2) = 2920z — )}z

HeoOxoanMbpIMun 1 JIOCTATOUHBIMU  YCJIOBHSIME TOTO, 4910 {@jr(x) =
2“%0(2% — k)}rez — OpTOHOpDMHUpOBaHHAs CHCTEMa, & CHCTEMa
{279/ 20, k() bkez — MHTEPNONANMOHHAST, ABJISIOTCS CJCIYIONME 2 YCIOBHS:

D Ipw-KP=1 Y fw-k =1 (1)

VEZ VEZ

B pabore [3| nokazano, kak usmenurs Macirabupyonlyo gynkiuo Meii-
epa TaKuM 00Opa3oM, YTOOBI MOJYyUMJIACh MacCIITadUpyomas (PyHKIN, 10~
POYKIA0INAsT He TOJHLKO OPTOTOHAJBHYIO, HO W WHTEPIOJSIIIHOHHYIO CHCTEMY
CJIBUIOB.

st cayaast n MacimTabupyommx GyHKINA TocTpoeHne 0a31ucoB MPOCT-
panctBa L?(R) B craTbe [4] 6b1T0 BBEICHO CIejIyIoNIee ONpe/ie/IeHue:

Onpenenenune 1. Paccmompum n nocaedosamesvHocmets 6A00CEHHbLT
dpye 6 dpyza samknymoixr nodnpocmpancme npocmpancmea L?(R)

LCVhCViCVECVPCC VP CVEC VA Col (2
ecVhicWcWvacvidcoecv cVvEic Vi e (3)
Cv_nl_1C‘/0nC‘/11C‘/22CCvnn__llcvnnc‘/;}_,_lc (4)

Haszosem smy xoncmpykuyuto n-pasdesvrvim KpamHOMacumadtvLm aHaAl-
som (n-KMA) npocmpancmea L*(R), ecau ona ydosaemsopaem caedyrouyum
YCAOBUAM:
o) UiV =UV2 = = U—Vn@ = L*(R);
) Vi =V == = (o)
6) fx) eVie flx+1/2))e Vi VjlelZ, s=1,2,...,n;
2) f(x) e Vi & f(22) € V2 ViEZ, s=1,2,...,m;
d) natdymeca maxue Pgynkyuu ©*(x), s = 1,2,...,n, wmo mmuoscecmea
ux cdeuzos {@°(x + k)}rez 06pasyrom opmonopmuposanmvie 6a3uco, npoc-
mpancme Vi

B jannoit pabore npuBejieH crocod Mojudukaiuu  0a3ucoB  n-
pazgenbaoro KMA, takoit, 9T0 CIBUIY U C2KATHUSI HOBBIX N-Pa3IeIbHBIX MAC-
MTadUpyIomux GyHKIU 00pas3yoT OPTOrOHAJIBHYIO U ITPU 9TOM WHTEPITOJIs-
IIOHHYIO CHCTEMY.
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Heobxoanmbie 1 JOCTATOYHBIE YCJIOBUS MHTEPIIOJISIIIIOH-
HOCTU W OPTOTOHAJBHOCTH

Yenopust Bioxkenusi (2)—(4) BBITOJHSAIOTCS TP BBIMOJIHEHUH CJIE/IYOININX Pa-
BEHCTB, HA3LIBAEMBIX MACIITAGUDYIOMUMEI COOTHOUICHUSMMU:

P (@)=Y hPeh(z), s=12,...,n, (5)

vEeZ
rneps =s+1, s =1,2,...,n—1,p, = 1, mpanpt ) hyP o), (z) cxonarca
VEZL
B L2(R).
[Tocste mpeobpazosanus Pypbe paBercTBa (5) TPUMYT BHI:

— w

s — W
©3(w) =m ’p5(2)gpps(—),s =1,...,n,

2
riae macku mPs(w) mMacirabupyronux yHKIUI ONpeIessaioTes CieLyomed
dopmyioii:
m*Ps(w) = Z REPse2™ s =1, ..., n.
VEZ
J17151 BBITIOJTHEHUST YCJOBUI OPTOrOHAJIBLHOCTH W MHTEPHOJISIIIAOHHOCTH JIJIS
dbyurImit ©*(x) momKHb BeIMOTHATHC yeaosus (1). Torma m*Ps(w),s =

1,...,n, 6yayT yIOBIETBOPATH PABCHCTBAM:
1
|m* P (w)]? + \ms’ps(w+§)|2 =1,s=1,...,n, (6)
S S 1
m’ps(w)+m’ps(w+§)zl,s:l,...,n. (7)

[Tycrs Mackn m®Ps(w) yaoBjaerBopsitoT ycioBusim oproronasibioctu (6). To-
ria l-mepuogmdeckas pyHKINs

1
m7P (W) = [m*P=(w)|? + i sign(sin 27w)|m>F* (w)m>P* (w + §)|

Oyer yjoBeTBopATh obonm yciosusiM (6), (7).
O6osnatnm depe3 M7 (w) caeyroniue mpon3Be/[eHus:

w n.1 w

Mj(w) = m}r’Q(w) : m3’3(§) Ceeeomyp (ﬁ)a
, A w , w
M) = mi(w) i) )



n n n—i,n w
Mi(w) = mp @) mp? () oo mi ().

Torna n-pasgenbabie MaciiTabupytonme (PyHKIIMT MOYKHO BOCCTAHOBHUTH 10
ux 1peodbpazoBanusim Pypbe

o0
M ( ,s=1,. 8
= [ M), (8)
j=1
CupapejiinBa Teopema:
Teopema 1. Ilycmv daa macox m*Ps(w),s = 1,...,n, sunoinaomca

YCAOBUA:
[m™ ()] <1 = Q(w)

6 Hexomopot oxpecmmocmu nyas, 2de dynrkyua Q(w) marosa, wmo pad

(@]

onj
j=1
CTOUMCA, U NPU IMOM PYHKUUL g/oﬁ(w) = [1;2, Mi(35) € LIR)N L*(R).
ITyecmo, kpome mozo, m*P<(w),s = 1,...,n, ydosaemeopsrom ycaosusm (6)
u |m®Ps(w)| > Cy > 0 npu |w| < 1/4. Tozda npu yeaviz j us=1,...,n cu-
cmemul Gyrruu {gpij,k}kez, ede ?0? onpedenenvi popmyaot (8), asasromea

opmonopmuposannsimu 6 npocmpancmee L*(R) u unmepnoaayuonmoimu 1a
cemre {x;, =1r/2) 1 r € L}.
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VJIK 517.518

BoccranoBiaenne narerpupyemMbix (pyHKITHANA
Ha P-NYHBIX IPYyHHax!
M. T. IInoraukoB, B. E. BoraueBa, }O. A. Ils1oTHUKOBA,
B. A. CaBun (Mocksa, Bosorga, Poccus)

MGPlotnikov@gmail.com

Paccmorpena 3agada 0 BOCCTAHOBIIEHHYM WHTErPUPYEMbIX (DYHKIWI MO X 3HAYEHU-
M HA MHOYKECTBAX MaJjioi Mepbl. [IoCTpOeHbI BOCCTAHABIUBAIOIINX MHOKECTBA, It
KJIACCOB CYyMMUPYEMbIX (DYHKIHI HA p-HIHBIX IPYINAX CO CTENEHHON u Jjorapud-
MUYECKON CKOPOCTHIO yObIBaHUS MaxkopaHThl Koddduimentor Oyphe—BumeHknHa—
Kpecrencona.

Karwuesvie cA06a: p-WIHBIE TPYIINBI, BOCCTAHOBJeHHE (GYHKIWHA, KO3 hUImenTsr
Oypne— Bunenkuna—Kpecrerncona.

Recovery of integrable functions
on p-adic groups!
M. G. Plotnikov, V. E. Bogacheva, Ju. A. Plotnikova,
V. A. Savin (Moscow, Vologda, Russia)
MGPlotnikov@gmail.com

The problem of recovering integrable functions by their values on sets of small measure
is considered. Recovering sets are constructed for classes of summable functions on
p-adic groups with a power and logarithmic decreasing rate of the majorant of the
Fourier—Vilenkin-Chrestenson coefficients.

Keywords: p-adic groups, recovery of function, Fourier—Vilenkin—Chrestenson
coefficients.

B pabote paccMaTpuBalOTCsS BOIPOCHI O BOCCTAHOBJIEHUU CYMMUPYEMbIX
GyHKIMH 110 UX 3HAYCHUSIM Ha, MHOKECTBAX MaJoil Mepbl. 3aJ1aIUMCsI CJIeJTy-
FOIUM BOTIpOCOM. [LycTh nmeercst mpocTpatcTBo ¢ Mepoii (X, i), a Ha HeM —
HekoTopblii Kiaace dynknuit A C L, (X). MoxkHO i1 10CTPOUTH MHOXKECTBO
H C X wmaJjioit mepbl, 0bJ1aj1atomiee TeM CBORCTBOM, U4TO OUTH BCE 3HAUYEHUS
IponU3BOIbHON (hyHKIMU f € A 0JHO3HATHO BOCCTAHABIMBAIOTCS 110 €€ 3Ha-
yenusiMm Ha H? B ciaydae mogokuTebHOrO OTBETa Cpasdy BO3HUKAET BTOPOI
BOIIPOC: KAKUM MOKET OBITHb IIPOIECC BOCCTAHOBJEHUs 3HaueHuit f na X 1o
ee 3nadenusiM Ha H?

DTa 3a1aua permaaach B [1| ast kiaacco S3UrMyHia Ha OJTHOMEPHOM TOPE
T. B Toit pabore OBLLIO BBEJIEHO IIOHSTHE BOCCTAHABJIMBAIONIEIO MHOXKECTBO,
KOTOPOE MbI IIPUBOJUM 3/1eCh B bosiee obmem Bujie. [lycrs fr o3nagaer cy»xe-
Hue pyHknuu f Ha MHOX)KecTBO H.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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Omnpenenenne. [Tlycts X — HEKOTOpOe MHOXKECTBO, a [L — O-aJ[JINTUBHA
mepa wHa X. s sagmannoro 6 > 0 HasoBem wmHOXkectBO H C X 0-
B0CCTNANABAUBAIOULUM MHOHCECEOM I HeKoToporo kiacca A C L, (X),
ecin pH < 6 u orobpaxenne Compr: A — L,(H), Compr(f) = f
SIBJISIETCS] WHHLEKTHBHBIM.

Hpyrumu cioBamu, H sBjisiercss 0-BOCCTAHABIUBAIOIIUM MHOXKECTBOM
st kiacca A, ecin kaxkjast Gynkuus ¢ € Ly,(H) ne moxer ObITh 11po-
JoJKeHa 10 GYHKIUKT u3 Kiaacca A Oojee ueM OJHUM CIOCODOM.

3/1eCh MBI TIPEJICTABUM Psij PE3YJIbTATOB O BOCCTAHABJIMBAIONINX MHOYKE-
cTBax Jid ciydasd, Korja X — p-uunaga rpynna G, ¢ mepoit Xaapa fi, a
A — knaccer cymmmpyembix Ha G, dyHKIM ¢ PUKCHPOBAHHON! CKOPOCTHIO
yObIBaHMS MarkKopaHThl KoadhduimenToB Pypne-Bunenknna—-Kpecrencona.

Ecnn 3apano marypanbhoe p > 2. 1o p-uynasa epynna G = G, ecrsb
MHOXKECTBO 1ocsiejioBareibuocreit g = (go, g1,---) ¢ gx € {0,...,p— 1},
cHaOXKEeHHOe olepalieil mokoopauHaTHOro cioxkenneMm mod p. Harmsgno G
MOXKHO IPEJICTABIATE (C TOYHOCTBIO JIO CYETHOIO MHOXKECTBA) KaK OTPE30K
[0, 1], ecsin pacemoTperb oTOOpazkeHue

i

¢: G —[0,1], g:(go,gl,...)lgzg—kﬂ.

DT0 0TOOpAYKEHUE CIOPHEKTUBHO W MEPEBOJNT KAXKJI0€ MHOKECTBO
k-1
Ay ={9€Gy,: gj=m;, j=0,...,k—1}, m:ka_l_jp], (1)
=0

B 3aMKHYTBIIl MHTEPBAJI L%, mp—J,Ql} MuoxecrBa (1) Ha3BIBAIOTCA P-UMHBLMU

unmepsanamu (panra k) u obpasyor cuernyio 6ady romnosornu B G,. Orme-
TUM, YTO A% ABJISIETCA TTOATPYIIIION Gp, a JitoOOil p-UIHBI MHTEPBAJ PAHra
k siBJISieTCst CMEeXKHBIM KJIacCoOM 110 9Toii nojrpyine, t.e. A = g & AY npu
MOJXO/IAIIEeM BeIOOpe aiemenTa g € G,

Cawma rpynna G, saBiserca komnakTHON abesieBoit rpymmoit. Ilycrs p1 —
HOpMaJIn30BaHHasA Mepa Xaapa Ha 3toil rpymne; ecin A C G, — 6opesesckoe
MHOXKeCTBO, To A cosmajaer ¢ mepoit Jlebera muoxecrsa ¢(A) C [0, 1].
I'pyniy xapakrepos G, obpasytor ¢ynryuu Buarenkuna—Kpecmencona V Oy,
n=20,1,.... B nymepamun [Ismm

= 2Mi g s
VCu(g) = [ [ exp (ﬂ) con=Y npt, mpef0,....p—1} (2)
k=0

k=0 p

Ecin p = 2, o VC,, ectb pynxuyuu Yoarwa. Ilogpobree o p-naHBIX Ipymmax
n bynknuax Burenkuna-Kpecrencona cm., nanp., B 2], [3], [4]).
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Hns 3agannoro v > 0 paceMOTPUM KJ1acehl (PYHKIIMIA
Ly, (Gp) == {f €L, (Gyp) ’an(f) =0(n"), n— OO} )
Lyw (Gy) := {f € L,(Gy) ‘ a,(f)=0(n"n), n — oo} .

[Iyers Q = {q(s)}32, n K = {k(s)}32, — BO3pacraorue nociesoBaTes b
HOCTH HATypaJsibHbIX duces, npuiem q(s) < k(s) st Beex s. st Kaxoro
HATYPAJBLHOIO ¢ PACCMOTPUM MHOXKECTBA,

HYQK) = Hyorrr Hutorui = { A : m =0 (mod p+0) |
5=q

Azl(s) — p-wuHbIe WHTepBaJbl B HyMmepanunu u3 (1). MuoxkecTBa cxommOf

CTPYKTYpbl paccmarpusasiuch, naup., B [5], [6], [7], [8], [9], [10].
[IpusBeneM psj; pe3yabTaTOB O BOCCTAHABJIMBAIOIIMX MHOMKECTBAX JIJIsl

knaccoB Ly, (Gp) n Ly, 17 (Gy).
Teopema 1. IIyems Q = {q(s)}, K = {k(s)},

q(s) == [as], k(s) := [bs],

(%] osnavwaem yeayro wacmo *. Jaa mozo, wmobwv. daa a0bozo § > 0 na-
wA0Ch Hamypasvroe q maxoe, umo muoscecmso HU(Q,K) asasroco v
d-60ccmanasausarouum muoscecmeom daa kaacca Ly, ~ (Gy), docmamouno
BHINONHERUA LOMA OB 00H020 U3 cACYOUWULT IYT YCA0BUT:

1
ev>1, b>— u 0<a<b
Inp

u 0<a<hb.

e 0<y<l, b>
vInp

Teopema 2. ITyemv Q = {q(s)} v K = {k(s)},
q(s) := [sb], k(s) := [sb +a-Ins—d- ln(ln(s))] :

1
l<alm2<by, b>—-, d>0.
fy

Tozda daa 3adannozo § > 0 natidemea mmoorcecmeo euda H1(Q,K), a6aa-
rougeeca 0-60CCMANABAUEAIOUUM MHOdHCECTEoMm Oad kaacca Ly, 1,7 (Gy).

EcrecrBennblii criocod BOCCTAHOBUTH I1.B. 3HAUEHUs IPOUBBOJILHON (DYHK-
nun f u3 knacca Ly, o (G,) wm L, 1,7 (Gp) no suauennsm f ma coorset-
CTBYIOIIEM 0-BOCCTAHABJIMBAIOIIEM MHOXKeCTBe BhimisuT Tak. (Pasymeercs,
CYIIECTBYIOT ¥ JIDYTHE CIOCOOBI CJIEJIATh ITO. )
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[IIar 1. Boccranopienue cpejiHero 3nadenus f Ha IPOU3BOJbHOM P-MIHOM
nntepsase g D AY 1o ee snauennam na H(Q, K) npu nomomu Gpopmymbl

f = lim f )
ngBAQ S—%00 f(g@Ag)qu(s‘),k(s)

[Ilar 2. Haxoxgenue 11.8. 3Hadennit GyHKiuu f 110 HailJIeHHbIM 3HAYEHHU-
AM fgeA0 C IIOMOIIBLIO (DOPMYJIbL

f (g) = lim ?g@AQ'

r—00
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YTO4YHEHnEe OIEHOK CYMM CHUHYC-PsJIOB C

MOHOTOHHBIMUA N KOCHUHYC-PAJ0B

C BBIIIYKJILIMHI KO3 dpuiimeHTamm
A. 1O. ITonmoB (MocksBa, Poccus)
elena.alferova@gmail.com
YV TOYHSAIOTCS W3BECTHBIE OIEHKU CyMM CHHYC-PSI0B C MOHOTOHHBIMU KOI(hDUITHEHTA~
MH U KOCHHYC-PSIJIOB C BBIIYKJIBIME KOI(MDDUIIUEHTAMH.

Karouesvie cao6a: psipl O CHHYCAM W KOCHHYCAM, MOHOTOHHBIE U BBIMTYKJIbIE KO-
bunMeHTH.

Baazodaprocmu: pabora soinonnena npu dbunancosoil nomuepxke POOU (mpoekr
Ne 20-01-00584).

Refinement of estimates of sums of sine series
with monotone coefficients and cosine series
with convex coefficients:

A. Yu. Popov (Moscow, Russia)
elena.alferova@gmail.com
The refinement of Estimates of Sums of Sine Series with Monotone Coefficients and

Cosine Series with Convex Coefficients is specified.
Keywords: sine series, monotone and convex coefficients.

Acknowledgements: this work was supported by the Russian Foundation for Basic
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PaccmarpuBarorcest psijibl

o0

fla;x) = % + Z ay cos(kx), g(b;x) = Z by sin(kx), (1)
k=1

k=1

MOCIIEIOBATETHHOCTH KOI(MDMDUIMEHTOB KOTOPHIX @ = {a treN,, 0 = {bk ren
MOHOTOHHO cTpeMsTcsa K Hymo. CyMMBI BCeX TAKUX PsIJIOB HEINPEPBLIBHLI Ha
unrepsaje (0,27). Kiace Beex mocmenoBaresnbrocreit b = {by}ren, 1 KO-
ropbix by > 0, bpry < by (Vk € N), limy o b = 0, 0603uauum 9. B
20-M Beke ObLI IOJIyYeH Psiji Pe3yJbLTaTOB O MOBEAEHUN CYMM PsIIOB OOINEro
Buga (1) ¢ xkoadpdurmenravn u3z M u BuiTyKIbIME KOIDDUIMEHTAMI [P
x — 0 [1-4]. B nocneanue qBa gecsaTuieTus MOsSBUIAUCH IBYCTOPOHHUE OICH-
K1 CyMM cuHyc-psijio (1) ¢ Tounbivu korcranTamu [5-9]. 3ech yroansorest
HEKOTOpPbIe HepaBeHcTBa u3 5] u [7].

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Teopema 1. IIpu awobom x € (1/2, ) 6epra ouenka ceepry
b
g(b;x) < Elctg (%) Vb € 9. (2)

Teopema 2. IIpu aobom q € N, g > 2, na unmepsane 217 /(q+1) < z <
27 /q eepra ouenka crudy

g(b;x) > —% tg (%) Vb € M. (3)

B mowkax suda {27/q| q € N, ¢ > 2} cymma aobozo cunyc-pada ¢
MOHOTOHHOIMU KOIPHUUUEHMAMU HEOTNDUUATIEADHA.

HokazaHo, 9T0 oreHKn (2) u (3) onTUMAabHBI HA BCIOJY MJIOTHOM MHO-
JKecTse.

[Tonoxkum m(x) = [7/x], 0 < = < w. B [5] 6buto jnokazano npoiinoe
HEPABEHCTBO
b m(x)
1 X . (T
— 1 <Z> < g(b:z) < 2sin (§> kb Yo e (0,7), Vbe M. (4)
k=1

Teopema 1 yrounsier BepxHioio otietky (4) na (7/2,7), a Teopema 2 oneH-
Ky cuusy B (4). B |7] 6bu10 3aMmedeno, uro npu x € (0,7/2] B npaBoit yactu
(4) MOXKHO 3aMeHUTh MHOXKHUTENb k B cymme Ha min(k, m(z) +1— k). Dror
pe3yJILTAT JIONMYCKAeT JaJibHeliee yrouHeHue.

Teopema 3. Jlaa cymmo, cunyc-pada (1) sepuve oyenru

g(b;x) < 2sin <£> (bl + \/§b2> , g(bjx) <sinzx (b1 + 2—b2> , T € (f E) ,

> 2 /3 372
m(x) -
;7) <sinz Y mi - —.
g(b;r) <sinx 2 min (k,m(x) +1— k)b, z € <O, 3}

B [1] 6bu1a mosydena oreHka Juis CyMMbI KOCHHYC-psiia (1), ecan moce-
JOBATEIBHOCTh a4 = {ag }ren, BRITyKIa, TO ecth : {Aap} = {ap — ar1} €
Meayp, — 2ap01 + apro > 0V € N,

Bbi10 BhIBE/IEHO HEPABEHCTBO



rie C' — HEKOTOpast MOCTOSHHAST (HACKOJIBKO H3BECTHO aBTOpY, 3HadeHue C
He ykasbiBajoch). B [8] jgokazano, uro npu x € (0,7/2] MOXKHO MOJIOKHUTH

C=1

Bosiee To9HO, TIOJIyIeHBI CJIETYTONIE PE3YIHTATHI.

Teopema 4. /s cymmvr npouseosvnozo kocunyc-pada (1) ¢ evinyraof
nocaedosamenvrnocmyio koapduyuenmos a = {ay }ren, 6epHa oUenKa ceepry

m(z)—1
ac) < Z (k? + %) (ak — akH) Vo € (0, g] (41)
k=0

Ipu x € [7/3,7/2] eepna boaee cuavnaa ouenra

flz) < 0 ; %y (a1 — ag) cos . (4.2)

Bameuanmne 1. Onenka (4.2) jeiicrBurenbro cusbhee, dem (4.1) npu
x € [r/3,7/2). llpaBasg wactb (4.1) npm 9TUX 2 (TOr/Ia BEPXHUIA TIpeeT
cymmupoBanusi paer 1) umeer Buj (ag — a1)/2 + 3(a; — ag)/2. IlpaBas xe
qacTh (4.2) MeHbIe
apg — as ayp — ao ap — ap a2 — ds apgp — ap 3

= — < _ — .
> 9 9 + (a1 ag) + 9 >~ 9 + 2(&1 ag)

Cosnajienne orerok (4.1) n (4.2) wa unrepsade (w/3, 7/2) BO3MOKHO TOIBKO
B «BBIPOXKJICHHOM» ciaydae f(z) = ap/2.

Ha snavenust x € (7/2, 7] nepasencrso (4.1) He EPEHOCUTCs: B HEKOTO-
puIx cirydasx HepasercTBo f(x) < (ag — a1)/2 we umeer mecra. Tpebyercs
anbO YBEJIMYIATh MHOXKUTEIb TIepeji PasHoCThio (ag — a1), OO 100aBUTH
BTOPOE CJIaraeMoe.

Teopema 5. IIpu awbom x € (0, 7] sepro nepaserncmeo

agp — ay

f(z) < 5

T
+ (a1 — as) ctg? (§> : (5.1)
KOmMopoe 06paULAEmeA 6 PAGENCNE0 Ha MHONHCECTGE MOUER

2 1 —1
n

{xn,z/ -
ecau 6 kawecmee [ ezamo n-e adpo Detiepa

:%+“ i <1__> cos(kx)E%(%>2a

ke
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nocaedosamenvrocms koaphuyuenmos Pypve Komopozo

k
akm:l—ﬁ, 0<k<n-—-1, a.=0, k>n

ACNACINCA SbLny%JLOﬁ.

3ameuanme 2. Herpygno ybeauThcss B TOM, YTO MHOYXKECTBO TOUYEK
(5.2) Bciomy maorno Ha [0, 7). Omenky (5.1) Jydime Bcero MpUMEHSATH MpH
x € [r/2,7]. Ha arom orpeske npasas dacts (5.1) ne npesocxogut 0.5(ag —
ay) cosec’(z/2) < ag — ay.
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Pasaomepsbie 1o a € (0,1) ,ZLBYCTOpOHHI/Ie
@)

onenku yHkimit Y  k~"cos(kx) n Z k~%sin(kx)

k=1
gyepes IepBbie ciiaraeMble ux aCI/IMHTOTI/I‘{eCKI/IX
pPAa10B!

A. IO. ITonos, T. B. Poguonos (Mocksa, Poccust)
rodionovtv@mail.ru

Hoast dyuknmit Z k=% cos(kz) n Z k~%sin(kx) na (0, 7] momydeHBI paBHOMEDHbIE

mil<ax<l ,ZLByCTOpOHHI/Ie oueHKI/I qepeS lepBble cjaraeMble UX aCUMIITOTUYECKUX
PA0B.

Karouesnie ca06a: crienuaibHbe TPUTOHOMETPHIECKHUE PA/IbL, TOJXIOrapudM.

Baazodaprocmu: pabora sbinonnena npu dbuHancoBoil nomuepxke POOU (mpoekr
Ne 20-01-00584).

Uniform with respect to a € (0,1) two-sided

estimates of functions ) k™“cos(kz) and
k=1

> k™%sin(kx) by first members of their

asymptotic series!
A. Yu. Popov, T. V. Rodionov (Moscow, Russia)
rodionovtv@mail.ru

For functions Z k=% cos(kz) and Z k~%sin(kz) on (0,7] two-sided estimates by

means of first members of their asymptotlc series are obtained. These estimates are
uniform with respect to 0 < a < 1.

Keywords: special trigonometric series, polylogariphm.
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CrienmajibHbIE TPUTOHOMETPUIECKIE PSTIhI

= Z k™%coskx, g(x,a)= Z k™sinkx, a >0,
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4acTo BCTPEYAIOTCS B MaTeMaTHuecKoil sinreparype. M3BecTHbI cieyioniue
acumrroruky [1, ru 1T (13.11) u r. 'V, §2]:

f(x,a) ~ sin <%a) I(1—a)z*?t, =0+ ac(01), (1)
g(x,a) ~ cos <7r7a> I(1—-a)z"t, z=—0+ ac(0,2). (2)

Pasrnomepust jin ouu mo a € (0, 1)7 Mbl 1oKa3am paBHOMEPHOCTb aCHMIITO-
TUKH (2) 1 PABHOMEPHOCTH BUJIOM3MEHEHHON acumnToruku (1), mobaBuB B 8
npaByio 4acth orpuiaresasbroe ciaraemoe ((a) (¢ — azera-ynkius Puma-
ra). Obo3HATIM

T™a m™a

fo(z,a) = sin <7> L(1—a)x" *4((a), go(z,a) = cos (7) L(1—a)z"

Hanomuum, uro dyukuus ((a) yobiBaer na nosyunrepsade [0, 1), ((0) =
—1/2, liql ((a) = —o0.
a—1—

Teopema. IIpu awbvx x € (0,7] v a € (0,1) seprv, dsotinvie Hepase-

cmea
3 2
folza) + S 026 ™ < fla.a) < folwa) + a3
T x
go(z,a) — 5 < g(z,a) < go(z,a) — =. (4)
2 12
Bameuanume 1. Herpynno yOeuThcss B CIpaBeJIMBOCTH DPABEHCTBA
lim go(z,a) = 7/2 (npu gwbom x > (), KOTOpPOE BMECTE C TOXKJIECTBOM
a—1 -
sin kx T—
g(z,1) = ;. = —,  UOKA3HIBACT, “TO OLCHKA CHU3Y B (4) mpm

k=1
a = 1 mpeBparuiaach ObI B paBeHCTBO. DTO 03HadaeT, uro (GyHKIuio g(x,a)

(npu Beex a € (0,1) u x € (0, 7]) Henb3st onennTh CHU3Y UYepes go(x, a) — kz,
rie k — kakoe-yinbo aucsio u3 uarepsada (0,1/2). B rom xke cMbicie meyryd-
InaemMa M OlleHKa cBepxy B (4).
¢(3)
3
HeJIb34: IMOCJe e€ 3aMeHbl OOJIbIIMM UHUCJIOM HEPABEHCTBO IIPU JOCTATOYHO
OJIMBKUX K HYJIIO @ U T IIePecTasio Obl BBIIOJIHATHCs. UTO »Ke KacaeTcst 1IpaBo-
ro HEPABEHCTBA, TO B HEM HEJb3st 3aMeHuTh 1/18 Ha uucsio, Menbiee 1/24:
TOT/Ia HEPABEHCTBO HE Oy/eT BBIMOJHSTHCS TTPHU JOCTATOYHO MAJBIX T W @,
omm3kux K 1. B geiicTBUTEIbHOCTH, MbI BbIBEJIM Oojiee CHIbHOE, HO OoJee
'POMO3JIKOE HEPABEHCTBO

3ameuanue 2. KoHcraHry

B JICBOM HepaBeHCTBe (3) yBeJuduuTh

2 2

x N\l . ma
f(x,a)<fo(a:,a)+ﬂ<1—4—7r2> sm?,0<a<1,0<x<7r,
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B KOTOPOM HEJIb3s1 YMEHbBIIUTh MOCTOSHHYIO 1/24, HO, BO3BMOXKHO, YIaCTCs

2\ —1
YMEHBIIUTh MHOXKUTEJIb (1 — 4"%) :

JlokazaTeabcTBO OCHOBAHO Ha, PA3JIOXKEHUM B P

Lo(z) = (1 — a) <ln 1) o Z W(ln 2)", (5)
n=0 )

zZ

rie L, (monmmorapudu) — aHAJIUTHUECKOE TTPOJIOJIKEHUE CYMMBI CTEIEHHO-
o0

ro paga > k%% us xpyra |2] < 18 C\ [1,+00). Ilog In 2z monumaercs
k=1

In(re’?) = Inr + ip, n B pasnoxkennn (5) npejanonaraeTcs, 4To z = re'¥ Je-

KUT Ha puMaHoBoil noBepxHoctu {0 < 7 < 400, =27 < ¢ < 27}. Pajy B (5)

cxomuTesa B obactu |In z| < 27, sexkameii ma srom MuOoroodpasmu. Iloce

—1

oranranus u3 Ly (2) by T'(1—a) (In 1) ocobennocrs B Touke z = 1

(mpu @ € (0,1) ona sBJSETCS TOUKON BETBICHUS KAK Y CTEHEHHOM (DyHK-

mmn wP B Touke w = 0) “crupaercs”. Pasnoxkenne (5) HaiijieHO JOBOJLHO

naBHo (cM., Hampumep, (3] u [2, 1.11 (8)]).
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JluHeltHbIe HenlpepbIBHbIE (PYHKIIMOHAJIBI

npocrpancTtB IlpuBajioa!
E. I'. Ponukosa (Bpsuck, Poccust)
evheny@yandex.ru
B pabore mojiy4eHO MUCKPETHOE OMUCAHUE JIMHEHHBIX HEMPEPBIBHBIX (DyHKIIMOHAIOB
npocrpancts . U. IIpusamosa.

Karwuesne caosa: kiaacce llpuBaosa, miockuit kiaace IlpuBasioBa, JuHeliHble Hempe-
PbiBHbIE (DYHKIMOHAJIBIL.

Continuous linear functionals on the Privalov
spaces!
E. G. Rodikova (Bryansk, Russia)
evheny@Qyandex.ru
The description of continuous linear functionals of the Privalov spaces in a disk is
obtained in this paper.

Keywords: Privalov spaces, Privalov classes by area, linear continuous functionals.

[Tycrs C - komiuiekcHasi 10ckocTb, D - epunuunbiii kpyr va C, H(D)
- MHOXKeCTBO Bcex (byHKIMiA, aHaauTudeckux B D. Ilpu Becex 0 < ¢ < +o00
onpejiesium kjaacc V.M. IIpusaJsona:

™

II, = {fEH(D) . sup i (ln+|f(rei9)\)qd«9<+oo},
O<r<1 &7 J _»
rie In" |a| = max(In |al, 0), Va € C.

Otrmerum, uTo Kjaccel II, Brnepsble Obin paccmorpensr M. I. Ilpusa-
aoBbiM B [3]. Tlpn ¢ = 1 oHM cOBHAJAIOT ¢ XOPOIIO M3BECTHBIM KJIACCOM
P. Hepannuuner (cum. [2]).

IIpu Bcex 0 < ¢ < +00 BBeJEM TaKKe B paCCMOTPEHUE KJIACC

1 =
I, = fEH(D)://(ln+|f(rew)])qd9dr<+oo

0 —m

Bynem maswpBaTh ero miaockum kiaaccom M. W. IlpuBasoBa unm xjaccom
1. N. Tlpusasosa no miomayu. [Ipu ¢ = 1 miockuii kiacce [pusasosa cos-
MaJIaeT ¢ XOPOITO U3BECTHBIM TIJIOCKUM KjaaccoMm P. HeBannunnbi, Bxomammm
B mKaJjy KjaaccoB HeBanmuunbi-/IkpoarstHa.
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B nannoii pabore mosrydeno onmmcanue MHOXKECTBA HElPEPLIBHBIX JINHefi-
Hpix dyHKIroHagoB Ha npocrpancrBax 11, (0 < ¢ < 1), II, (¢ > 0). Ot-
METHUM, YTO BONPOCHI ONUCAHUS JIMHEHHBIX (DYHKIMOHAJIOB Ha Pa3JIUIHLIX
MIPOCTPAHCTBAX aHAJIUTHICCKNX (DYHKIINI MCCcaeg0oBanch B paborax A. Teii-
nopa [7] - ma npocrpancreax Xapau HP (p > 1), I1. diopena, B. Pombepra u
A. Mumca |5] - ma mpocrpancrsax Xapaun HP (0 < p < 1), H. dnaruapa (8]
- na npocrpancrsax Cmupuosa, P. Memrrposuua u A.B. Cy660runa [1] - na
npocrpancrsax 1, (¢ > 1). [l nokazaresbeTBa OCHOBHBIX PE3YJIbTATOB MBI
ucrosibzyem Mero bl pabor [8], [1]. Cyrb Merojia 3aK/IH0UaETCs B CIIE/Ly OIIEM:
BOIIPOC O HAXOXKJIEHUH OOINEro BUJIa JUHEHHOTO (hyHKIIMOHAJA Ha HEKOTOPOM
IIPOCTPAHCTBE aHAIUTHYCCKNX B Kpyre X (yHKIUI CBOAUTCS K OTHICKAHUIO
BUJIa IIPOU3BOJILHOIO KO MDUINEHTHOTO MYIbTUILINKATOPA, JEACTBYIONIEro
n3 Kjacca X B KJacC ONPpaHUYEHHBIX aHAJUTHICCKUX PyHKImMin H ™.

CripaBe/I/IMBO CJIe/IyIONIEee yTBEPXK JIeHne:

Teopema 1. J1601 nenpepvistvit sunetinutl dynxyuornanr ® nad npo-
cmpancmeom Ipusanosa 11, (0 < g < 1) onpedeasemea gopmyroti

+00
o(f) = Zakbk, (1)
k=0
ede wucna {bp} ¢ yeaosuem
bk:O(eXp (—c-kliq>), k — 400, ¢>0, (2)

asasomes koapgpuyuenmamu Tetiropa nexkomopot anasumuseckot @dynx-
yuu 6 D, {ar} — wosddpuyuenmu Tetinopa gynryuu f € I, (0 < ¢ < 1).
IIpu smom pad 6 npasot wacmu (1) abcomomno crodumca.

O6pammno, xaorcdas nocaedosamenvrocmo {by} ¢ yeaosuem (2) onpedena-
em no gopmyae (1) aunetnod nenpepwenud gynryuonas ® nad npocmpan-
cmeom Ipusanosa 11, (0 < ¢ < 1).

Teopema 2. Jhoboti nenpepvienoit sunetdnuil dynkyuonar @ nad naoc-
kum xaaccom Ipusanosa 11, (g > 0) onpedessemca hopmyrot

400
®(f) = Z akbr, (3)
k=0
2de wucaa {bx} ¢ ycaosuem
bk:O<eXp (—c-kﬁq>>, k — 400, ¢>0, (4)

asaaomen koapduyuenmamu Tetnopa nexomopot anasumuveckot Gymx-
yuu ¢ D, {ar} — woapduyuenmoe Tetropa dynxyuu f € Il,. IIpu smom
pad 6 npasot wacmu (3) abcoaomno crodumca.
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Obpammno, xaorcdas nocaedosamenvrocmo {by} ¢ yeaosuem (4) onpedena-
em no gopmyae (3) aunednoits nenpepuisnoits dynryuonas ® nad naockum
kaaccom Ipusanrosa I1, (g > 0).

[Ipu jokazaresbcTBe TEOpeMbl 1 KCIOJIB30BAJIOCH OMUCAHUE KOIDDUIm-
eHTHBIX MYJLTHILIMKATOPOB 13 npocrpancrsa M. . Ilpusanosa, nomyuennoe
B pabore |6], a mpu j0Ka3aTENBCTBE TEOPEMBI 2 - onucanne Ko3hhUIueHTHbIX
MYJIBTUIIMKATOPOB 13 110ckoro kjacca . W. [pusasosa [4].
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VJIK 517.958

Penienne HavaJIbHO-TrPAHMYHON 3ada4M AJIsI
ypaBHEHHNS T'UnepooJIMIecKoro TUIIa co
CMEITaHHOM ITPOU3BOJIHOMN!

B. C. PuixsioB (CapatoB, Poccus)
rykhlovvs@yamdex.ru

PaccmarpuBaeTcst Ha9aIbHO-TPAHUYHAS 33,1244 /71 HEOJHOPOIHOTO MUIIepOOTHIeCKO-
0 ypaBHEHUs BTOPOIO MOPAIKA HA KOHEYHOM OTPE3KE C IOCTOAHHbIMU KO3 duimen-
TaMW W CMEITaHHON Mpon3BoaHOM. PaccmarpuBaercs cirydail 3aKpenieHHbIX KOHIIOB.
IIpexnmonaraercs, 9T0 KOPHU XapPAKTEPUCTUYECKOrO YPABHEHUS MIPOCTHIE W JIEXKAT HA
BeIIECTBEHHOM OCH 10 Pa3Hble CTOPOHBI OT Havasa KoopAauHat. OnpenessioTcs: Kiac-
cuyeckast u OOOIIEHHAs MOCTAHOBKYM HAYAJIbHO-IPDAHUYHBIX 3371a4. PopMyaupyroTcs
TeOpeMBbl eJJMHCTBEHHOCTH DEIIeHNsd W CyIIeCTBOBAHUM DENIEHUH JUId JBYyX YaCTHBIX
caydqaes. Jarorcs hopMysibl s pelleHnil B 3TUX YACTHBIX CJIydasX.

Karoueevie caosa: rHUIEpOOIMYECKOe ypaBHEHHE, BTOPOH TOPSIOK, HAYAJIbHO-
rpanuYHas 3a/7a4a, OOOIIeHHAs HAYAIbHO-IDAHMYHAS 33/a49d, KOHEYHBIH OTPE30K,
CMEITTaHHAS TTPOU3BOIHAS B YPABHEHNN, MOCTOSHHBIE KOI(DDUIMEHTHI, 3aKPEIJIEHHBIE
KOHIIbI, CyIIIECTBOBAHUE PEIeHNsl, € JMHCTBEHHOCTD pelenusi, (GOpMyJIa JJjisd PenieHus,
PaCXOIAMINECT PAIBI.

The solution of the initial boundary value
problem for a hyperbolic equation with a

mixed derivative!
V. S. Rykhlov (Saratov, Russia)
rykhlovvs@yandex.ru

An initial boundary value problem for a second-order inhomogeneous hyperbolic
equation with constant coefficients and a mixed partial derivative is considered. The
case of fixed ends is considered. It is assumed that the roots of the characteristic
equation are simple and lie on the real axis on different sides of the origin. Classical and
generalized statements of initial boundary value problems are determined. Theorems
of the uniqueness of the solution and the existence of the solutions for two special
cases are formulated. Formulas of the solutions for these special cases are given.

Keywords: hyperbolic equation, second order, initial boundary value problem,
generalized initial boundary value problem, finite segment, mixed derivative in the
equation, constant coefficients, fixed ends, existence of the solution, uniqueness of the
solution, formula for the solution, divergent series.

BBenenne

PaCCMOTpI/IM Ha49aJIbHO-I'PaHUYIHYIO 3aJa1y

82u+ 0%u N 82
a 9 pla 8t p2

u(O,t) =0, u(1,t) =0, (2)

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

= f(z,t), z€][0,1], te€]0,+00), (1)
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u(r.0) = o), 200D ) )

rie Bee Gyuknun, Bxogsimue B (1)-(3), koMiuiekcnosuauusle u pj € R, ¢, €
L41]0,1], f(z,t) € L1(Qr), Qr = [0,1] x [0, T] upu mo6om T > 0.
Paccmarpuaercs ciydail runepbosimaeckoro ypasenust (1), 1o ecTb Bbi-
nosiHgeTcs yeaosue pi —4ps > 0. B 3ToM cyuae KopHE wi, W XapaKTepUCTH-
YECKOrO MHOTOUJICHA BEIIECTBEHHBL. [IPeInoaoKnm, 4To ORI YI0BJIECTBOPSIOT
HEepaBEeHCTBAM
w1 < 0 < ws. (4)

[Ipu paccmoTpennu 5Toi 3aa41 UCIOJIB3YIOTCS MeTos u3 crarbu |1]. B
ITOM KE CTaThe JIAETCs UCTOPUS BOIPOCA.

Anagornuno [1| mox ximaccuveckum pernenueM (MM KIACCUTECKUM pe-
ImeHueM 1ouTH Beoiy (11.B.), win 6ojiee KpATKO peleHueM I1.B.) MOHUMa-
ercst byukusa u(x,t), KOTOpasi HeMpepbiBHA BMecTe ¢ U, (x,t) u uy(x,t) u
npu 9ToM Uy (x,t) u ur(z,t)) abCoNOTHO HENpephIBHbI M0 x W ¢, mpuvem
Urt (2, 1) = wpe(x, 1) (B coryuae Korya Uz (z, ) u U (2, t) He siBJISTIOTCS HEnpe-
PBIBHBIME (DYHKITUSIMU, 9TO PABEHCTBO MOXKET He BBIMOJIHATHCS HA MHOXKE-
CTBE MOJIOKUTEJBHON Mepbl [2]), yiaosierBopsiomiast yciaosusim (2)—(3) u 1.8,
ypasaeruio (1).

B ciyuae kiaccnuaeckoro perenust 3ajaqu (1)—(3) He0OXOANMO JIOKHBI
BBITOJHATHCS YCJIOBHs TagkocTi: o(x), ¢ (x), ¥ (x) abcomoTHO HempephiB-
HbI 1 yesosus cormacoBanusi: ¢(0) = (1) = ¥(0) = ¥(1) = 0.

E,HI/IHCTBGHHOCTB KJIACCUYI€CKOTO penieHusd

O6o3znaqanm vepe3 L(\) oneparop-dynkimio (0.d.), mopoxkaernyio andde-
PEHIMAJIBHBIM BbIPAXKEHUEM

Uy, N) = y" + A;y + Npay,

U Kpa€BbIMH YyCJIOBUAMUA
y(0) = y(1) = 0.

[Tycts Ry ectb pesosbenTa 31oit 0.¢., G(x, &, \) — dyukus ['puna, a
Ry ectp nnTerpasinublii oneparop ¢ syupom Ge(z, €, N).

Coberpennbie 3Hadenus L(A), OUeBHIHO, MPOCTBIE W BBIPAXKAIOTCS IO
dopmysiam

2kmi
A= 0 B =142,
Wy — W1

O6osnaunm vepes 7y, okpyxkuocT {A @ |A — Ag| = 0}, re 6 > 0 u

HACTOJILKO MaJio, YTO BHYTPH 7Y HAXOAUTCS 110 OJHOMY C.3.
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Teopema 1. [Iycmo u(x,t) — waaccuueckoe pewenue 3adavu (1)—(3) ¢
donosnumenvivim yceaosuem (4). Ecau uy € Li(Qr) npu aobom T > 0, mo
0HO eUHCMBEHHO U HALOJUMCA N0 HOPpMY.AE

1 t t—T1
u(x,t) Q_M;/ (0/6/\( JRAf(-,7)dr—

—p1eM Riyg + poeM ARy + pQGAtRMb) d,

(5)

6 Komopot pad cnpasa crodumca paswomepro no x € [0, 1] npu arobom dux-
cuposarrom t > 0.

Teopema 1 roBoput o TOM, 4r0o GopMabHBIN psj (5) W HAYAILHO-
rpanndHas 3amada (1)-(3) Tecno csasambl. Anamornano 1] pacmmpuwm mo-
HATHE ITON CBA3MN.

Psiyt cupasa B dopmysie (5) umeer cMbicst s JHOObIX MHTEIPUPYEMbIX
wa [0,1] byskuuit p(z),¥(x) u byaknuu f(x,t) € Li(Qr) npu sobdom
T > 0, xorst OH MOXKeT ObITh U PacXoisiumMcst. B aroMm ciiydae ecrecTBeH-
HO TOBOPUTH, 9TO (5) Takxke siByisieTcsi (DOPMATBHBIM PEIIEHHEM HAIabHO-
rpanndHoil 3aa1u (1)—(3), nonumaemoit 1ucro dopmanbho. Tak ke, Kak u
B [1], Oyem Ha3BIBATEH €€ 0OOOIIEHHON HAYAJTBLHO-TPDAHUTHON 3a1a46il.

CymiecTtBoBaHIe penieHnii B IBYX YaCTHBIX CJIyvasdx

Baejiem ciiepytomume obosnauenus jist dyukuuu f(x) € L]0, 1]:

. _ O, fE [ 7 wo— wl]
f (5) B { f(ww;lwl(f_ 1))7 § € [wz—m’l];

f*(g) B { f(m Mg) ge [ T wa— wl}

07 é e I:CUQ—(Ul’ 1:| :
UIepes f (x) bynem obosHavaTh l-epHOAMUECKOE TIPOIOJIKEHHE (DYHKIHH
f(x),x €]0,1], Toecrs f(x) := f({z}), 2 € R, rue {-} oboznavaer npobryio
JacTh .

Vcnosib3yst MOHSTHE PACXOJAIIErocs psijia B MOHMMaHun Diiepa |[3,4],
dbopmasbHomy psjy (5) B cayuae ¥(x) =0, f(x,t) = 0 nasnasaem ciejyio-
Y10 CyMMy

t t
iy (1) = L(@k (M) _ ¢*<M)>+
Wy — W1 Wy — W1 Wy — W1 (6)
) (T +wex _ (t+wx
S a)
Wy — W1 Wy — W1 Wy — Wi
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[To ompenenenuto cauraem, 9to (6) ectb pernenne OOOIEHHON CMeEITaHHOM
sajaun (1)—(3) B cayuae ¥(z) =0, f(z,t) = 0.

OcHoBaHMeM MPABIJILHOCTH TaKOTO ONPEJICJICHUsT CITyKHUT

Teopema 2. [lycmov sunosnsemesa ycaosue (4), gynwyuu p(x) u @' (x)
abcontomno nenpepuenv, ©"(x) € L1[0,1] u ©(0) = ¢(1) = 0. Tozda Pymnx-
yua ui(x,t) uz (6) asasemea xwaaccuveckum pewenuem 3adavwu (1)—(3) 6
cayuae Y(x) =0, f(x,t) =0.

Obo3naInM N
U(z) = [ ¥(§)d¢E.
/

Ousrh, UCHOJIL3Ys HOHATHE PACXOJSAIIEIOCs Psijla, B HOHUMaHUKM Jiljaepa
13,4], dopmanbromy psgy (5) B caydae o(x) = 0, f(x,t) = 0 nasnavgaem
CJICYIOILYIO CYMMY

~./t ~. /1
wp(t) = —— P2 (‘I’(M) (L)
Wy — W1 W2 — W1 Wy — W1 (7)
Wy — W1 Wy — W1

[To ompenenenuto cauraem, uro (7) ectb pernenne OOOIMEHHON CMeEITaHHOM
sajgaun (1)—(3) B cayuae p(z) =0, f(x,t) = 0.
OcHoBanneM IPaBUJILHOCTH TAKOTO ONPEICTCHUST CJIYKAT

Teopema 3. Ilycmv ewnoansemea ycaosue (4), dynryua P(x) abeo-
atommo nenpepvisha, V' (x) € L1]0,1] u ¥ (0) = (1) = 0. Toeda dynryus
ug(z,t) us (7) asasemea xaaccuueckum pewenuem zadawu (1)~(3) 6 cayuae

o(x) =0, f(z,t) =0.
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YIK 517.9

OHeHKa HanMeHbIIero yKJIOHECHMA
NIJII mepuognvdecknX (PyHKINIT B MeTpHUKe
Xaycaopda!

E. X. CanekoBa (Mocksa, Poccust)
EKSadekova@mephi.ru

Ha BemecTBenHO#l ocu paccMaTpuBaeTCs KJIACC MHOTO3HAYHBIX 27T—TEPUOIAIECKUX
orpannueHHbIX dynKIuii. Vccmeayercs 3amada o npubaukeHun B XaycaopdoBOit
MeTpuke (QYHKIHUH U3 ITOrO KJIACCAa TPUTOHOMETPUYIECKUMHU mosmHoMamu. llosyde-
Ha, OIIEHKA CBEPXY IJIsT BEJIMUMHBI HAUMEHBIErO YKJIOHEHWS B TEPMUHAX KOJIEOAHUS
dyukmun. OCHOBHOI pe3yabrar paboThl MPOWLIIOCTPUPOBAH HA JIBYX MOJETHHBIX
npuMepax — (PYHKIUAX TOYETHOTO BCILJIECKA, W TOYETHOTO KOJIEOAHS.

Kaouesnie caosa: mepunoandeckas QyHKIHSI, METPUKa Xaycaopda, TPUTOHOMETPHIe-
CKHUe TIOJIMHOMBI, HAVMEHBIIEe YKIOHEHUE, TOUYEYHBII BCIIECK, TOYEUHOE KOJIeDaHNUE.

The estimation of the least deviation for
periodic functions in the Hausdorff metric!
E. H. Sadekova (Moscow, Russia)
EKSadekova@mephi.ru

The class of multivalued 2r—periodic bounded functions is considered on the real axis.
The problem of approximation in the Hausdorff metric of functions from this class by
trigonometric polynomials is investigated. An upper bound is obtained for the value
of the least deviation in terms of the fluctuation of the function. The main result of
the paper is illustrated by two model examples — the functions of a point splash and
a point oscillation.

Keywords: periodic function, Hausdorff metric, trigonometric polynomials, least
deviation, point splash function, point oscillation function.

PaccMoTpuM MeTpuyueckoe IpoCTPpaHCTBO TOUEK Ha IJIOCKOCTH C Paccmo-
anuem Munxosckozo

p((z1, 11), (72, ¥2)) = max {|z1 — 22|, |y1 — vol}-

[Tycrs A u B — 3aMKHyTbIe MHOXKECTBa Ha ILJI0CKOCTH. Xaycdopdosvim pac-
cmoanuem Mexry MHOKecTBaMu A n B Ha3nIBAETCs BEJIUINHA

H(A,B)=inf{e >0: ACU.(B), BCU.(A)},

e Uo(X) ={(z,y) : p((z,y), X) < e} — «e-0okpecTHOCTHY MHOXKECTBA X
Ha [JIOCKOCTH OTHOCHTEJILHO PACCTOSIHUS p.

[Tycrb M — kjtacc 2m—TepHOANYecKUX OMpaHWIeHHBIX (BOOOIE TOBO-
pst, MHOrO3HaUHbIX ) (yHkiuit. Xaycpopdosbim paccrosinuem H(f, g) mexty

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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naByMsi orpanndeHnbiMu Gyukiuamu f(x) u g(x) uz M HasbIBaeTCs Xayca0p-
$boBO paccrostHre MeXK Iy UX JIONOJHEHHBIMU TpapUKaMHu, T. €.

H(f, g9) = H(F(f), F(9)),

rie F(f)  nononnenusiit rpadbuk dyukuuu y = f(z). Hog donoanenovim
epagpurom F(f) takoit dbyukimn f OyjaeM MOHUMATH HAUMEHbIIECE 3aMKHY-
TOE MHOXKECTBO ILJIOCKOCTH, cojepxKaliee rpaduk 31oil (PyHKIMU U BMECTe
¢ KaxKJI0i mapoit Touek (x1, y1) u (X1, ya) cosepKaIiee BepTUKATIBHBINH OTpe-
30K C KOHIIAMHU B 9THX TOYKAX.

st orpaEmYeHHoOil 2m-TIeproANIecKoil (DYHKIINKA HAWMEHbIIee yKJIOHe-
HUE OT TPUTOHOMETPHIECKUX MOJMHOMOB 1, TIOPsIKA HE BBHIIIE 1. B CMBICJIE
xaycaopdoBa paccTogHMsT 0003HATUM CHMBOJIOM

HEL(f) = inf {H(f. T,)}
[Iycts Q(f) — xonebanwe dyukinuu f u3 M, T.e. BeudnHa

O(f) = sup f()— inf f(x).
2€[0,27] z€[0,2n]
Hamr nepBbwIit pe3yabTaT COCTOUT B CJIEIYIOIIEM.
Teopema 1. /laa mobot gynkuyuu f € M, d—oxpecmuocms donosren-
HO20 2padura Komopot codepacum 2padukr HEKOMOPO20 MPULOHOMEMPUYE-
cK020 noaunoma, npu ecex n > ng(f) cnpasedaiusa ouenka

HET(f) < % log<e4nQ(f)).

B patore [1] Ba. X. Cenynos u B. A. Ilonos ycranosusu, 1o st 10007
dyukun f € M BbITIONIHSIETCS HEPABEHCTBO

HE,(f) < (1 n ozn(f)) logn.

n

rie o, (f) — 0 npun — oo, npuduém MHOKETENDb 1 + v (f) HENb3s 3aMeHuTD
na Muoxkuresb C + a,(f) ¢ koncranroit C' < 1.
g M > 0 onpenesiuM ynkuuto mouewrnozo 6CnAecka

0, M], z € 2nZ,

5 _
m@ =1 v ¢ 2.

Kak nokaszano B |2|, mpu jgocraTrodHo GOJIbINX 1 jiJIs HAKMMEHBIUX YKJIOHEe-
unit HE,(0)) BepHa OleHKa

1
HE,(0y) > " (log (2Mn) — loglog n),
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KOTOpasi JeMOHCTPUPYET TOYHOCTH TEOpeMBbI 1.

Paccmorpum tenepb hynkyuro mouewnozo xoAebanu.i, ONPEIeasseMyo Mo
dopmyite
[—M, M|, x €277,

(@) =4 ¢ 2.

,ZLJ'IH 9TOT'O CIIENHAJILHOI'O IIPUMEpPa IIOJIY9€HO CJICAYIOIee YTBEP2KJICHUE.

Teopema 2. IIpu xascdom snavenuu M > 0 ecnpasediusa acumnmomu-
weckas Gopmyaa

1 1 1
HE,(xm) = <log (4M\/En) — §1oglogn> +o (ﬁ) , N — 00.

n

CIINCOK JINTEPATYPDI

[1] Cendos Ba., Ilonos B. A. Tounasi acHMITOTHKA HAWITYYIIEro npub/uzKeHust aarebpa-
HYECKUMH U TPUTOHOMETPUIECKIMH MHOTOYIeHaMH B MeTprke Xaycaopda // Marem.

c6. 1972. T. 89, Ne 1. C. 138-147.

[2] donrorcenro E. I1., Cesacmvanos E. A. Annpokcnmanust co 3HaKOTyBCTBUTEJIbHBIM Be-
coM (YyCTOWYIMBOCTh, MPUJIOKEHUST K TEOPUH YKel 1 XaycaopdOoBhIM ammpoKCHMAIIN-
am) // Uss. PAH. Cepusa marem. 1999. T. 63, Ne 3. C. 77-118.

258



YIK 517.5

CBoiicTBa 4aCTHBIX MOJIYJIEel IJIadKOCTHI

byHKIIi ¢ JaKyHapHbLIMI KO3duimmeHTaMn
Dypbe!
B. B. Cumonos, 1. 9. Cumonona, JI. B. Camodasnosa,
B. II. Mumra (Bosarorpan, Poccus)
dvr@vstu.ru

B nannoii paboTe yTOYHSAIOTCS HEKOTODPBIE CBONCTBA YACTHBIX MOIYJIEH TIJIaIKOCTH
dyuknunii ¢ nakynapuasivu Ko3ddunuentamu Pypre B mpocrpancrsax Jlebera co cme-
MIaHHONW HOPMOIi.

Karouesnie ca06a: 9aCTHBIN MOIY/Ib TVIAIKOCTH, JaKyHapHbIe Kodddunueratsr Oypbe,
CMEITTAHHAS HOPMA.

Properties of partial moduli of smoothness of

functions with lacunary Fourier coefficients!
B. V. Simonov, I. E. Simonova, L. V. Samofalova, V. P. Mishta
(Volgograd, Russia)
dvr@vstu.ru

In this paper certain properties for the partial moduli of smoothness of functions with
lacunary Fourier coefficients in the Lebesgue space with the mixed norm are refined.

Keywords: partial modulus of smoothness, lacunary Fourier coefficients, mixed norm.

Hnst dyuknumit ogroro nepemennoro B.M. Kossa [1] mokazan Hepasen-
CTBO, yTOuHsOIIee u3BecTHOE HepaBeHncTo [1.J1. Vabanosa |2, 3|. B manuoii
pabore MoJIydeHO aHAJOIMIHOE HEPABEHCTBO JIJIsi YaCTHBIX MOJYJIeH ry1ajiKo-
ctu Juid PYHKIUNA ¢ JaKyHapHbIME Kodddunmenramu Pypbe B HpoCTpaH-
crBax Jlebera co cmerrannoit Hopmoit. CBo#cTBa YacTHBIX MOJLYJIEH IJIaJIKO-
CTH U3yJaJuch B psje pabor (cm., nampumep, |4] - [7]).

ObozHaunM depes

— Lpp,, 1 < pj < 00,0 =1,2 — MHOXKECTBO U3MepUMbBIX (DYHKIHUIT JIByX
nepeMeHHbIX f(X1, T9), 27 - MEPUOJUIECKUX TI0 KAXKJIOMY [ePEMEHHOMY, JIJIst
KOTOPBIX

2 2 % s
1 o = / e a)Pider | drs | < oo
0 0

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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2T

o L21p2 — MHOXKECTBO beHKU;I/H?'I f € Lp1p2 TaKWX, 9TO L()f f(xl, x2>d$2 - O;

2
pist mourn Beex ©1 u [ f (@1, x9)dry = 0; auist mouTn Beex Xg;
0

S0 [)s Soomy (f)y Smym,(f) — dwacruanbie cymmbr psiia Oypbe

dbyuxiun f(z1, x2), T.e.
21 27

Smhoo(f) - % f f(xl + tlaxQ)Dml(tl)dtla Soo,mg(f) = % f f(xth + tQ)X
0 0

X Dy, (t2)dta, Siym, (f) = #

(m; = 0,1,2,..., © = 1,2), tme D,,(t) =
Hupnuxie;

— flevr2) — nponssosnyio B emeicie Beits dynximn f(x1, 29) nopsika
p1(p1 > 0) 1o nepemennoit £y u nopsjika pa(pg > 0) 10 nepemennoi o ([8],
rr. 111, cTp. 238 ),

— Epyoo(f)prp, — wacTHOE Hamsydiee npubikenne Gynxunn f € Ly,
1o mepeMennoit 1, T. €. En oo(f)pip, = I0f || f — Tnyoollpips, Tie dyukmum

mq oo
Tnyoo(T1,22) € Ly, U ABIAIOTCS TPUTOHOMETPUIECKUMHI TTOJTNHOMAMH T10-
psAJIKa He BbIIIe, 9eM 1M1, 0 epeMeHHON 1]

— Eoom, (f)prp, — 9acrHoe Hamsydinee npubixkenne Gynxunun f € Ly,

0 TepeMeHHO# Ta,, T. €. Eoom,(f)pip = Tinf | f — Toomyllprps, Tie dbymnk-

comy
i# Toom, (21, 22) € Ly, p, U ABIAIOTCS TPUTOHOMETPHUECKUMH TOJHHOMAMN
MOPSIJIKA, He BBITE, TeM My, 0 MePEeMEeHHON Ts.

Hna dyuknun f € L, ,, oupejeauM pasHocTd ¢ wmaramu fy u ho
MOJIOXKUTEJTBHBIX MOPAJIKOB (v U (vo COOTBETCTBEHHO, 11O TepEeMEHHbIM X1 U
X9, CJEYIONMM 00pa3oM:

o0

AU = RIS o - ), AR =

V1:O

f(iE'l + tl, i) + tg)Dml (tl)Dm2 (tg)dtldtg

in (m+2L1)¢
% (m = 0,1,2...) — AJpO

O Y
3
O Y
3

Z (_1)V2 (322) f(xbl? + (OQ - VQ)hQ)v rae (3) =1 A V= 07 (3) = Q JJIA
1/2:()

v=1 (a) _ a(a—l)._.ga_yﬂ)
OGO3HAYIM depes

— Way0(f, 51)p1p2— YaCTHBIA MOJLY/Ib TJIQJKOCTH MTOJOXKUTEJIHHOTO MOPA/I-
Ka (v1 110 II€PEMEHHOU T1, TO €CTb

g v > 2.

wa170(f7 51)231]32 = Ssup HA}OZ (f)lepw
|h1]<d1

— wom( f, 52)p1p2— YaCTHBIA MOJLYJIb IVIQJIKOCTUA TTOJIOKUTEJILHOIO TTOPHA JI-
Ka (vg 10 IEPEMEHHOU To, TO €CTh
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wo,az(f7 62)p1p2 = Ssup HAZf( )Hp1p2'

|h2| <62

st HeorpunaTesbHbix dyuKimonanos F(f,61,02) u G(f,d1,02) Oy-
aem nmcarb, uro F(f 01,00) < G(f,01,02), ecau cymecrByer 1oJio-
KUTeabHag nocrognnag C, He zapucamasa or f,07 m d9, Takas, |TO
F(f, (51,62) < CG(f, 51,52). Ecsm OJJHOBPEMEHHO F(f, 51,52) < G(f, 51,52)
u G(f,01,00) < F(f, 01,09), 10 6ymem mnucarh, uro F(f, d1,00) =
G(f,01,02).

CraxeM, uro f € Ay, 1 <p; <00, 1 =1,2, ecn [ € Lglm 1 uMeer
psia, Oypne

oo o0
Z Z Wy i 01 (21 1 )2 (22 9),

p2=0 p1=0

re ;(t) = cost mnm @;(t) =sint, i = 1,2.

CdopmysinpyeM OCHOBHbBIE PE3YJILTATDI.

Teopema 1. Ilycmov [ € App,1 < pi < 00,8 > oy > 0,n; =
0,1,2---,6; € (0,3),7 = 1,2. Toeda

. 2 o oo 2
2k 2
(i) =g e 3 St )

0 ko ki=n1+1 ky=0

00 00 %
Wo, 0 <f7 %)ppo Nz { Z Z akl 222k2a2} + { Z Z aile} )

=0 kQ k1:0 kQZTLQ

1 1 o
Wai,0 (f’ 71) = Qaimng (Z 2* 1MlEJ2/‘1 1o ( p1p2)

p1=0

1 1 = :
- 2
Wo,az <f’ %) T Qaamy (Z 2 aQquoo anz 1 ( )p1p2>
P1p2

p1=0
1
2@1/1/1 ala
Way,0 (f’ ony Z 2 HS?’”OO plpz
pip2 p1=nq+1
f 1 2 QQQ’UQHS Oa2
Woaz | J5 s o2 ( plpz
P1Dp2 o= n2+1
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N[ =

1

_ 2 ditq
woa,O(f; 61)171172 = 5?1 / [tl alwﬁho(f? tl)pmz} ? )
01
1
1 2
_ 2 dio
WO,az(fa 52)131}?2 = 532 / [t2 a2w0,52(f7 t2)p1p2} E

2
Teopema 2. Ilycmv f € Aplpga&l > 0;,0; € (0,1),i=1,2. Tozda
L npul <p <q <o00,0; = p—l—— 1 < py < o0

1

1 1 51 a1
) —p1(a1—67) dt; \ " 0 diy "
5?1 1 (/tl p1(a1—bh) a1 O(f tl)(hm tl ) < (/tl n le O(f tl)plpz £ )

5 0
(1)

1. npu1<p2<q2<oo,92=pi2—ql2,l<p1<oo
| ; 1 5
) —paca—05) Lo 0
532 2</t2p2(042 ? Oaz(f t2)P1Q2 t ) < (/ 2 2wg2a2(f t2 P1p2 t )

02 0

(2)
Ipuvem 6 coomnowenuar (1) u (2) snax <K neavsda 3amenumo na < .
Teopema 3.
I ]chmbfeAplpg,l<pl<q1<oo,61:p—1 q,1<p2<oooq>
01,n1 =1,2,.... Toeda

—nq

2 1
diy \ "
0 1
(/tl o gyll O(f tl)Plpzt > =

0
M 1 s a\ =
— 2”1(91—%) ( E E ail N222M1041 5 ( E 2V1Q191 E ayl ,uz) 2) au :
p2=0 f11=0 p2=0
! i
1
—nl(al—gl) —P1 (Oél 61 dtl -
2 ( / tl 0(1, (f tl)Q1p2 t -
271
ny o0 P1 L o o0
- 9—ni(a1—01) § v1p1 (o —6) E 2 2 E E
—~ 2 ( 2 aVla,LLQ aul,uQ )
1/1:0 /LQZO o= 0 H1= n1+1



II. Hyemov f € Ap,p,,1 < p2 < @ < 00,05 =

1
—q—2,1 < pp < 00,09 >
Oy,n0 =1,2,.... Tozda

1
D2

2—’”2 L
dts \ ©
—(20> 2 -
/ t2 Wo Oég(f t2)p1p2 ty ~
0
1 o 0 aa N\ =
na(fa—az) § 2#2042 2 E ' Voqas 2 : 2 5\ @2
2 Z N1>M22 + ( 2 ( a/,u/lvy2) )
H2= O,u1 0 Vo=nN>2 m:O
1 1
P2
—712(042—92) *]92(()42*92 dt2 -
2 / t2 0 Lo (f t2)P1(J2 t -
2—7L2
n p2 1 1
~ 2—n2(a2—92) 22 2V2P2 as—0s) Z a Z Z CL2 2
- H1,v2 pisp2 )

vo=0 0 po=no+1
AHaJIOrmIHbIe TEOPEMBI IS d)yHKuHH OJIHOTO HepeMe;Horo JOKA3aHbI B
pabore [9], Juist cMermanHbIX MOJyJIei riajkocT — B paborax [10], [11].
3ameuaHue. V13 Teopembl 2 ciienyer ciegyoiiast OleHKa JaCTHBIX MO-
JyJieit TIaJKOCTH MTPOM3BOAHON (DYHKIIMU 9epe3 YACTHLIC MOJYJIHN IJIAKOCTH
caMoil (PYHKITHH.
Hycmo | e Ny p,, ;> 0;,0; € (0 1) i=1,2. Tozda

Lnpul<p <q <o0,0; = p—l——1<p2<oo,01>0

1 P1
5?1—91 f tl_pl (041—91)wp1 O(f(PhO), tl)qlmi_tll <

o,
3
1

a1

01
—q1(p1+61) Wl dt
< bftl it a11+p1 0<f tl)plpzt_ll )

II. npu 1 < py < qo < 00,09 = p——q%,1<p1<oo,,02>0

1
p2

1
532_92 ftQ_M(arez)ng%(f( 2) t2)p1qchg_t22 <
P

a2

(62+ dt
< bft2qz 22 0a2+p2(f tQ)plpzt_;
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YIK 517.17+517.51

O kpaTHOM HMHTerpaJie InepuoandecKoi

YHKIINN HECKOJLKNX HepeMeHHbIX!
I'. K. CokoJioBa, C. C. OpJioB (Upkyrck, Poccus)
98gal@mail.ru, orlov_sergey@inbox.ru

3aMeTKa MOCBSIIEHA, UCCIEI0BAHNIO CBOMCTBA MEPUOAMIHOCTH (DYHKIUN HECKOIBKUX
JefCTBUTE/IbHBIX [EPEMEHHbIX. JlO0Ka3bIBaeTCs TEOpEMa O IPE/CTaBJIEHUN KPATHOIO
WHTErpaJjia ¢ MePeMEeHHBIMU BEPXHUMU MPEIEIaMU TEPUOINIECKON (DYHKIMU MHOTHAX
JefCTBUTEJIbHBIX [IEPEMEHHBIX, YTO HABJISETCs OOOOIIEHUEM JIEMMbI O IIPEJICTABICHUN
WHTErpaJjia MePUOINIecKOil PyHKIUU OTHOM MePEMEHHON B BUIE CyMMBI JTMHEHHON U
nepuoandeckoit ¢pynkmnuit. bes orpanndenns oOMIHOCTH, PACCMATPUBAIOTCSA (DYHKIIHH,
UMeIoIe B KadyeCTBe MHOXKECTBA MEPUOJO0B MPAMOYTOJIBHYIO PEIIETKY.

Karouesvie caosa: nepuopmdeckas GPyHKIUSA MHOIUMX JI€HCTBUTEIbHBIX [1€PEMEHHBIX,
MHOXKECTBO I1€epHO/JI0B, KPATHbBIM MHTErpaJl.

Bagzodaprocmu: paboTta BBIMOJIHEHA TIpW (PUHAHCOBOI Tomaep:xkKe I[IpaBurenbcTBa
Upkyrckoii obnactu u POPU (mpoekr Ne 20-41-385002 p_ Hacrapuuk).

On the multiple integral of a periodic

multivariate function!
G. K. Sokolova, S. S. Orlov (Irkutsk, Russia)
98gal@mail.ru, orlov_sergey@inbox.ru

This note deals with the study of the periodicity property of a multivariate functions.
Theorem on the representation of a multiple integral with variable upper boundaries
of a periodic multivariate function is proved. This theorem is a generalization to the
multidimensional case of the Lemma on the representation of the integral of a periodic
function of one variable as a sum of linear and periodic functions. Without loss of
generality, we consider functions with a rectangular lattice as the set of periods.

Keywords: periodic functions of several variables, set of periods, multiple integral.
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Panee B 3amerke [1] Oblta omucana crpykrypa muoxkecrsa Py nepuojos
nepuogndeckoit pynknun f : R"™ — R, n mokasano, 9To, He OrpaHUINBasI
OOIIHOCTH, BCAKYIO meprogndeckyio ¢pyukmnio f : R” — R mMoxkHO cantarh
IEPUOIUICCKON IO MEPBBIM 1M HEPEMEHHBIM ¥ HOCTOSHHON MO CJIE Ty IOIIIM
mo TiepeMenabiM. Berony nmasee dymem nogarath, aro dyakmus f @ R™ — R
ABJIACTCS TIePUOJIMUECKOM 110 BCEM MePEeMEHHBIM ¢ MHOXKECTBOM 11epuojios P r
pemtérkoit A(Ty, Ty, ..., Ty), nopoxaénnoit sektopamu 1; = Tje;, cucrema
BekTopoB {€}!_; oznavaer kuaccudeckuii 6azuc Lanens, ni=1,2,... n.

Cnenyrolmasi TeopeMa sIBJIsieTCsl 0DODIIEHNEM JIEMMBbI O IpPEJ/ICTaBJICHUN
MHTErpaJia Meprouieckoil pyHKIUU OJIHOM I1epeMeHHO [2, CTD. 57].

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Teopema. IIycmo pynxuyua f: R" — R nenpepviena no cosoxynmocmu
BCET NEPEMEHHVLT T1, T2,y - - - , Ty U ABAALMCA NEPUOIUYECKOT ¢ MHONCECTIEOM
nepuodos Py, mozda umeem mecmo pasencmeo

/f(t17t27"' ;tn) dtldtQ . dtn =

Py,
n—1
k—1 Z
= (—1) H Z; / SJn\{i1,~-~,ik} dtildtiz N dtzk—}—
k=1 1<11<<1k<n ZGJn\{Zl,,Zk} P. .
Zl""”bk‘
-1 _ _
+ (=1)" H z; Sy +e(F), TR (1)
1€,
ede Py, i, = 0,24 x ... x[0,2;,] o6o3navaem k-mepnoid napasiesenuned,
Jn={1,2,...,n} — muoocecmeo undercos, a vipastcenue
1
Siyoin = NV fxy, z9, ... ) day dxy, . . . dx;,
1 A(Til,...,Tik))
Paty Ty
onpedeasem cpednee 3navernue Gynryuu f no nepemenHuM T, . .., Ti, HaQ
dyndamenmanvrom napasnesenunede PA@PW’T%) pewémru A(T;, ..., T;,)

mepve 2Kopdarna M(PA(TL-I,...,T%)); dynryua € : R" — R nepuoduuecxasa c
mnootcecmeom nepuodos P marum, wmo Py C P..

IIpu n = 1 npuBeéHHAs BBIIIE TeOpeMa UT'PAET CYIIEeCTEHHYIO POJIb MPU
MOCTPOCHWY TEPUOJMUCCKUX PEICHUT 0OBIKHOBEHHBIX JindDepeHmnaibHbIX
ypasHeHuii [2], a TakKe uHTerpasibbiX ypasuenuit, nanpumep, [3|. Heemorpst
Ha IPOMO3JIKHIL BuT, (hopmysia (1) mMeeT IpoCTyio CTPYKTYpPY U HATOMUHACT
dopMyy BKIIOUEHUS-UCKJIIOUEHNsT U3 TEOPUU MHOXKECTB.

JloKa3aTeJIbCTBO 3aKII0YAETCs B MPOBEPKE MEPUOINIHOCTH (DYHKITUH
e : R* — R ¢ nepuogamu 1, = T;&;, rie, 3/1€Ch U BCIOY JaJjee, 1 € J,.
IIycrs dbynknua f @ R" — R nepnopnueckas ¢ MmuoxectsoM nepuojios Py,
u j € J,. Torma nMmeer MecTo COOTHOIIEHUE

T;
8(774-,1_—']) —8(77) = / /f(tl,.. . ,tn) dtldtg...dtn—

Py 0

1
[\

T;
=) (=1 Z H xz/ / ST\ i} Abiy - - dby —

1 ISii<..<ig<n i€, \{i1,..ik,J} e
ie#£], LET, " ’ 0 Py,

e
I
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-9 T;

_Z(_l)k Z H xz/ / ST\ irseinyg} iy - - dbg, —
0

k=1 101 < <00 G€J,\{i1onnsin} _
i), L, mAthr Bi

3

1oeeslfy

T; T;
—/ / ftn,tn)dty . dt, — (1) ] xi/SJn\{j}dtj—

0 P,\{} €h\g 0

1}
—=0"" ] @ /SJn\{j}dthOa

1paBast 4acTb KOTOPOI'o 00pallaeTcs B HYJib, B CUJIY BbIIIOJHEHUS PABEHCTBA

l‘jﬁLTj T]
/ / Flty, .. ty)dty .. dt, = / /f(tl,...,tn)dtl...dtn,
Py %) Pragy 0

JieBas 9acTh KOTOPOrO HE 3aBUCUT OT NEPEMEHHOW MHTErpUPOBAHUA Xj, ITO
cllejlyeT U3 MepPUOJUIHOCTU ¢ epuojioM 1) dyHKIMN f 10 3Toi nepeMeHHol
U COOTHOIICHUA

(L’j-l-Tj

8x1x2,,,xn/ /f(tl,...,tn)dtl...dtn:f(f—l—Tj)—f(f),

Py %

KOTOPOE B CUJIy HEeNmpepbiBHOCTH DYHKINUKA f 1O COBOKYITHOCTH TTEPEMEHHBIX
T1, Ty, ..., Ty ABJIAETCS BEPHBbIM. TakuM obpasom, nepuoist 1) = Tie;, i € J,,
NOpOXKJafolue MHOXKecTBo Iepuonos Py dynknun f asisiores nepuojgamMmu
v bynkuuu €, T. €. umeeT Mecro sriiodenue Pyp C Pe.

Ormerum, at0 npedcmasaenue (1) uneapuanmmo omHocumesbro 6ubopa
nepuodos no nepemennovim x;, © € J, pynxuyuu f : R"™ — R. ITockonbky
dyuknusg f : R” — R menpepoiBHa Ha R" 10 COBOKYIHOCTH IepEMEHHBIX,
to ynknus € : R” — R umeer nenpepbiBHy0 BCiogy Ha R"™ cmeranuyro
POU3BOJHYIO Oy, € U SBJISIETCS PellienneM ciejyionedt 3aaun Tuna [ypea

n—1
Oy, € = f(T) — Z(‘Dkil Z Sy iy — (=118,
k=1 1< <. <ip<n
€|$j=0 = Elg;=0 = 07 17] € Jna

KOTOpasi SIBJISIETCsI OJJHO3HATHO pasperumoit [4, ¢. 298|. Orcroa Heme ieHHo
cieyer, aro npedcmasaenue (1) eduncmeenno. Eciu dbyukmus f: R" — R
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TOXKJIECTBEHHO TIOCTOSTHHA, WJTH MTPEJICTaBUMa KaK cCyMMa (PYHKIHI, KOTOpbIE
3aBUCSAT OT KaxK/[0¥l IIEPEeMEHHON C OT/JCJIbHOCTHU, T. €.

f(7) = filw) + ...+ fulzn),

TOIJla ypaBHeHue 3ajadn Tuiia I'ypca okaxkercst ojHOPOHbIM Oy, 4 € = 0,
U paccMaTpuBaeMas 3ajiada Oyjer uMeTh TOXKJIECTBEHHO HYJIEBOE pPellleHue.
ubiMu ciioBaMu, B 9TOM CJlydae, MHOYXKECTBO 1epuojioB pyukiuu € : R” — R
COBIIaJIaeT CO BceM mpocTpaHcTBoM R,

Cuiestytoriee yTBEpXKICHUE STBIISIETCS TIPSIMBIM CJIEACTBAEM TTPUBEIEHHON
BBIITIE TeopeMbl. BBeiéM obo3HaveHnne

F(f):/f(tl,tg,...,tn)dtldtg...dtn, reR",
PJn

rjie P; — nm-MepHBIil napaJuiesenunes u3 reopeMsl 1.

CaenctBue. [lycmo [ : R" — R asasemea nenpepvienot gymruued
nO COBOKYNHOCTU NEPEMEHHVIT L1, Ta, . . ., Tp U NEPuoduteckoti ¢ peutemxol
nepuodos P . Tozda das mozo wmobv, kpammoit unmeepan F @ R" — R Ovin
nepuoduveckotl Pynrkyuet no ecem NEPEMEHHLM T1, T2, . . ., L, HEOOTOOUMO
u docmamouno, wmobvl dr4 KaoHcdozo i € J, GLINOAHANOCH COOMHOULEHUE

T;
/f(xl,...,xi_l,t,...,xn)dt:0,
0

npu ecex (T1,...,Ti1,Tit1, .-, 2Tn) € R*L Ipu smom Pp = Py.

[IpuBeiéHHbIE PE3y/IbTATHI ILJIAHUDPYETCsl HPUMEHUTD K U3y YEeHHUIO BOIIPOCA
CYIIeCTBOBAaHUS IIEPUOJIMIECKIX pelleHnii jud depeHiuaibHbIX ypaBHEeHU B
YACTHBIX ITPOU3BOJAHBIX, B TOM YKCJE, U K IIOCTPOCHUIO MHOXKECTB I1ePUOJIOB
HaJICHHBIX PEIICHU.

CIINCOK JINTEPATYPDI

[1] Coxonosa I K. O MHOKeCTBe MEPHOIOB MEPUOANICCKOH (DYHKITUH HECKOJIBKUX Tepe-
mennbix // Jlobadesckue urenns — 2018: Tpyapl MareMaTnveckoro MEeHTpa UMEHH
H.N. Jlobauesckoro. Kazans : M31-Bo Kazanckoro maremarnieckoro obmrecrsa, 13-
Bo Akagemuu nayk PT, 2018. T. 56. C. 273-277.

[2] Epyeun H. II. Kuura ajst arenns mo obiieMy Kypey anddepeHnnaibHbIX ypaBHeHNI.
Munck: Hayka u Texauka, 1979. 744 c.

[3] Mamomuna M. B., Opaos C. C. Tlepuonndeckoe penterne 060OIEHHOTO HHTEIPATb-
HOro ypaBHeHusi AGesst mepBoro pona // V3BecTusi BhICHHX y9IeOHBIX 3aBe/IeHHIL.
[Moroskckuii peruon. Pusnko-maremarndeckue Hayku. 2017. Ne 4 (44). C. 58-69.

[4] Csewnuros A.TI., Bozoawbos A. H., Kpasuos B. B. Jlekiun 1m0 MaTeMaTuvaeckoii dpu-
uke. M.: Uzg-Bo MI'Y, 1993. 352 c.

268



VJIK 517.518.87

O6 anmpokcuMaly T'UIEePCUHTYIIPHOTO

MHTEerpaJia 1o AeiiCTBUTEJIbHOW OCu!
1O. C. ConmeB (Mocksa, Poccust)
sul951@mail.ru

ITocTpoensbr u nMCCaEIOBAHBI HHTEPIIOIANNOHHBIE KBAAPATYPHBIE (DOPMYJIBI C y3JIaMu
Pa3auvyHON KPATHOCTU [Jid THIIEPCUHTYJIIPHOIO MHTErpaJja o AeHCTBUTEIbHOU ocu
JJIST TJTIOTHOCTEH M3 MPOCTPAHCTBA MEIbIX (DYHKIWHA SKCIOHEHITUATIHHOIO THIIA.

Karouesvie c106a: TUTIEPCUHTYISIPHBIN WHTETPAJ, TeJIble (DYHKIUN SKCIIOHEHITHATHHO-
IO THUIIA, HHTEPIOIANNS, KBAAPATYPHBIE (POPMYIIBI.

On the approximation of the hypersingular

integral along the real axis’
Yu. S. Soliev (Moscow, Russia)
sul951@mail.ru

Interpolation quadrature formulas with nodes of various multiplicities for a
hypersingular integral along the real axis for densities from the space of integer
functions of exponential type are constructed and investigated.

Keywords: hypersingular integral, exponential integer functions, interpolation,
quadrature formulas.

PaccMmoTpuM moHEMAaEMbIil B CMBICIE KOHETHOT'O 3HAUCHU 110 A1aMapy CHH-
TYJISIPHBIN MHTErpaJl

+00
Aqf:Aq(f;x):%/%dt,qzza..., (1)

rie f(x) - MWIOTHOCTH MHTErpajia, OTpAaHUYEHHAsI HA BEIIECTBEHHOH och R

dyHKIMS.
[Tycrs L,y(R) (1 < p < 00) - mPOCTPAHCTBO BCEX M3MEPUMBIX Ha R DyHK-

muii f ¢ obprunoit nopmoit, wi(f,t), = wi(f,t)r, - Mouyis ruajkocru k-
ro nopsiyika f B Ly(R), LT(R) - noaupocrpancrso byukiuit f € L,(R),
,[LJIH KOTOprX npoussomas f Y abeomorno nenpepwisna na R u || f)||, =

[Fasl 1, < 00, By 5 - MHOXKECTBO TIETBIX (DYHKIHII SKCIOHEHITUATLHOTO THIIA
< o, upunajexamux L,(R).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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Hus f € By, BBegeMm [1], [2] nnrepnossannonuslit oneparop

+00 -
Lof = Lo(f;2) = Z f(k—ﬂ) sinca(x—k—ﬂ),sincx:Smm,0>0. (2)
o o x
k=—00

AnnpokcuMupysi miaoTHOCTh uHTerpasa (1) BbipaskeHueM (2), TMOJIydnM
KBaJIpaTypHyIo hOpMyILy

Af =ALof;2) + Ry f, (3)

rie Ryof = Roq(f;x) - octarounsrit wien. Ilpusenem sBublit B hopmyssl
(3) mpu g = 2:

Aof = As(Lo f;2) + Roaf =
+00
= %Zf (%) <sin02w — 2sinc(or — lm)) + Roof. (4)

Teopema 1. Ilycmo f € Ly(R)N By,, r=1,2,..., 1 <p<o0,02>1.
Ecau f(z) =0 ((|z | +1)7%), dp > 1, € R, mo das ocmamounozo waena
keadpamypnot gopmyave (3) cnpasedausa ouenka

_y o 1
HRoqup < Crpgo T, (f( )7 _) )
9/ p

ede Cy.p 4 - NOCMOANNGA, 3A6UCAULAA MOALKO OM T, D U .

13 Teopembl 1 1 M3BECTHLIX PE3YJILTATOB M0 HEPABEHCTBAM PA3HbLIX MET-
puk (cm., wHamp., |3|) Berrekaer

Caencrsue. [Iycrs B ycnosusix teopemst 1 wq(f,§), = 0(6%),0 < a < 1.
Torna nus Ry f cupasejyiuBa paBHOMepHas OIECHKA

1
|Roafllc =0 (075 ) r+a =g+,
p

3amernm, uro ecin f € By, n 2T - nepuopnvHa, TO KBaJpaTypHad
dbopmyna (4) Touna g T000TO TPUTOHOMETPUUECKOTO IMOJIMHOMA BUJIA
n
S et n < o] ([o] - nenas wacts o ) (em. [4]). Janee, aas memnix
k=—n
dbysaknuii sxcnonennuanpHoro tuma , no teopeme M. Kaprpaiir [3], ycio-
Bue orpatnuentoctu f(z) na R Moxno samenuts Ha yciosue | f (2) | < M
(M>0,k=0+1,+2,..) .

Paccmorpnm kBajipatypryto (hopMysty ¢ KDATHBIME Y3JIaMHF JIJIsT HHTErpa-

ma (1).
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Ilo anasoruu ¢ [5| mia f € B, , BBeJieM HHTEPIOJIANNOHHDINA OIEPATOP
H,f = Hy,(f; ), yOBJIETBOPSIOIIHIA YCIOBUSAM 7Y (f;5) = ) (52) (v =
0,m—1):

H,f =H,(f;x) =
400 m—1 v
1
Z sinc”o (x — k—ﬂ> — (33 — kj) @) (k—W) :
o vl o o
k=—oc0 v=0
Torma
Aqf = Aq (Haf§ 37) + Rg—%ﬁ (5)

e R((an)@f = Rfﬂv)@( f;x) - ocTaTouHbIil YIeH.
[Ipu g = 2 kBagparypuas dopmyia (5) npumer BuI;

Aof = Ay (Hyf;2) + R f =

400 2n—1 - n—1 X Lk —2n+v—1
22n12nzzvlf ( )Z nHCQS"(x_?)

k=—oc0 v=0 5=
(%Z: (M_l = v =D <20(n— ‘) (x— %))M_1008%+
+20(n — s) (a: - l‘g) cos20(n — s) (.o; — ?) — (2n — v)sin20(n — s)

k

(2= 5 )) + R, = 2m
o

Aof = Ay (Hyf;2) + RO f =

+o00 2n—2 n—1 /{7'(' —2n—+v
n—s+1 s
s 3 2 () e (- )

k=—oc0 v=0 s=0
2n—v—1

( Z (M_ll)!(Zn—v—u) (0(2n—25— 1) (x—l%ﬂ))u_lsin%_

p=1

—o(2n — 25 — 1) <x - kl) sino(2n — 2s — 1) (x - kl) -

o o

k
(2n —v—1)coso(2n —2s — 1) (:E——W>)—|—R((,2,21f,m:2n—l;
o

rie C* - 6umoMuHATLEBIe KO MUTHEHTEL.
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Teopema 2. Ilycmv f € Ly(R) N By, r=1,2,....
wi(f,0)y = 00%), 0 < o < 1w fY2) =0((=
v=0,m-—1, x € R. Toeda

HRET%J[HP =0 (o) r4a > +m—1.

CaencrBue. B yciioBusix Teopembl 2 Jijisi quq) f crupaBeinBa paBHOMED-
Hasl OIEHKA

1 1
1B fle =0 (o717 ) o 2 4 bm -1,

B zakiouenue oTMeruM, 4TO aHaJOrMYHbIe BOIPOCH! Jist nnrerpasa Aj f
paccMaTpUBAJIKChL B pabore [6].
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O cxoaumMOCTHI HOPSIJIKOCOXPaHAIOIIEero cjadoro
YKaJTHOTO aJTOPUTMA AJISS IOAIPOCTPAHCTB,

IIOPO2KAeHHbIX gpoM Cere B NpoCTPAHCTBE
Xap/u!
K. C. Cuepanckunii, I1. A. Tepexun (Caparos, Poccus)
konstantin.speransky@yahoo.com, terekhinpa@mail.ru

MpsbI paccMaTpuBaeM MPeICTaBISIONINE CBOMCTBA MOAITPOCTPAHCTB, MMOPOXKIEHHBIX S
pom Cere. Kak OCHOBHOI pe3yJsibTaT Mbl JIOKA3bIBAEM KPUTEPHUIl CXOAUMOCTH [OPSi/-
KOCOXPAHSIOIIEr0 €/1a00ro KaHOr0 aJrOPUTMA [IJIsi MOAMPOCTPAHCTB MOPOXK IEHHBIX
sapom Cere B mpocrpancTse Xap/iu.

Karouesvie cao6a: BOCIpou3Bosiiee sapo, sapo Cere, TpoCcTPaHCTBO Xapau, CIa0bIii
2KA/IHbBII aJIrOPUTM.

On the convergence of the order-preserving
weak greedy algorithm for subspaces generated

by the Szego kernel in the Hardy space!
K. S. Speransky, P. A. Terekhin (Saratov, Russia)
konstantin.speransky@yahoo.com, terekhinpa@mail.ru

We consider representing properties of subspaces generated by the Szego kernel. As the
main result we prove the convergence criteria of the Order-Preserving Weak Greedy
Algorithm for subspaces generated by the Szego kernel in the Hardy space.

Keywords: reproducing kernel, Szego kernel, Hardy Space, weak greedy algorithm.

[TocTpoennbrit Hamu B pabote |1] dpeiim Ha OCHOBE JTUCKPETU3UPOBAHHBIX
sijep Cere siBjisijicst 0€3yCJIOBHON CUCTEMO# TIPEJICTaB/ICHNsT B IPOCTPAHCTBE
Xap/u, 03TOMY BO3HHKAET BOIIPOC 00 aJITOPUTME HAXOXKJICHUS KO3 um-
EHTOB PA3JIOXKEHHsI, KOTOPBIH Obl COXPAHWII TIOPSIOK 9JIEMEHTOB B €CTECTBEH-
HOIl HyMepaluu.

Omnpenenenne 1. [Ipocrpancrsom Xapan H? HasbiBaeTcs TPOCTPAHCT-
BO, COCTOSITIEE M3 BCEX aHAJIUTHUCCKUX (DyHKIU f(z) B eMHUIHOM JHCKe
D = {|z| < 1} mag KOTOPBIX KOHEYHA HOPMA

27 %
| fll g2 = sup (%/O ‘f(reit)}Q dt) < 0.

O<r<1

Omnpenenenne 2. Bocrpoussosgiiee sjpo K npocrpancrsa H? Hasbl-
BaeTca gaiapoMm Cere m mMmeeT BUJT

K(z,0) = Ko(2) = 1_—152 2 CeD.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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Jlist perrenns 3a1aun HaXOXKAeHUST KOIMMUIINEHTOB CHCTEMBI [IPEICTAB-
JIGHWSI TITUPOKO IIPUMEHSIOTCsI cJia0ble 2KaIHbIe aJIlOpUTMbL. B 0b11iem ciyJae,
cJa0bIil »KaJIHBI aJrOPUTM HE JIAeT psijia 10 €CTECTBEHHO YIOpsI0YeHHOM
CHUCTEME M, KaK MPABUJIO, 3TOT Psijl He SIBJSIeTCsT DE3YCIOBHO CXOISIIITIMCS.
BBIXOIOM M3 CJIOXKUBIIEHCS CATYAIINNA MOXKET ObITH UCIOJL30BAHIE TOPSIIKO-
COXPAHSAOIIET0 CJIadOr0 »Ka/THOIO aJIrOPUTMA, IIPEJIJIOXKEHHOI'O U U3y YeHHOI'O
A.B. Cusbanuenko B pabore [2].

B xauecrse nmognpocrpancts Ly, k = 1,2,... 10 KOTOpbIM OyzeT UATH
HPUOJINYKEHUE B ITOPSIIKOCOXPAHSIIONIEM CJIaDOM YKaITHOM aJITOPUTME BhIOEpEM
npoctpancTsa nopoxaennbie aiapamu Cere Ky, o, j = 0,...,nx—1, koTopsle
JMCKPETU3UPOBaHbl B ToUKax Ay ;j € I

Ly = [K,\m}?i;l = span {K,\kyj}?igl ., k=1,2,....

Boibepem Touku jguckperusaiun sijiep Cere ciejyionmm o0pa3om

27ij

)\k,jzrkenka j:())la"'ank’_ln (1)
rJe Mbl PEIIOoNAraeM, ITo
r. 1, ng /oo mpu  k — oo. (2)

Teopema. (cM. [3]) Ilycrs mocsenoBaTesbHOCTH — MOIIPOCTPAHCTB
{ Ly}, mopoxena sipamu Cere JIMCKPETU3UPOBAHHBIMU B TOUKAX Y/IOBJIC-
Teopstrorux (1) u (2). Torma mopsinkocoxpansirouii ciabbiil KaIHBIH aaro-
PUTM CXOJUTCS B IpOCTpaHcTBe H2 TOra M TOJILKO TOIJA, KOUJA T U M
VIOBJIETBOPSIOT MPECILHOMY COOTHOIICHUIO

limsup ng(1 — rx) > 0.

k—oo
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O moamopToroHaJbHBIX cCHUCTeMaX (PYyHKITIIA!
A. II. Craposgoiitos, E. II. Keuko (T'omens, Bemapycs)
svoitov@gsu.by, ekechko@gmail.com

B panHO#t pabore € TOMOIIBIO MPOIECCA IMOJMOPTOIOHAJIU3AIMH ITPOU3BOJIb-
HOIl KOHEYHOW IIOACHCTEMbI JIMHEITHO HEe3aBUCHUMOU cucreMbl QyHKIHMI ¢ =
{@o(x), p1(x), ..., on(x), ...} B IpeATUIBOEPTOBLIX (YHKIMOHAIBHBIX TPOCTPAHCTBAX,
MMOPOXKJAEHHBIX MePaMU U1, ..., [k, [IOCTPOEHBI IIOJIUOPTOIOHAJIbHBIE CUCTEMBI (DYHK-
nwmit. OCHOBHBIM PE3YJIBTATOM SIBJISETCS 000DIEHNE Ha, MHOTOMEPHBIH CIydaii Teope-
MblL . [IIMuara 06 OPTOrOHAJIM3AIMH.

Karouesvie cao6a: mMOTAOPTOTOHAIIBHE MHOTOUJIEHBI, HOPMAJIBHBIM HH/EKC, COBEpIIeH-
Hag cucreMa, oupeaenuresu I'pama.

Baazodaprocmu: pabora BhIIOJHEHA P (DUHAHCOBOM moAAep:kKe MuHucrepcrsa 00-
pasoBanus Pecrybmuku Bemapycs.

About polyorthogonal system of function!
A. P. Starovoitov, E. P. Kechko (Gomel, Belarus)

email@mail.ru

This article constructed polyorthogonal systems of functions using the process
polyorthogonalization of an arbitrary of a finite subsystem of a linearly independent
system of functions ¢ = {vo(x), p1(x), ..., on(z),...} in pre-Hilbert function spaces
generated by measures pq, ..., tt. The main result is a generalization of E. Schmidt’s
theorem on orthogonalization to the multidimensional case.

Keywords: polyorthogonal polynomials, normal index, perfect system, Gram
determinants.

Acknowledgements: this work was supported by the Ministry of Education of the
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[Tycrb py, ..., by — n0OJOKUTEIbHBbIE ODOPEJIEBCKIE MEPbl HA BEIeCTBEHHO
IPSAMO#i, HOCUTEISIME KOTOPBIX sIBJSIIOTCS 0Tpe3ku Ay, ..., Ap. Paccmorpum

cucremy dyuknuit ¢ = {@o(x), p1(x), ..., on(z), ...}, KaKIAT U3 KOTOPHIX
u3MepuMa Ha OTpe3ke A; OTHOCHTENLHO Mepbl fi; TpH Beex j = 1,.. k.
Byjiem canrarh, 9o cucrema o JUHEITHO He3aBUCHMa Ha KasKJIOM M3 OTPE3KOB

Aj "
/|<pp(x)\2d,uj(x) <+o00, j=1,...,k; p=0,1,.... (1)
Aj

Ecnu pemonusiorca yenosus (1), 1o kparko Gygem mucars, 4ro ¢ € L2,

= {p1, ., g - Cransipuoe npoussejenne Gyukuuii f(z) u g(r) B upej-
rIIb0EPTOBOM IIPOCTPAHCTBE, ITIOPOXKIEHHOM MepOil fi;, 0D03HAINM depes3

ugV=/?@muwwu>
Ay
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Bezjie B gasipHeiiemM mpejnojgaraeM, 9to ¢ € Li. MHuo»xkecTBO k—MepHbIX
MYJIBTUUHJIEKCOB (MHJEKCOB) N = (N, ..., N}), T.€. YIOPSAJOUEHHbIX K HEJIbIX
HEOTPUIIATEJIbHBIX UHCes, 0003HAUUM Uepe3 Z’i. [TopsiioK MYJIbTUMHJIEKCA
n = (ny,...,ng) — 910 cymMMma |n| = ny + ... + ny.

Omnpenesierne 1. [Tycmo n = (ng,...,ng) € Zﬁ — HeHYAe80l MYAb-
muunderc. Tozda ¥, (x) = appo(x) + ... + appp(z), 2de oy € R u
g + ... + @|2n| % 0, bydem nazvieamv n-ot NOAUOPMO20HAALHOT HYHKUU-
eti daa nabopa mep [, nopoxrcdennots cucmemot © , ecal

/gbn(x)gop(a:)duj(a:) 0 p= 01,y —1; =1,k (2)

Aj
Bdecv npednoaazaemesa, wmo n; # 0. Ecau nj, = 0, mo 6 (2) undexc j
npobezaem snavenus {1, ..., jo—1, jo+1,...., k}, m.e. mepa p1, 6 onpedeseruu

NOAUOPMO20HAALHOT PYynKuuY ¥y () He Yyuumoieaemca.

Eciu B onpenenennn 1 mosoxkurs k = 1 (win ungexkc n = (nq,0, ..., 0)),
TO OTOXKJIECTBJISISI MEPY [i1 C b, & N C N E Z}F, OyeM HAXOJUTCsT B YCJIOBUSIX
reopembl . [IIMmujira, T.€. n-asi MOJIMOPTOroHaAbHAsT (DYHKIUsI SABJISIETCS -
Oif OpTOrOHAJIbHOM (PYHKIMEH U Jiid Heé MMeeT MEeCTO XOPOIIO W3BECTHAs
dbopmyaia Hmuara (nogpobree cM., vampumep, |1, . 3, §1])

(¢, 00)  (¥1,00) - (#n,%0)
(o, 1) (p1,01) oo (@0, 01)
(0, on-1) (@1,0n-1) --- (P Pn-1)
po(w) pr(z) o ea(2)

B npencrasnaenun 1, (z) = agpo(x)+ ...+ anpn (), KOTOPOE JErKO MOy IuTh
u3 dopmyiibl (3), koadduirenr «,, pasen onpesenurenaio I'pama [2]

(0, 00)  (w1,00) -+ (®a-1,%0)
a | o) (ene) oo (Paoren)
(900; Q.O.n—l) (@1,. Q'O.n—l) (@n—;; <.Pn—1)

mutst cucreMbl dbyakunii {oo(z), ©1(x), ..., on—1(x)}. Xopormo ussecrro (cM.,
nanpumep, |1, . 3, §1]), uro just cucrembr {@o(z), v1(2), ..., Yn—1(x)} oupe-
nequresb ['pama (G, oTiyer or HyJisl TOLJa W TOJLKO TOTJA, KOIJa 3Ta, CU-
crema, JIMHEIHO He3aBucuMa Ha oTpeske A.

[Tosmoproronanbaast (HyHKIHs YCJIOBHAIMU (2) OMpesesisieTcst He OJIHO-
3HAYHO, & C TOYHOCTBIO JIO YMCJIOBOTO MHOMKHTENsI. DTa HEeIMHCTBEHHOCTD
MOXKeT OBITH 1 OoJiee CyTecTBeHHof (M., Hampumep, [3]- [4]).
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Omnpenenenne 2. Bydem zosopumv, 4mo mM-A NOAUOPMOZOHANGHAA
pynxyus P, (x) 0dnosnauno onpedeasemes ycrosuamu (2), ecau das A0-
ovix deyr maxur Gynruud P, (x), ¥ (x) natidémea deticmeumenvroe wucao
A, umo PYp () = Mk () ma ecex ompeskar A;.

Haimeii 11e1610 giBJIsIeTCsl HaXO0XK IeHnEe HeOOXOIUMBIX 1 JIOCTATOUHBIX YCJIO-
Buil Ha unjekc n € Z% u cucremy p = {11, ..., iy}, UM KOTOPBIX M-51 10JIH-
oproroHaJibhas PyHKIMs OLPee/IsieTcst O4HO3Ha1H0. B ojHoMepHOM cirydae
OJIHO3HAYHOCTDb BBITEKAET U3 JIMHEHHON HE3aBUCUMOCTH CHCTEMbI (.

[Tycth n € Zi — HenyseBoit Myabrunngekc. dns n; # 0 onpepesnnm
MaTpUIB! mopsaka nj X (|n| + 1)

(o, SOO)j (1, SOO)j (@\np 900)j
Fi— (@0, 1)’ (e1,01) ... (SO\n|7S01)]
(¢0, on—1) (1, n,-1) (@nl> Pnj—1)
a 3aTeM MaTpuily nopsika |n| X (|n| + 1)
Fl
T
F, = [Fl F? ... F’f} = |
Fk:

Ilpu n; = 0 maTpuna F),, ne conepKuT 6JOK-MaTpHILY FJ. Ecnu, nampumep,
MyJabTHrHIAEKC 1 = (n1,0,...,0), To Mmarpuna F; coCTOMT TOJBKO U3 OJJHOTO
onoka F! u aeagerca marpuneii I'paMa: oHA COCTOUT M3 3JICMEHTOB OIpe;ie-
auredist (3), CTOSIIMX BbITIE MOCAEHEH CTPOKH STOTO OMPEJIeUTESI.

Eciin Kk marpuie F, j006aBUTh B KaueCTBE HOCAEIHEH CTPOKU CTPOKY

E(z) = (¢o(x) p1(x) ... opi(a))

TO IMOJIYYHUM KBaJPaTHYIO MaTPUILY. OHpeﬂeﬂI/ITeﬂb 9TON MaTPHUIIbI UMECT BUJ

(800, 800)1 (901, @o)l (<P|n|, 900)1
(9007 80n1—1)1 (9017 Sﬁnl—1)1 (@\np 90n1—1)1
F
det E(x) =
T
(o, SOO)k (o1, <P0)/lC (<P|n|, 900)’“
(9007 gpnkil)k (9017 (pnkfl)k (Qp\nb gpnkfl)k
o) e1(z) Pl ()
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Onpenenenne 3. Hndexc n € Zi bydem Ha3vieams caab0 HOPMAALH LM
ons Ju, ecau pane mampuuv, F, marxcumaronod, m.e. pasen |n|.

Onpenesierne 4. Cucmemy mep = {p, ..., pii.} 6ydem nasveamo caa-
6o cosepuiennoti, ecau 6ce nenyaeevie underxcv, n € ZE asasomea caabo
HOPMANLHOMU ONA L.

Teopema 1. /Jlaa mozo, wmobv, daa Henyreso2o undexca n € Zﬁ u
cucmemvr Mep ft = {1, ..., g} N-GA NOAUOPMO2ONAALHAA PYHKEUUA Uy (T)
onpedessnacy Ycaosuamu (2) 00nosnauno, Heobrodumo u docmamouno,
Ymobv, undexc n 0w cAGO0 HOPMAALHUM OAA 1, m.e. rang Fy, = |n].

Ecau rang F,, = |n|, mo npu onpedeaérunom swvibope nopmupyrouezo mmo-
INCUMENA T-AA NOAUOPMOLONANLHAA PYNKYUAL Npedcmasuma 6 cude

() = det E% | (4)

Caencrue. Ilosuopmozonaaivuas dynkyus b, (x) onpedesena 00no-
SHAUHO Ond 6CeT MenyaeeuT myavmuundexcos n € ZE moeda u moavio
mozda, K02da cucmema [k ABAACMCA CAGOO cOBEPUEHHOT.

3aMeTHM, YTO KOMIOHEHTa 1; MYJbTHHHIEKCA N = (Ni,...,Ny) oupe-
JleJisleT HACKOJIBKO 3HadMMa Mepa (i; B OIpeJieJeHHH IN0JHOPTOrOHAIBHOI
bynknun: dem Oosbie n;, Tem Gosbiie ycioBuit B (2) ¢ ydacTueM Mepbl
j. Taxum obpa3oM, UHCIIO 1; KOJMIECTBEHHO XapaKTePU3yeT BKJAJ[ MepbI
[tj B TOCTPOEHUE N-0if MOJINOPTOroHANbHON GyHKINKU ¥y, (2). B wacrnocTw,
ecam, napumep, n = (ny, 0, ..., 0) € Z% 10 MBI HaxOAUMCH B yCIOBUAX
teopembr [lmuara, u dopmyra (4) B TOIHOCTH COBIAIACT C KJIACCHICCKOT
dbopmyJioii (3).

B ciyuae, korma ¢ = {1,z,2?%, ...}, n-aa nonmoproronaibhas byHKIMs
V() ABISIETCST N-BIM MOJMOPTOTNOHAJBHBIM MHOTOWJIEHOM. [lJisi Tak Hasbl-
BAEMBIX COBEPIIEHHBIX HAOOPOB MeP Lt MOJUOPTOTOHAJBHBIE MHOTOWIEHB XO-
POITIO U3yYeHbl W HAIINA TPUMEHEHNE B PA3JIMIHbIX 00JIaCTsIX aJaredphbl, aHa-
Jm3a, Teoperndeckoii dbusuku (cm., Haupumep, [5]).
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HekoTopnbie cBoiicTBa CMEIIEHHBIX PA10B
dypbe — CoboJieBal

M. C. Cyaranaxmenos (Maxa4dkasa, Poccus)
Sultanakhmedov@gmail.com

Paccmarpusaiorca paapt @ypobe mo cucremam ByHKIHUA, OPTOrOHATBHBIX B CMBICTIE
CKaJIIpHOTrO mpomn3Beenus Tura CoboeBa CIeIyIONEro BuIa

r—1 b
(f.9) =3 £ (09" () + / FO 09 B)p(t)dt.
v=0 a

JlokazaH psif CBOWCTB 3TUX PsIOB, TAKUX KAK MOWJIEHHOE WHTErpupoBaHue, audde-
peHIupPOBaHMe, COBIIAIEHNE YACTUIHBIX CYMM C MPUOIMKAEeMOl (DYHKITHEH B TOYKE C.
Kpowme Toro, ucciaemayercs nx paBHOMEPHAS CXOAUMOCTb.

Karoueswie caosa: oproronanbaocTs B cMbicyie CobosieBa, psaabl @ypoe, psasr Pypbe
— CoboseBa, paBHOMEpPHAS CXOTUMOCTbD.

Some properties of shifted Fourier — Sobolev
series!
M. S. Sultanakhmedov (Makhachkala, Russia)
Sultanakhmedov@gmail.com

We consider Fourier series by functions orthogonal with respect to the Sobolev type
inner product of the following form

v=0

r—1 b
) =3 19 (e) + / FO (1)) (1) plt) .

A number of properties of these series are proved, such as term-by-term integration,
differentiation, coincidence of their partial sums with the approximated function at
the point ¢. In addition, their uniform convergence is investigated.

Keywords: orthogonality in the Sobolev sense, Fourier series, Fourier — Sobolev series,
uniform convergence.

BBenenue

ITycrs cucrema dyukmuit {pr(x)},~, opronopmuposana na (a,b) ¢ Becom
p(x), Te.

/ or(@) () plx)dr = by, (1)

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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rie Oy, — cumpos Kponekepa. Yepes L (a, b) 0boznatnm npocTpancTso (yHk-
b
muit f(x), mamepumbix Ha (a,b), aus koropeix [ |f(x)|Pp(z)dr < oo,

a
U3 (1) crenyer, uro ¢p(z) € L3(a,b) (k = 0,1,...). Mbl nobasum K
9TOMY YCJIOBHIO €Ié ojiHo, caurasi, 9to pi(z) € L(a,b) (k=0,1,...).
Torja jJist TPOU3BBOJILHO 3aJJAaHHON TOUKK ¢ € [a,b] Mbl MOXeM oIpejie-
JITH HOBYIO crCTeMY (DYHKIIMIL:

k
. xr—c
gpr’k(x):%, k=0,1,...,r —1, (2)

c 1 r r—1
Ghrale) = =5 [0 a0, k=01 @

c

3 (2) u (3) cremyer, 9aTo

'gpr_,,’k_,,(a:), ecn 0 <v<r—1r <k,
(), ecsim v =1 < k,

(QOf.k(ZU))(V) _ Pr—r(T) JIA =
7 oy (), ecoin v < k <,

0, ectu k <v <.

(4)

\

Yepes W£f<a ) oboznaunM npocrpanctso Cobosesa, cocrodaree n3 HpyHk-
P 9
nuit f(x), r — 1 pa3 wenpepwiBHO juddepeHnupyembix Ha [a,b], mpuaém
fr=Y(x) abcomorno nenpepnisua Ha [a,b] n f)(z) € LA(a,b). Ckansiproe
IPOU3BEICHAE B MTPOCTPAHCTBE Wz’f(a p) OTIPEJICITHM C TIOMOIIBIO PABCHCTBA
p )

—_

r—

Fog) =3 909" (0) + / (09 (1) plt) . (5)

14

Il
=

Panee B paborax [lapamymunosa U.V. u ap. uccienosareseit (cm., Hamp.,
[1-7] w umTupoBaHHyO TaM JUTEPATYPY) HOAPOOHO MCCJEOBAJICS CJIydail,
Korja ¢ = a. [Ipuaém mccmegoBannst TPOBOIUINCH KaK B OOIEM, TaK U JIJIsI
KOHKDETHbIX BecoB p(z) u cucrem ynxunii {o(z)}22,.

PaccmarpuBaemoe vamn ckassiproe mponssenenne Tuna CobosieBa siBs-
ercsi 0000IIEHNEM B TOM CMbICJIE, 9TO ¢ He 00si3aTe/ibHO coBlajiaer a. Mo-
TUBaIlAEil K TAKOMY HCCJIEIOBAHKUIO MOCJYKIJIa THIIOTE3a O TOM, UTO PsiJIbI
Dyphbe 110 COOTBETCTBYIONUM OPTOIOHAJBHBIM (DYHKITUSIM ITPY ONPEIETEHHOM
BLIOOpE TOUKM ¢ MOTYT JIaBATh JIyUllee NPUOIUKEHNE K UCXOMHBIM (DYHKIIN-
sIM B CMbICJIE PAaBHOMEPHON MeTpuKu. ['mrnoresa HAXOMUT MOATBEPKICHUE B
psijie KOMIIBIOTEPHDIX IKCIEPUMEHTOB.
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Ckassiproe mpoussejicHre Buja (5), COOTBETCTBYIONHE OPTOTOHATBHbIC
dyukiuu, a Takxke psijbl Dypbe 110 HUM Mbl OyjieM Ha3bIBATh CMEUEHHDILMU
¢ TeM, 9TOOBI OTJIMIUTh WX OT PACCMOTPEHHBIX paHee (JJIsi KOTOPBIX ¢ = a).

OpTOroHaJIbHOCTHh CMEINEHHBIX (pyHKINI 1 paabl Oypbe
— CoboJieBa 1m0 HUM

JToKa3aHo CJICAYIONee YTBePXK ICHIE.

Teopema 6. I[Iycmv dynruuu pr(x) (K = 0,1,...) obpasyrom noanyio 6

Li(a,b) opmonopmuposannyto ¢ eecom p(x) cucmemy wa ompesxe [a,b.

Tozda cucmema {p¢ ()}, noposcdénnan cucmemots {py(x)}32, nocpeo-

cmeom pasenems (2) u (3), noana 6 Wz’f(a p) U OPIOHOPMUPOBANGA OTHOCU-
p b

meavHo Ckanapnozo npoussedenus (5).

s dynknun f(x) € W 2’20( o.p) OUPEACIIM CyMeEnnbiil psij Pypbe — Co-
p b
60J1eBa, C IOMOIIBIO PABEHCTBA

r—1 T —c k 00
F@) ~ 3 1YL LS fae e (©)
k=0 ’ k=0

rje
b
ﬁﬂﬂz/fw@wwﬁmwﬁ @)

OTMmeTnM HEKOTOpBIE BaxKHbIE CBOHCTBA psjia (6).

1. Eciu r > 1, To B pedyJibrare Ho4aeHHOro JuddepeHunpoBaHust psijia
(6) must f(x), Mbl mosyauM psf juist ipousBoaHoit f'(x), cooTBeTCTBYIONTHIA
caydato, Korjia BMecro 7 gurypupyer r — 1. JIpyrumu cjioBamu

f’(m) ~ Z fvi—l,k—lgpi—l,k—l(x) = Z(fr,k907cﬂ,k($))l- (8)
k=1 k=1

2. llowsenHoe MHTErpupOBaHUE C IIEPEMEHHBIM BEPXHHUM IPEIETOM:

[mw~zﬂm{ﬁﬁmﬁwzznmm» (9)
p k=1 c k=1

3. Baxwnoe 3HavdeHme nMeer CBOWCTBO cMemaHHOTO psiyia (6), KoTopoe
3aKJ/II04AETCS B TOM, 9TO €ro 4acTU4Has CyMMa BUJA

r—1 (LU o C)k N
N (frx) = Z f(k)(C)T + Z frer () (10)
k=0 ) k=r
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npu N > 7, r-KpaTHO COBIIQJIAET ¢ UCXOHOI dbyHKumed f(z) B Touke T = ¢,
T.C.

(@ (fra)ile = f(e), 0<v<r—1. (1)
4. U3 (4) n (10) upu 0 < v <r — 1 caempyer, 410

N—v
+ 3 @) = B (fP ). (12)

n=r—v

B cBoro ouepesnb orcioga nipu 0 < v < r — 2 BbIBOJUM

FO (@)= (B 5 (f, )" =

X

= m /(95 — 1) fU() - (I)l,N—r—&-l(f(r_l)at)} de.  (13)

C

Kpome Toro, 1oKa3ano Tak»Ke CJeLyIoee YTBePXKIEHNEe O PaBHOMEPHOI
CXOIMMOCTH cMernénHoro psija @ypoe — CoboJiesa.

Teopema 7. ITycmo ﬁ € L(a,b), a pynrxuyuu or(x) (K =0,1,...) obpa-
syrom noanyro 6 L2(a,b) opmonopmuposanmyio ¢ eecom p(x) cucmemy na
ompesxe |a,b]; {o) ()72 — cucmema, opmonopmuposannas 6 WE%(GJ))
OMHOCUMENLHO CKAAAPH020 npoudsedenus (D), noposcdénnas cucmemot
{or(z)}2, nocpedemesom pasencme (2) u (3). Tozda, ecau f(x) € ng(a,b):
mo emewérnut pad Qypve — Coboaesa (6) crodumea x Pynkyuu f(x) pas-
HOMEPHO OMHOCUMENLHO T € |a, b].
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CTpykTypa CyIIeCTBEHHOIO CIIeKTpa 1
JINCKPETHBIN CHEKTP ollepaTopa dHEPTUuM INeCTu
3JIEKTPOHHBLIX CUCTeM B Mojdean Xabbapaa.

IlepBoe cunraernoe cocrosHue!
C. M. Tammnynaros (Tamkenrt, ¥Y36ekucraH)
sadullatashpulatov@yandex.ru, toshpul@mail.ru

PaccmarpuBaeTcs oneparop SHEPTHUH IMECTH JIEKTPOHHBIX CHCTEM B Moaean Xabbap-
JIa ¥ KCCJTETyeTCsT CTPYKTYPa CYIIECTBEHHOTO CIIEKTPA U JUCKPETHBIN CIIEKTDP CHCTEMbI
B OJIHO W3 CHHTJIETHBIX cocrosinuii. [lokazano, 9T0 B OIHOMEPHOM CJIydae, CyIIeCTBeH-
HBII CIIEKTP CUCTEMBI B PACCMATPUBAEMOM CJIYyYae, COCTOUT U3 OObEIWHEHUH CeMbHU
OTPE3KOB, & IUCKPETHBIN CIEKTP CUCTEMBI COCTOUT U3 HE DOJIee OHOTO COHCTBEHHOTO
sHadenne. B TpexmepHOM ciiydae, b0 CyIIeCTBEHHBIH CIEKTP CHUCTEMBI COCTOUT U3
oObeIMHEHNH CEeMbH OTPE3KOB, a JIMCKPETHBIH CHEKTP CHCTEMbI COCTOUT U3 He Oosee
OJIHOTO COOCTBEHHOTO 3HAYEHWsI, JINOO CYIIECTBEHHBIN CIEKTP CUCTEMBI €CTh 00beIn-
HEHUI YeThIPEeX OTPE3KOB, & JUCKPETHBIN CIEKTP CHCTEMBI ITyCT, JTUOO CyIIeCTBeHHBIH
CTIEKTP CUCTEMBI €CTh OObEIUHEHN IBYX OTPE3KOB, a JUCKPETHBIN CIEKTP CHCTEMBI
mycr, JinbO CYIIECTBEHHBIM CIEKTP CUCTEMBI COCTOUT W3 EJUHCTBEHHOTO OTPE3KA, a
JVCKPETHBIN CIEKTP CHCTEMBI MYCT.

Kaouesnie crosa: momenn Xabbapma, MIECTH JIEKTPOHHAS CHCTEMA, CYIIEeCTBEHHbIH
CTEKTP, AUCKPETHBIN CIEKTD, CHHTJIETHOE COCTOSTHUE.

Structure of essential spectra and discrete
spectrum of the energy operator of six-electron

systems in the Hubbard model. First Singlet
state!
S. M. Tashpulatov (Tashkent, Uzbekistan)
sadullatashpulatov@yandex.ru, toshpul@mail.ru

We consider of the energy operator of six electron systems in the Hubbard model and
investigated the structure of essential spectra and discrete spectrum of the system in
the first singlet state. Show to in the one-dimensional case, the essential spectra of
the system is consists of the union of seven segments, and discrete spectrum of the
system is consists of no more than one eigenvalue. In the three-dimensional case, or
the essential spectra of the system is consists of the union of seven segments, and
discrete spectrum of the system is consists of no more than one eigenvalue, or the
essential spectra of the system is consists of the union of four segments, and discrete
spectrum of the system is empty set, or the essential spectra of the system is consists
of the union of two segments, and discrete spectrum of the system is empty set, or the
essential spectra of the system is consists of single segment, and discrete spectrum of
the system is empty set.

Keywords: Hubbard model, six-electron system, essential spectra, discrete spectrum,
singlet state.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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Introduction

In the early 1970s, paper [1|, where a simple model of a metal was proposed
that has become a fundamental model in the theory of strongly correlated
electron systems. The model proposed in [1] was called the Hubbard model
after John Hubbard, who made a fundamental contribution to studying the
statistical mechanics of that system. The Hubbard model is currently one of
the most extensively studied multielectron models of metals [2|. Therefore,
obtaining exact results for the spectrum and wave functions of the crystal
described by the Hubbard model is of great interest. The spectrum and
wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [2]. The spectrum and wave functions
of the system of three and four electrons in a crystal described by the
Hubbard Hamiltonian were studied in [3] and [4]. The spectrum and wave
functions of the system of five electrons in a crystal described by the Hubbard
Hamiltonian were studied in [5].
Hamiltonian of considering system has the form

H:AZCL am7+BZ myam+m+UZ mTam,Ta 10m,|-

m,T,Y

Here, A is the electron energy at a lattice site, B is the transfer integral
between neighboring sites (we assume that B > 0 for convenience), 7 which
means that summation is taken over the nearest neighbors, U is the parameter
of the on-site Coulomb interaction of two electrons, « is the spin index, and
a;:m and a,, are the respective electron creation and annihilation operators
at a site m € Z%. In the six-electron systems exists singlet and triplet and
quintet and octet states. The Hamiltonian H acts in the antisymmetric Fo’ck
space H,s. Let g be the vacuum vector in the space Hs.

Main results

The first singlet state corresponds the basis functions 1321’n7p’q7r7t =

,T ;L’T ;T CL Mauc,po The subspace 17:28, corresponding to the
ﬁrst singlet state is the Set of all vectors of the form 'if =
D mnparted” Flm,n,p,q,r,t)'s° S pard F € 195, where 12° is the subspace
of antisymmetric functions in the space 5((Z)9).

Theorem 1. The subspace 17’_20 15 tnvariant under the operator H, and the

restriction VH of H to the subspace 17—[0 15 a bounded self-adjoint operator.
It generates a bounded self- adjoint operator 1HO, acting in the space 15°.
In the quasimomentum representation, the operator 1H0 acts in the

Hilbert space L3*((T%)5) as (\Hi f)(X, 11,7y, 0,1, €) = {6A+2A 3" [cos A+
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cos,ul—kcos%—kcosﬁ—|—cos771—|—cosfz]}f()\ w7y, 0,n,€) —I—UfTV[f(s Ly Yy A+

—5,1,E)+ [ (5, 117, 0, A0 —5,6)+ [ (5,117, 0,m, A\ +E=5)+ [(\, 5,7, i+

—5,0,0)+ [\ 5,7, 0, ptn—5,)+F(N 57,0, 6= 5)+ F(\ 1, 5,7+
9 S, &)+ FOA ,8,0,7+1— 5,8+ F(\ 8,0 77,7+€—s)]d3, where

9% is the subspace of antisymmetric functions in LQ((TV) ).

Theorem 2. Let v = 1 and U < 0. Then the essential spectrum of
operator H{ is the union of seven segments: oess(*HZ) = [a+c+ e, b+ d +
flUla4+c+z3,0+d+2z3]Uja+e+ 22,0+ f + 29] U [a+22+23,b+22+23]u
[ctet+z,d+ f+a]U[c+ 21+ 23, d+ 21 + 23] U e+ 21+ 20, f + 21+ 22], and
the discrete spectrum of operator LH§ is consists of no more one eigenvalue:
0 gise(! PNIO) = {21 + 22+ 23}, o1 ogise(! ﬁo) = (), here and hereafter a = 2A —
4Bcos b—2A+4BCOSA— c=2A-— 4BCOSA— d—2A—|—4BCOS— e=

2A—4Bcos%, — 2A + 4B cos ks ,andz1:2A—\/9U2—|—16320082%,
22:2A—l—\/9U2+16BQCOSQA22,,23:2A—\/U2+16B2COSZ%.

Let v =3, A1 = +pu, Ao =v+0, A3 =n+& and A; = (AV AV AY), i =
1,2,3;

0

4B cos AL A9 A9
Theorem 3. a). If U < 0, and U < ——= 2, cos 5t > cos =, and
AO
AY A 4B 2 AY A9 A9 A9
cos 5+ > 3cos 3, orU < —%, cos 5+ < cos %, and cos 5 > 3cos 5,
12B A AY :
or U < —%, and cos 5+ < 3cos, then the essential spectrum of

operator 1H05 is consists of the union of seven segments: ooss(*HE) = a1 +
Cl+61,b1+d1+f1] U [a1+01+2:;,b1+d1+2£3] U [a1+61+2/2,b1+f1+2/2]
Mﬁwﬁw5h+@+éwkﬁwﬁwLm+ﬁ+é]kﬁwﬁa&¢+q+%w
lex + 2 + 29, f1 + 2, + 2], and dzscrete spectrunm of operator 1HO of no more
one eigenvalue: ogis.(1HS) = {z1 + 2y + 23}, or adwc( Ho) = (). Here, and
hereafter a; = 2A — 12B cos A , b = 2A+ 12Bcos ¢ = 2A 12B CoS A—g

di = 2A+1ZB cos2 e = 2A 12B cos —, fi= 2A+1QB cos X , and zl, ,22,

and z3 are the ezgenvalue correspondingly, of the operators H2A , H ,» and
Hiy,.

AY AY
4B cos =+ 4B cos =2 AY A9 A9 A
b). If— 2 <U < ——=y2, cos 5 > cos 3, and cos 5> > 3 cos 3,
O
4B cos =2 4B cos =L AY AY AY A9
or —— 7 < U< _T2’ cos 5+ < cos 5, and cos 5+ > 3cos 3, or
O 0
12B cos = 4B cos 2L AY A9 AY A9
——— =+ S U < ———52, cos3 < 3cos 3, and cos 5 > cosF, or
A9 A9
12B cos =2 4B cos =2 AY A9 AY A9
——— = S U < ——2, cos 3¢ < 3cos 3, and cos 5t < cosF, or
A0 A0
_ 4Bcos 71 12B cos = AV A9 AY A
7 S U < ——7%, cos3t > 3cos3, and cos 3+ > cos =, or
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%, COSA?? > 3605%, and COSAT(1J < cos— then
the essential spectrum of the operator 1HO 15 consists of the union of four
segments: 0655(1]{8) = [CL1 +c+ e, by +d + fl] U [Cll +c1 + Z;), by +d; +
zlUler + e+ 21, di + fi+ 2| Uler + 2, + 23, d1 + 2, + 23], or 0o (PHS) =
[a1+01+61,b1—1—d1+f1]U[a1+cl+zé,bl+d1+zé]U[a1+el+z;,b1+f1—|—
/2] [CL1+Z2—|—Z3,Z)1—|—Z2—|—23] or Uess( HO) [a1+01+€1,b1+d1+f1]

[@1+61+22,bl+f1+ZQ]U[C1—|-€1—|-Z1,d1+f1+21]U[61+21+22,f1+21+22]

and the discrete spectrum of the operator 1H0 15 empty set.
0

AY A
4B cos -2 12B cos = AY A9 A9
¢)Iff ——=% < U < ———+%,co A > cos, and cos 5 > 3cos 3,

W= W 2
4B cos A 128 cos A3 A9 AY AY A9
or —— = S U < —TQ,00871 < cos 3, and cos 3 > 3cos
A9 A9
4B cos =L 4B cos =2 A AY AV A9
or ——= S U < ——= 5%, cos5t > cos, and cos 5 < 3cos 3,
A9 A9
4B cos =2 4B cos =L AY A AY A9
or —— = S U < ——=5%, cos 3+ < cos 3, and cos 3 < 3cos 3, or
A9 A9
12B cos =2 4B cos =2 A9 AJ AY A9
/" 2 - =" 2 jutad -1 2
7 < U < 7 50082>30052,a0ndcos2>COS2,
A
A9 AQ 12B cos =2 4B cos 71 A9 A9
cos 5 < 300873, or = < U < —— 7%, cos35t < cos 3,
A9 AY
cos 5+ > 3cos 5 2 : cos—1 < 3008 , then the essential spectrum of operator

the operator 1H0 is the union of two segments: 0ess(VHE) = a1 +c1+e1, by +
di + fi]Ular + c1 + 23,y + dy + 23], or 0ess(PHE) = [ag + 1 + ey, b1 + dy +
fl] U [a1 + €1 + 2/2, bl + f1 + 2/2], or UQSS(IHS) = [CLl + C1 + €1, bl + dl + fl] U
[c1+ e +Z/1, dy+ fi +z/1], and discrete spectrum of the operator 1ﬁ5 15 empty
set.

AO
12B cos =2 AY A9 A9 A9
d). If ———=7% < U < 0,cos 3 > cos=3 and cos 5 > 3cos, or
O
A A0 A9 AY 4B cos 2 A9 A
cos 5+ < cos 5 and cos 5+ > 3cos 5, or —TZ’ < U <0,cos 5 > cos
AO
A9 A9 AY A9 A9 4B cos =L
and cos 5+ < 3cos 3, or cos 5t > oS *, CoS 1 > 3cos 3, or —— = <
AY A AY A A9 AY
U < 0,cos ) < cos & and cos 5 < 3cost, or cos4 < cos=, and

cos A— > 3COS , then the essential spectrum of the operator 1HO 1S consists
of a Szngle segment. Oess(LHE) = |a1 + 1 + e1,b1 + di + fi], and discrete
spectrum. of the operator VHE is empty set: ogsc(*HS) = 0.
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OO0 ycaoBUgIX MOHOT€HHOCTN!
. C. Tenakosckuit (Poccusi, Mocksa)
dtelyakov@mail.ru

Jokazana rofoMmopdHOCTh (DYHKIUH OTHONO KOMIIJIEKCHOTO TEPEMEHHOTO, YI0BIETBO-
PSIOINUX OCTAOIEHHBIM YCIOBUSAM KOMILTEKCHOHN auddepeHmpyeMocT 1 HEKOTOPBIM
YCJIOBUAM CYMMHPYEMOCTH.

Karouesnie caosa: romoMopdpHOCTh, MOHOTE€HHOCTD, ycaoBus Kommn—Pumana, acumi-
TOTHYECKAs MOHOTE€HHOCT.

On monogeneity conditions'
D. S. Telyakovskij (Russia, Moscow)
dtelyakov@mail.ru

We prove that functions of one complex variable that satisfy weakened monogeneity
conditions and some summability conditions are holomorphic.

Keywords: holomorphic functions, monogenic functions, Cauchy—Riemann conditions,
asymptotically monogenic functions.

[Tostyuenst jocrarounbie yeaousi rojomopduoctu byuknuit f(z), z €
G C C, xoTopble yIOBJIETBOPSIIOT HEKOTOPHIM OCJIA0JEHHBIM YCJIOBUASM MO-
HOTEHHOCTH (KOMILIEKCHO# uddbepeHnnpyeMocT ).

Cornacuo Teopeme ['ypca—Ilpuncreiiva, ecam dyuxius f(2) B Kaxoif
Touke objacru G uMeer KOHEUHYIO pousBoHyto, To f(z) rosomopdua B G.
B sT0ii Teopeme IpeJIosoKeHue O CYIIECTBOBAHUKM IIPOM3BOJIHON MOXKHO
0CJIabJIATh, HO MPH 9TOM Ha (DYHKIMIO OOBIYHO HAJI0 HAKJAJILIBATDL TE WJIN
UHbIe MeTpuueckue ycjoBus. JlokazareiabCcTBy rojoMOp(HOCTH HelpepbiB-
HBIX (DYHKIINI, YAOBIETBOPSIONINX PA3JIMIHBIM YCJIOBUSIM MOHOT€HHOCTH, 11O~
cBanén mukJ padot . E. Menbiosa, Beimosnensbiit B 20-30-x romax 20 Beka.

CrauaJia onpeies M YCJIOBAST MOHOTEHHOCTH, KOTOPBIE PACCMATPUBAIOTCST
B 9TOil pabore.

Ilycte ¢ — mpenenbnag Touka MHOXKecTBa A¢ C G. Bynem rosopurs,
aro f(2) monozenna 6 ¢ omnocumesvo mrodcecmsa Ae, ecan cymecrsyer
KOHEYHDBIN IIpeJIie

f(z) = f(Q)

z—=G
HawnboJjiee n3BECTHBIM yCJIOBUEM MOHOT€HHOCTH BJIOJIb MHOXKECTBA SIBJISI-
forcsa yesosus Komm-Pumana. Beimonnenne yesnosuit Komu-Pumana B To4-
ke ¢ 03HadaeT MOHOreHHOCTb f(2) B TOuke ( OTHOCUTEBHO KPECTUKA C I[eH-
tpoM B ¢ (xpecmukom K¢ ¢ yewmpom 6 mouxe ¢ OyeM Ha3bIBATL 00beI-
HEHUE JIBYX [EePEeCEeKAIONMXCst B ¢ HEKOJUIMHEAPHBIX WHTEPBAJIOB), MPUYEM

npu z — (, 2 € A¢.

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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OJIMH W3 WHTEPBAJOB KpecTuka napaJsuieneH ocu Ox, a japyroit — ocu Oy.
J.E. MenbiioB paccmorpest Tak»ke (DyHKIMNA, MOHOI'€HHbIE B TOUKaX 00J1aCTH
OTHOCUTEJIbHO KPECTUKOB, O6€3 OrpaHnyueHnil Ha PACIoJOKeHne 06pa3yonmx
KPECTUKN WHTEPBAJIOB.

Oyukiust f(z) HASBIBACTCS ACUMNMOMUNECKY MOHOZeNHOT 6 mouke (,
eci f(z) MOHOreHHa B ( OTHOCHTEJILHO MHOXKeCTBa A¢ y KOTOPOTO TOYKA (
SIBJISIETCsE TOUKO# 1I0THOCTH (B CMbIC/Ie I0CKO# Mepbi Jlebera).

CymecrBoBanne y f(z) KOHEUHOW HEHYJIEBOI TPOU3BOHON SKBUBAJIEHT-
HO YCJIOBUSIM COXPAHEHWs YIJIOB M IOCTOsIHCTBA PACTSKEHUN 1P 0TODpa-
keuur w = f(z). DTU yCeJIOBUS MOXKHO PACCMATPHBATH IO OT/EJbHOCTH.
. E. MenbioB paccMmoTpest pyHKIMEU Y KOTOPbBIX CYIIECTBYET KOHEUHbIH 1pe-

Jie
f(z) = f(Q)
z—=C
rjae Ty — obbejunenne TPEX MONAPHO HEKOJUIMHEAPHBIX JIydeil, NCXOIAIINX
u3 Touku (. dro yeaosue J1.E. Menbiios nazsan yeaosuem K.
. E.MenbiioB JiokazaJj cjejyiolue JOoCTaTOuYHble YCJIOBUS T'0JIOMOP-
duocTH.

npu z — ¢, z € T¢,

Teopema 1 [1,2]. Henpepwenaa ¢ obaacmu G dynryua f(z) monozennasn
6 kaorcdol moure ¢ € G 6doav nexomopozo kpecmuxa K¢, asasemca 6 G
20A0MOPPHOT.

Teopema 2 |2]. Henpepuienaa 6 obaacmu G dynryua f(z) acumnmomure-
cku Monozennan 6 xaxcdoti mouke ud G, asasemes 6 G 2040MopProt.

Teopema 3 [3]. ITycmv nenpepvishasn u odnosucmnas 6 obaacmu G Pyrk-
yua f(2) 6 xaocdott moure uz G ydosaemesopaem ycaosuto K". Tozda aubo

dynruua f(2), aubo pynxyua f(z) asaaemea ¢ G- 2oromopdroii.

Kak ormermn cam 1. E. Menbmios, npumep X. Bopa dynknuu f(z) = 2
npu Imz > 0 u f(z) = Z nupu Imz < 0 nokasbiBaer, 4ro B HOC/IE/IHET
TEOpEeMe YCJIOBUE OJHOJUCTHOCTH SIBJISIETCS CYIIECTBEHHBIM. YCIOBHE OJIHO-
JMCTHOCTU HACTOJIBKO CHJILHO, HACKOJLKO 3TO BOOOHIE BO3ZMOXKHO, OCIaOWII
FO. FO. Tpoxumuyk [4], KOTOPBIil 3aMEHIIT TIPEJIIONOKEHIE 00 OJTHOJUCTHO-
CTH TIPEJINOJIOKEHIEM O TOM, 9TO B TOUKax ( obactu orobpaxenne w = f(z)
SIBJISIETCS MIPSIMBIM, T.€. COXPAHSIOIINAM HAIPABJICHUs YIVIOB BJOJbL HEKOTO-
PBIX cxojdmuxcd K ¢ nocsenosaresbuocreil. [Ipu srom, ecin orobpaxemnue
w = f(z) upsimoe, 10 Gynkuus f(z) rosoMmopdHoit ObiTh HE MOXKET.

[IpuMepnl IOKa3LIBAIOT, YTO HU B OJHOM U3 TEOpeM 1-3 MOJIHOCTHIO OTKAa-
3aThCA OT YCJIOBMSA HEIPEPBIBHOCTY Heb3s. OJIHAKO 9TO yCJIOBUE MOXKHO Cy-
mecTBeHHo ocyabutsb. st dhyukimii, yrosiaersopsiomux yeaosusaym Ko
Pumana B kitaccuueckoii popme (0jiMH 13 MHTEPBAJIOB KPECTUKA TTAPaJIIeIeH
ocu Oz, a ipyroit — ocu Oy) I I1. Tosictos |5] 3amenun ycaoBue HempepbiBHO-
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cru dyaknun yeaosuem eé orpanndenaocty, I'. X. Cunanoscekuii |6] — ycio-
suem cymmupyemocru |f(z)|, a 1. C. Tensikosekuii [7] — yciaoBuem cymmu-
pyemoctu log™ | f(2)|. Hanee [I. C. Tensikosekuii [8-10] mokazas, 4To Bo Beex
Teopemax 1-3 ycioBre HENMPEPHIBHOCTH MOXKHO 3aMEHUTH HEKOTOPHIM YCJIO-
preM cymmupyemoctr log™t | f(2)|, mpuuém B 06obImenusx Teopem 1 u 3 HaJo0-
*KenHoe ycnopue cymmupyemocti log™ | f(2)| cymecTsenno ocmabuth Hebs,
a B TEopeMe 3 BMECTO YCJOBUS OJHOJMCTHOCTH MCIOJIB3YETCs YCJIOBUE MPsi-
MU3HBI oTOOpazkenus w = f(z) n Ha pacrosoxenne Jydeil B Tpoiikax 1
HEOOXOAMMO HAJIOKUTH HEKOTOPbHIE ONPAHUYCHUS.

B nacrosimeit pabore ociabiisiercs: ycaoBue MmoHorennoctu. Ipemmosoxe-
Hue o MoHoremnoctu dbyHknuu f(z) B Toukax ( € (G OTHOCHTEIBHO MHO-
KecTB A¢ TOM MM MHO# CTPYKTYPBI 3aMEHEHO MPEJIOJIOKEHIEM O BBITIOJIHE-
HUN CJIEIYIONMX JIBYX YCJIOBHIA:

1° B KaxJ10i1 TOouKe 2 € A¢, JiexKaliieit jocTaToqHo O/1M3KO0 K ToUKe ¢, 1pu
HEKOTOPOM 3HaueHUN L BBIIOJHEHO HEPABEHCTBO

F(2) = f(Q)] < L¢|z—¢

9

2° ecsiv ipeJiest B yCJIOBUM 1° He paBeH HYJIIO, TO HAWJIYTCS CXOAITUECS
K ¢ BJIOJIb JIBYX HEKOJUTHHEAPHBIX JIydeil mocjeoBaTeibHocT Touek {2/} u
{2}, orHOCHTENIbHO KOTOPBHIX (yHKIWMs f(2) MoHOreHHa B (.

Ecmn dynknus f(z) ynoriersopsier B touke ( yciouio 1°, Gyaem ro-
Boputh, 4r0 f(2) ydosaemeopsem 6 ¢ ycaosuro Junwuya 6doav mmooce-
cmea A¢.

fcuo, aro ycmosue 1° BoinosnneHo, ecau f(z) MoHorenHa B TOUYKe ( OT-
HOCHTEJIbHO MHOXKecTBa A¢. Boinosinenne yciosus npsamusnbl Tpoxumuyka
cJieJlyeT U3 BBINOJHEHUs yCa0BUsd 2°.

[Tonydens! cienyiomue obodIeHus TeopeMm 1-3 Menbiiosa.

Teopema 1'. Ilycmo dynxyua f(z) 6 xascdott moure ¢ € G ydosaemso-
paem yeaosuro Jlunwuya 6doav nexomopozo kpecmura K¢ u yeaosuro 2°.
Ecau (log™ | f(2))P aokarvno cymmupyem 6 G npu 6cex nososcumendmolx
p < 2, mo pynruua f(z) 2onomoppna ¢ G.

Teopema 2'. ITycmv dynryus f(z) 6 xaocdoti mourxe ¢ € G ydosaemeo-
paem ycaosuro Jlunwuya ommocumenbno nexomopozo muosicecmsa Ac, y
Komopozo ¢ Aeasemcs mouxot naommocmu, u yeaosuro 2°. Ecaulog® | f(2)|
A0KaAoH0 cymmupyem 6 G, mo dynruus f(2) 20nomoppna 6 G.

st Toro, 4robbl B TeopeMe 3 ObLIO MOXKHO OCJaDUTh YCJIOBUE HElpe-
PLIBHOCTH, OyJieM IpeJiosaraThb, YTo TPoiKu jiydeil Tr ABJIAIOTCA PACTOIbI-
PEHHBIMHU, T.€. C KayKJIOH CTOPOHBbI OT JiI0OO# Npoxojsiieil yepe3 ¢ mpsimMoii
JIC2KUT 110 KpaiiHeil Mepe o OJHOMY JIydy u3 1.
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Teopema 3'. [Iycmo ¢pynxuyua f(z) 6 xaorcdoti mouxe ¢ € G ydosaemesops-
em ycaosuto Jlunwuya 6doav nexomopoti pacmonvipernot mpotixu ayyued Ty
u yeaosuro 2°. Ecau (log™ | f(2)])P soxarvno cymmupyem ¢ G npu 6cex no-
aootcumenvuoir p < 2, mo gymruua f(z) eonomoppna ¢ G.

[Ipejniosioxkenne o rom, uro dyukiust f(z) B Kaxjoit rouke ¢ yjo-
BJIETBOPSIET YCJIOBHIO JIMMIIMIA BJIOJIL COOTBETCTBYIONIEr0 MHOXKecTBa Ac,
CYIIECTBEHHO OCJAabUThH HEJNb3s. DTO TIOKA3BIBACT CJEAYIONMHA [pUMED.
[Tycts h(t) — npousBosbHast (byHKIUST THITA MOJLYJIsT HEIPEPBIBHOCTH Y KOTO-

poit # — +oo npu t \ 0. CymmecrByer Takasi HenpepbiBHasi Heud depeH-
[UpyemMasi Hi B OJ{HO# TOUKe (DYHKI[UsI gph(z) y KOTOPO# JIjist KaxK10#t TouKu (
BO BCEX TOYKAX 2 BBIMOJHEHO HepaBeHCcTBO |vn(2) — ¢n(C)| < h(|z —(]),
POU3BO/IHAsT KOTOPO# B TOUYKe ( BJIOJb HEKOTOPBIX JIBYX MOCJIE/IOBATEIHHO-
cTell, oJIHa U3 KOTOPBIX cTpeMuTcs K ¢ Biob ocu Ox, a apyras — BJIOJb
ocu Oy, paBHa HYJIIO.

B jlocTaTouHbIX yCJIOBUIT TADMOHUYHOCTH YCJOBUS HA HEIPEPBIBHOCTH CY-
mecTBerno cirabee. B pabore Temsakosekoro [11] Obuia jokazana rapMoHAY-
HOCTH (PYHKIMU U(2) JIBYX HIEPEMEHHbIX, Y/I0BJIETBOPAIONIMX ypaBHenuio Jla-
maaca, 3alMCanHoOMy B iucKpeTHol dhopme. [TosnocThio 0TKa3aThes OT yeIo-
BUs HEIIPEPBIBHOCTU B 9TOM YTBEPKJICHUN HEJIb3s1, HO JIOCTATOTHO TTPE/IITO0JIa~
TaTh, 4TO Jjisi HEKOTOPO# (byHKIWU h(t) THITa MOy HEMPEPBIBHOCTH JIJIst
KazKJIOf TOUKM ( IPU HEKOTOPOM 3HadeHuu L BO BceX TOUKax z € A; Bbl-
noseno nepasenctso |u(z) —u(C)| < Leh(|z — ¢).

BaMeruM, 9To B KaxK0il u3 reopem 1'-3' BMecTo Boinonenus ycjaopus 2°
JIOCTATOYHO TIPEJIIIoJaraTh, 9To JIJisi BCEX TOYEK O00JIACTH BJIOJb COOTBET-
CTBYIOTIUX TIocseoBaTeabaocreit {2, } u {2} cymecrByer KOHeUHbIi mpe-

f(z) = (¢
Jieqt ‘ = ¢

U, €CJIM 3TOT IIpeJieJl He PaBeH HYJII0, TO OTOOparkKeHue

w = f(z) sBasiercst MpsiMbIM B CMbICTe TpoxuMayKa.,
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O HEKOTOpPLIX TPAHCHEHAEHTHHIX YPaBHEHUIX,

Ba>KHbIX JJId MaTeMaTUn4IeCKON (1)I/IBI/IKI/I1
. B. Tuxonos, B. B. IllepctiokoB, M. Anmoxame/
(MockBa, Poccus)
ivtikh@mail.ru, shervb73@Qgmail.com, mssrmtz@Qgmail.com

O6cyxK1aroTCsi TPAHCIIEHIEHTHBIE YPABHEHUs BUIA Sinz = z u sh z = 2z, ucciaenoBa-
HUEe KOTOPBIX BocxoauT K pabore Xapau (1902). IlpuBoasiTcst yTOUHEHHBIE PE3YIbTATHI
o pacnpenenennn kopuei ma muoxkecrse C\ {0}. Ormewaerca cBsa3p ¢ Teopueil me-
abix dysknuit Tuna Mutrar-Jledbdnepa. Uurepec k Temarnke ObLT BI3BAH BOIIPOCOM
0 KPATHBIX HYJISIX OJHOM Lesioll byHKiuu nopsijka p = 1/2. Dra nocie/Hss BO3HUKIIA
73 CIEKTPAJIbHBIX COOTHOIIEHUN B OOPATHBIX 33/a9aX MATEMATHIeCKON (pU3uKu.

Karoueevie €a06a: TPAHCHEHJIEHTHBIE YDABHEHWs, DPACIHPEJEJICHNe KOPHEeH, [nesble
dyukuuu tuna Murrar-Jleddiepa, nensie dyukuuu nopsaaka 1/2, kpaTHble Hy/IH,
OOpaTHBIE 33191 MATEMATHIeCKO (PU3UKH..

Baazodaprocmu: pabora BBIIOJIHEHA IPU YACTHYHON (PUHAHCOBON momujep:kke MuH-
obpuaykn P® B pamkax peaym3anun mporpamMbl MOCKOBCKOTO IeHTpa (pyHIaMeH-
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The transcendental equations of the form sinz = z and shz = z are discussed.
Their study goes back to Hardy’s paper (1902). We present more precise results on
the distribution of roots on the set C\ {0}. A connection with the theory of entire
functions of Mittag-Leffler type is noted. Our interest in the subject was prompted by
a question on multiple zeros of one entire function of the order p = 1/2. This function
was obtained from spectral relations in inverse problems of mathematical physics.

Keywords: transcendental equations, distribution of roots, Mittag-Leffler entire
functions, entire functions of the order 1/2, multiple zeros, inverse problems of
mathematical physics..
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B 1902 r. onybamkoBana pabora [1]|, mOCBsIeHHAsT KOPHIM YDaBHEHUST
sinz = z (1)
na muoxkecrse z € C\ {0}. Tam xe, B [1], BBeEHO 06001IEHHOE ypaBHEHNE
sinz = az (2)

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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¢ mapamerpom a # 0. Ha 3a0Kennoit TeopeTnteckoii 0CHOBE MPOBOUINCDH
JaJIbHEMIIINe HCCJIe/IOBAHUS 110 YUCJIEHHOMY aHaJU3y KODHEH TPaHCIeH/IeHT-
Hpix ypasaennii (1), (2), ux obobmenuii u anagoros (cm. |2]-[7]). Ormernwm,
47O MOJOOHBIE YPABHEHUsI BOSHUKAIOT B MaTeMaTHUecKoil (hu3nke NMpu pac-
CMOTDPEHUN CTEKTPAJbHBIX 33187 MEXaHUKN CILIONHOM cpefpl (em. [8]-[11]).
Ix Takke HCHOJIB3YIOT KaK BasKHDIN MIUIIOCTPATUBHBIN MATEpPUAs B TEOPUH
nesbix dyukuuii (em. [12; c. 64-68]).
Hapsny ¢ (1) Berpedaercst «rumepbonaeckoes ypaBHEHe BU/IA

shz = z. (3)

Ucxopnas Bepeust (1) nosyuaercs uz (3) upu 3amene z Ha iz. [losromy mHo-
JKeCTBa KOPHE#i 9TUX ypaBHEHWH CBA3aHbBI TPOCTHIM TOBOPOTOM Ha, yToJ 7 /2.
[To npuuMHaM TEXHMUYECKOrO XapakTepa HaM yao0Hee ceiffuac mMernb Jeo
¢ ypasuenueM (3). Bymem paccmarpusats ero na muoxecrse z € C\ {0}.

Ormernm cHagajia dpakThl 001Iero Xapakrepa. JIerko nposepsiercsi, 9To
ypasaenue (3) He umeer Kopreit z # 0 Ha ocsix Re u Im. Tlpu srom kopHeii
OECKOHEUHO MHOI'O, ¥ OHM 00pa3yioT CUYETHBIH HADODP Ha, TJIOCKOCTHU. Y YUThI-
Basl €CTECTBEHHbIE CUMMETPUM, KOPDHU ypaBHeHusi (3) MOXKHO HPEJCTABUTD
B BUJEC

+2,, n e Z\ {0}, Z_p = Zn. (4)
3Jiech OCHOBHAsI cepusi KOpHei
L1y Ry wue 5 Ry v o (5)

paciosioxkena B nepsom kpajpanre C,p ={z=x+1iy: >0, y >0}
1 yIOPSI09YeHa IO BO3pacTanuio MoyJieil. IlonaTHo, 9To Hy2KHO TaTh OIuca-
HUE JINIIb JIJId 9TOW OCHOBHOW cepun (5)

[Ipu anasusze ypaBaenus (3) MOJE3HO YIUTHIBATH CB3b

2m

shz — 2z > z
o T G e o
m=0

¢ coorBeTcTBytomeit dpyukiueit tTuna Mwutrar-Jledpdaepa. Hamomuum, dro
3T0 KJaccuueckoe cemeiictBo (cm. [13]) obpasyior nesbie hyHKIMHI

E( C
er—1m+u) z € )

m=0

c mapamerpamu p > 0, p € C (u I-dyukuueit B suamenaresne). Tem cambim,
K MCCJIEJIOBAHUIO MHOXKeCTBa (4) MOXKHO MPUBJIEKATH ODIIIE PE3YJIbTaThl MO-
norpadun [14]. Hanpumep, u3 ykaszanuoii tam teopembr 4.3.1 ciemyer, aro
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OCHOBHasi ceprsi KOpHeil (5) JIOKAIu3yercst B MpaBoii MOJIYILIIOCKOCTH

Rez > V2 +1In(V2+1)=2.2955... . (7)

3arem, npumensisi Teopemy 2.1.1, 1ocse HECTOKHBIX BBIYUCICHUH MOJTYIUM

st OCHOBHOI#H ceputt (5) CJAEYIONYIO ACUMIITOTUICCKYIO (hOPMYJTY

7 In(4dnm) In®n
——= | +0

1
z, = In( n7r)+4n+z( T+ o Sy p

), n — oo. (8)

Dopwmymna (8) cormacyercs ¢ pesyabratom [12, ¢. 67| (ecom mepenenars oTBer
u3 Kauru [12| Ha ypasuenue (3) BMecTo pazobpaHHOro Tam ypapHenus (2)).

Ormernm O6JU3KHIiE MAOJOH aCHMITOTHKA U3 paboTsl |9] (cm. Takxe [1]),
OTKY/la M3BJIEKAeTCs MPUOIMKeHHAsA (POPMYJIa

7 2In((4n+ 1)m)

Zn =In((dn+ 1)m) + 6, + i | 2nm + = — +e€ 9
upu n € N co 3nagenusinu o, €, € R, Takumu, aro 9, — 0 un &, — 0, Ko-
raa n — 00. Ha mepsbrit B3ris 1, BapuanT (8) KayKeTcs MpoIle U JaxKe 9yTh
CHJIbHEE, HO MMEHHO npejicTasienue (9) Mo3BoJisieT BHIBECTH T10-HACTOSIIEMY
TOYHBIN PE3yJIbTaT.

Teopema 1. B gopmyase (9) daa ocnosnot cepuu (5) wopnet ypasne-
nus (3) npu ecex nomepaxr n € N deticmeyrom ouenku

2In* ((4n + 1)m) o] < 41n® ((4n + 1)m)
(4n +1)272 o (4n + 1)3 3

0<dp < (10)

Takoe coueranme dopmymnnt (9) ¢ ormenkamu (10) gaer BecbMma moJHOE
npeJicTaBjieHre O ToBejleHnn KopHeil ypasruenus (3). Kak BujuM, nToroBbiii
OTBET OKAa3bIBACTCS HEACUMNMOMUYECKUM, (HAKTHISCKH TPUMEHUMbBIM MPH
Bcex HOMepax n € N. Vkaxkem elle OJWH HEACUMIITOTUUIECKUI pe3ysbTar
HECKOJTbKO MHOTO XapaKTepa.

Teopema 2. Jlaa ypasnenus (3) paccmampusaem oCHOBHYIO CEPuI0 Kop-
net (5) 6 nepsom xeadpanme C, ={z=x+1iy: x>0, y >0}. Tozda
CNPABEINUBDL YMBEPHCIEHUS.

e Bce xopru (5) navodamea na xpusott v C Ciy ¢ ypasuenuem

y=cthzVsh’z —22 ~ y=chzr/l— a

sh? z

2

o Kopenv z, npu purcuposannom n € N nonadaem 6 obaacmo

chx —1<y<chuz, 2n7r+%<y<2n7r+g. (12)
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e Bce kopru (5) pacnososicenss 6 noAYnAOCKOCTIU
Rez > Inbm =2.7541. .. | (13)
wmo mounee npesicret oyenku (7).

[Tepeuncientbie dakTol, cBsizannbie ¢ hopmystamu (9)—(13), nosyvatorcs
AHAJUTUYCCKUM IyTeM. VX, B 1I€JI0M, JOCTATOYHO JIJIS OCHOBHBLIX IIPUJIOMKE-
Huii, ncnosnbayomux Kopan ypastenus (3) npu z € C\ {0}.

Kpome Toro, nmerorcst TabJIuibl epBbIX KopHeit ypasHenust (1), 1. e. ypas-
nenns sinz = z (cm., manpumep, |2, [8], [9]). Orcioga npu 3amene 3mate-
Huit @ + bi 3Hadenusivu b+ ai 1nosydaem 1epBble KOpHU ypaBHeHust (3).
(IMousiTHO, YTO B HAIIY JHI GOJIEE €CTECTBEHHO OOPATUTHCS K CUCTEMAM KOM-
IIBIOTEPHON MaTEMATUKHM, ¢ TIOMOIIBI0 KOTOPHIX HAXOAUTCsS JH000E PasyMHOe
KOJIMIECTBO KOPHE(l ¢ BHICOKOI CTEMEHBIO TOUHOCTH. )

Kak y»ke ormevasioch, TpaHCIeHieHTHbIe ypaBHenus Buja (1)—(3) Berpe-
qal0TCA B MareMarndeckoil ¢usuke. [lomumo mpexuux pabor [8]-[11], cs-
3aHHBIX C MEXAHUKOMN CILIOIIHOM CPe/Ibl, YKAXKeM OJHY HOBYIO CUTYAIHIO, Bbl-
3BaBIIYIO Halll 0COOBIN MHTEpeC K ypaBHeHHIO (3).

Hekoropoe Bpems Haza 1 Ipu U3y4eHnr OJHO 0bpaTHoil 3a1aun s abc-
TPAaKTHOIO JnddepeHIaIbHOro ypaBHeH st Broporo nopsijka (cm. [15], [16])
BO3HUK BOIPOC O HYJISIX 3JEMEHTApHON 1esIoi (hyHKImMn

H()\):H()\;p):%sthrpchg (14)

nepementoit A € C nopsizika p = 1/2 ¢ napamerpom p € C\ {0}. 3eco,
KpoMe OOIIEero MCCIeI0Banus HyJeil, TpebOBalIOCh y3HATDL, CYMIECTBYIOT JIH
snauennsi p € C\ {0}, npu koropbix nenas dyuxnus (14) nmeer KpaTHbie
myau. HeeMOTpst Ha BHEIIHIOI OJHOPOJAHOCTL KOHCTPYKIUHN TI0 TAPAMETPY P,
CATyallusl ¢ KpATHBIMEU HYJISIMU OKA3a/1aCh BEChbMa HEOPJAUHAPHOI.

Kak BbIsICHMJIOCH, NPakTHYecKu Beerja Bee Hysnn ynkipn (14) sisi-
IOTCS IIPOCTBIMEU, HO, B TO K€ BPEMs#, CYIIECTBYET CUETHOE MHOXKECTBO HC-
KJIFOUMTEJIbHBIX 3HAYCHUIT P = P, PU KaxKJOM U3 KOTOpbIX dyHKims (14)
obJIaaeT emme ¥ OJHUM HyJIeM KpaTHOCTH JBa. OKOHUATEIbHLIA pe3ysbTar
dbopMyJIpyeTcst B TepMHUHAX KOpHE#t ypaBHenus (3), MOMajatonyuxX B paByo
Oy ILIOCKOCTL Re z > 0. Hy»kHoe HOIMHOXKECTBO KOpHEH MOJydaeTcs U3
ocHoBHO# cepuu (5) B hopme 2z = z, npu n € Z \ {0}, tne z_, = Z,.

Teopema 3. Paccmampusaem ueayrto gymuxyuro H(X;p) euda (14) ¢ na-
pamempom p € C\ {0}. Onpedesum cuemmoe muoscecmeo anavenud

2

B 7\ {0 W=D, 15
———  neZ\{0}.  p.=h, (15)

Pn =
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ede z, — xopuu ypasuenua (3), nonadarowue 6 noaynaockocms Rez > 0.
Tozda cnpasedausvl ymeepotcdenu.

o [Ipu xasicdom p € C\ {0}, ne sxodawem 6 mmoocecmeo (15), yenas
pynkyua H(N;p) umeem moavko npocmuvie nyau.

e [Ipu wasicdom p = p, u3 muoscecmea (15) ¢ svbpanmvim 3navenuem
Kopha 2z, ueaasn ynkuus H(N;p,), nomumo beckoneurnozo wucaa npo-
cmls HyAetl, umeem 6 mounocmu 00un Kpammul Hyab A = 22 Kpam-
Hocmu dea.

Hobasum ere, uro npu n € N Bce 3Hauenust p,, u3 dhopmyisl (15) moma-
JIAIOT B IIPSIMOYTOJBLHUK

—0.11 < Rep < 0, 0 <Imp<0.22, (16)

npudem p, — 0 1npu n — oo. I'panunpr (16) BMecTe ¢ n300pakeHUeM 110-
CJIEZIOBATEILHOCTH P, HETPYIHO HOJYUUTH KOMILIOTEPHLIMU PACUETaMU.
Teopema 3 nose3Ha MPU MOCTPOCHNUH TPUCOETMHEHHDBIX 3JIEMEHTAPHBIX Pe-
IIIeHUIl UCXOIHON 0OpaTHO 332Ul B HEKOTOPBIX CHEIUAJbHBIX CHUTYAIHSIX
(em. 3amerky M. Anmvoxamena u V. B. Tuxonosa B nacrosimeM cOOpHUKE).
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VIIK 517.518.82

O rnoseaeceHmnmm 1oJINMHOMOB KaHTOpOBI/I‘Ia Ha

KOMILJIEKCHOM IJIOCKOCTU B MOAEJIbBHOM
IIpuMepe CUMMETPUYHOTO MOILYJIsI!
. B. Tuxosos, B. b. IllepcTiokos, 1. B. OkopoukoB
(Mocksa, Poccus)
ivtikh@mail.ru, shervb73@gmail.com, ivan.okorochkov@yandex.ru

Kax u3BecTHO, ONUH U3 COMEPKATENBHBIX PA3IETIOB KOHCTPYKTUBHOTO AHAIU3A CBs-
3aH C M3YYEHHEM MOJTMHOMOB, ANMPOKCHMUPYIOMIUX MPOCThIE HETJIAJKue (DYHKIHH.
B macrosmieit 3amMerke gaH KpaTkuil 0630p HAIMX HEJABHUX PE3YIHTATOB O MOBE/IE-
uun Ha mrockoctu C monmmaomoB KaHTOpOBHYA, B3ATHIX OT CHUMMETPUYHOTO MOILYJIS.
VKa3zaHO TOYHOE MHOXKECTBO CXOIWMOCTH TAKUX TOJUHOMOB W HAJEHA WX CKOPOCTh
CXOIMMOCTH K COOTBETCTBYIOIIEN npenenbHoil hyHkimu. OTaeasHo 00Cy K IAeTCst BO-
mpoc pacmpeenenus: wHyneir nonmuaomos Kanroposuda. LleHTpambHyIO poibh B UCCIe-
JOBaHWHM Arpaer cueruduka mopoxaatomieil GyHknmm, O1arogaps KOTOpoil yaaercs
YCTAQHOBUTH NPSAMYIO CBS3b MeXIy mojgmHOMamu KaunTopoBwda um 0oJjiee MPOCTHIMU
nojrHOMaMu bepHireitna.

Kaouesnie caosa: nonunombl KanropoBuda, mouHOMBI BepHInTeiina, CHMMEeTPHUIHbIIH
MOJTYJTh, CXOUMOCTH Ha KOMTIJIEKCHOW TIJIOCKOCTH, CKOPOCTh CXOIWMOCTH, PACTpe/ie-
JIeHue HyJeil.

On the behavior of Kantorovich polynomials
on the complex plane in a model example of a

symmetric module function'
I. V. Tikhonov, V. B. Sherstyukov, I. V. Okorochkov
(Moscow, Russia)
ivtikh@mail.ru, shervb73@gmail.com, ivan.okorochkov@yandex.ru

The question of approximation of simple continuous non-smooth functions by classical
systems of polynomials plays a special role in the constructive analysis. The note gives
a short review of our recent results on the behavior of Kantorovich polynomials on C
for a symmetric module function. The exact set of convergence of such polynomials
is indicated, and the rate of convergence to the corresponding limit function is found.
The problem of the distribution of zeros of Kantorovich polynomials is discussed. The
central role in the study is played by the specificity of the generating function, which
allows to establish a direct connection between Kantorovich polynomials and simpler
Bernstein polynomials.

Keywords: Kantorovich polynomials, Bernstein polynomials, symmetric module
function, convergence on the complex plane, rate of convergence, distribution of zeros.

Bosbmem cranjjapribiii orpesok [0, 1] u Ha HeM CUMMETPUYHBIH MOJLYJIb
f@) =22 —1], z¢€[0,1] 1)
Paccmorpum nosinnoMbl Bephinreiina

B2 =30 1 (B chara— oy 2)
=0

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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¢ aymepanueit n € N u nomunombl KanToposnua

(k+1)/(n+1)

Ko(f,2z)=(n+1 Z / wydu - CH2F(1—2)"*  (3)

/(n+1)

¢ uymepanueit n € Ng =N U {0}. Buecn C’fi — 00ObIYHBbIE OMHOMUAJILHBIE KO-
apdunmentsl. [lepemennyio z cantaeMm KoMILIeKcHO#E. OBIIY0 TEOPHUIO MO~
HOMOB Bepmrmireiina u nekoropbie 6a30Bble CBEJIEHUsT 0 MoaruHOMax KanTopo-
Brda cM. B [1]-]3]. Ucnomssyem ceitaac onpenenenns (2), (3) mpuMeHHTETHHO
K KOHKDETHOI mopox paforieil dyukiuu (1) — MojebHOMY TIpEMEpY B TEO-
PUHU AIITPOKCUMALMH,

[Tosmmnombr Bepuinreitna juist Gynkiun (1) usydenst B paborax [4]-8].
UccneoBanme cOOTBETCTBYIOMUX TOJIUHOMOB KaHTOPOBHYA TOJHKO HAUMHA~
ercsi. [IpuBejiemM xapakrepHbie pe3ysibTaThl O HoBeeHun 1oauHomMoB K, (f, z)
ra 1ockoctr C, oCHOBaHHBIE Ha CIENUATHHON CBSI3M MEXKLy MOJMHOMAMHE
Beprmreitna n Kanroposuwa nipn Beibope f(x) = |22 — 1].

Hanomuuwm (cem. [4], [5]), uro nosmuoMbr Beprireiina o cuMMeTpuaHOro
MOJLYJIsT ODJIAJIAIOT CJIEYIONM CBOHCTBOM MOMAPHOTO CKJICHBAHKS

BZm(faz) :B2m+1(f7z)7 m € N.

st monmnomon KanTopoBuda mpsMOro aHajaora TaKoro CBOWCTBa HET: 3/1€Ch
BO3HUKAIOT jiBe ceputt Koy, (f, 2) u Kopy1(f, 2), HO-pasHOMy BhIpaskaroImecst
Yepes MOJUHOMBI BepHInTeitna.

Teopema 1. /lna gynryuu f(x) = |22 —1|, 63amoti na [0, 1], noaunomo
Beprwmetina u Kanmoposuua c643a1v, cOOMHOWEHUAMU

Kon(f,2) = 1 Boyi1(f, z) + 5@m + 1) 27O (42(1 = 2))
2m + 1
Komi1(f, 2) = D— Boms1(f, 2),

deticmeyrouwumu npu ecex m € Ny.

Ucrionb3yst ganHoe yTBEPXKIEHNE BMECTE ¢ U3BECTHBIMU CBOWCTBAMU I10-
auHOMOB BepHirTeiina, MoxHO B ipuMepe (1) BechMa MOJHO OXapaKTepu3o-
BaTh IOBeJIeHNE TTOJTMHOMOB KanTopoBrda Ha KOMILJIEKCHOH IIJIOCKOCTH.

Teopema 2. /las dpynxyuu f(x) = |20 — 1|, 63amoti na [0, 1], nocaedo-
samenvrocmo K, (f,z) npu n — 0o crodumca pasnomepno ma komnaxme

D={z€C: |[42(1—-2)| < 1} (4)
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K ynruuu
1 -2z, ze Dy=DnN{Rez<1/2}, (5)
22—1, z€ Dy=DnN{Rez>1/2}.

Bo snewnux moukax z € C\ D nocaedosameavrnocms K, (f, z) pacxodumea
npu n — 00, MouHee, HE3ABUCUMO PACTOOAMCH 00e nodnocaedosamesvro-

cmu Kop (f,2) u Kopy1(f, 2).

MuoxecrBo (4) HasbiBaeTcst Komnakmom Kanmoposuwa — oHO Takoe xe,
KaK MHOXKECTBO CXOJMMOCTH TOJUHOMOB Bepmmrreiina (2) B mpumepe (1)
(em. [7],[8])- Onnako xapakrep cxogumocty nosnaoMoB Bepuireiina n Kan-
TOpOBUYA K OOIIEi mpeiebaoil Gyukiuu (5) Oymer cymnecTBeHHO PA3HbIM.

Kax mokasplBaloT MCCIEI0BaHMs, JIUIS HOJMHOMOB BepHinreiina ma Mpo-
x)ecrse D HaJlo pasiinyaTh TPy ciaydasi: a) B 0coboii Touke z = 1/2 ckopocTh
CXOJUMOCTH HHU3KAsl, CTEIeHHAs, Hopsaaka n~ /% 6) B APYrEX MpaHHYHBIX
ToYKax u3 MHOXKecTBa |42(1 — z)| = 1 ckopocth cxomuMocTy 6oJiee BhICOKas,
nopsiika. n /%5 B) Bo BHyTpeHHuX Touxax u3 D, T.e. npu |[4z(1 — 2)| < 1,
CKOPOCTh CXOJMMOCTH SKCIOHeHIabHas, nopsaika n /% |[4z(1 — 2)|* (3a
HEKOTOPBIMU 110JPOOHOCTIIMU Mbl OTCbliaeM K [7],[8]).

g nomuaomoB KanTopoBrnda mojydaeM Takoe yTBEp:KJICHHE.

p(z) =

Teopema 3. B cumyauyuu meopemv. 2 60 6cex mouxaxr z € D\ {1/2}
CNPaAcedAUBa aCUMNMOMUKG YRAOHEHUA NoAunomos Kanwmoposuwa om ux
npedeavrotl GyHrUUU

Kulf,2) = 9(z) ~ —— glz), n— oo (6)

B ocoboti mouke z = 1/2 deticmeyem boaee medaennod cmenennotd 3axon

Kn(f,1/2) = o(1/2) = Ku(f,1/2) ~ \/% n — o0. (7)

Acumnirornueckue dbopmyibl (6), (7) gator obiiee mpejcTaBieHue o ¢xo-
aumoctu nosimHomMoB KanropoBuua ma koMmmnakTe D U JIOMYCKAIOT JaJibHEdi-
e yrounenus. OTMETHM, B YaACTHOCTH, 9TO BaxKHbie 3uadenus K, (f,1/2)
13 opmyiibl (7) HAXOJATC B IBHOM BHJIE:

dm + 1

m 2—2m Cgbn; K2m+1(f7 1/2) = 2_2m_2 0%1—4-127 (8)

KQWL(f? 1/2) -

rie m € Ny. Coorrorenusi (8) Jierko cJie/ytor u3 TeopeMbl 1 ¢ yderom Toro,
a0 Bopmi1(f,1/2) = 272 C nipn m € N.
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OTnenbHbIil HHTEPEC MPEeICTABIAET BOIPOC PACIIPEICICHI HyJIel MOJTh-
rnomon Kanropouda. YKaxkeM 3j1eCh CJIeJYIONMil OTIIPABHON pPe3yJsibrart.

Teopema 4. Jlaa ¢ynruyuu f(x) = |20 — 1|, 6zamot na [0, 1], ece ny-
au noauromos Ky (f,z) npun > 2 asaatomea npocmuimu u pacnosodiceni
ene komnaxma D usz gopmyav, (4). Horunomv Ko(f,z) u Ki(f,z) mooicde-
cmeenno pasno, koncmanme 1/2 u wyaed ne umerom.

JlokazaTe/bCTBO JIAHHOIO YTBEP:K AeHIsI OCHOBAHO Ha TeopeMe 1 U HeKOTo-
PbIX M3BECTHBIX pe3yJibratax o HyJsax nojnaomon Beprireiina (cm. [6], [7]).

OTmernM, 9TO TEOpHsl paclpejeeHns Hyjeil MOoJMHOMOB BepHinreiina
Oblta WHUIIMKMPOBaHa paboroil [9] u cymecrBenno passura B [10]-[12]. Ecrs
OCHOBAHMS 1OJIAIATH, YTO MHOTHE IIPEXKHUE TOJXO/bI JIOIYCKAIOT EPEHOC Ha
nosmHoMbl Kanroposuya.
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repa L, = —d?/dx? + cx® B Ly(Ry) ¢ Kpaesbim ycaosueM JIupuxJie MOTHA TIPH BCEX
e large| < 2ma/(a+ 2) + At(a) anst mexkoroporo At(a) > 0.
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For a@ € (0,2) the system of eigenfunctions of the complex Schrédinger operator
L. = —d?/dx? + cx® in Ly(Ry) with the Dirichlet boundary conditions is complete
for all ¢: |argc| < 2w /(o + 2) + At(«) with some At(a) > 0.
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Paccmarpusaercst oniepaTop

d2
Leo= o3 + cx“
B Lo(Ry) ¢ rpanmanbim yeaosuem lupuxite pu ¢ € C, |arge| < m, a > 0.

Omneparop Ec’a uMeeT KOMIIAKTHBIM 00paTHbIi, CIIEKTD ero JUCKPETHbIH,
KOPHEBBIE TIOJIIIPOCTPAHCTBA OJJHOMEPHBI [1].

[Ipu 0 < |arge| < 7w on He caMoconpsiKEH, Oojiee TOro, obyIaJlaeT IJI0-
XVMHU CIHEKTPAJLHLIMY CBOMCTBAMU: HOPMa PE30JIbBEHTHI SKCIIOHCHIIAILHO
pacTéT NpH yjaJeHun OT CleKTpa [2|; pacryT HOPMbI ClIEKTPAJbLHBIX TIPOEK-
TopoB [3]. B 9TuX yenoBusx omnepatop He MOXKET OBITEH TTOJOOHBIM CAMOCOTIPSI-
KEHHOMY, ero cobcTBeHHble (DyHKINN He 00padyior Oasuca Pucca B Lo(R, ).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Tem He MeHee, BOIPOC MOJHOTHI €r0 CUCTEMbI COOCTBEHHbIX (bYHKIHI (¢.C.(.)
B Lo(R,), BoOOIIE rOBODSI, OTKPBHIT.

st « > 2 3agaqa o nognotre c.c.d. L., BHONHE uccieoBana |2, 4]:
cucreMa nosina nipu Beex ¢ € C: |argc| < 7.

[Ipu a € (0, 2) mosroTa MoKazana juis | arg ¢| < to(a) = 2ra/(a+2) [4].
B 1o xke Bpewms, npu to(a) < |argc| < m BOUPOC HOYTU HE U3YUEH, TAK KaK
SIBJISIETCSI TOPas3/i0 bosiee cJIoxKHOM 3aadeil. CoOOTBETCTBYIOINE apryMEeHThI
HpUBOJATCH B paborax [1,4].

Hawm yjiasioch Jjlokazarh JloKa3arh HOJHOTY CUCTEMbl COOCTBEHHbBIX (DYHK-
it mpu OoJiee CIadbIX YCJIOBUIX Ha arg cC.

Cdhopmynnpyem 0CHOBHOM pe3ysiabrarT pabOTHhI.

st kommiekennbix ancen ¢ = |(|e! 8¢, —7 < arg ¢ < 7 1 BeleCTBEHHBIX
B3, gepes (P Gynem obosnadaTsh raasmyio sersn: (¥ = [([Felf 8¢,

Hns 6 € [to(a), m) N [to(a), mar), mosmoxkum

() = elol@=0/a  7(9) = (sinty(a)/ sin 6)Y,

1 orpejie/inM (PYyHKIUIO

Zo(0) Co(0)
p(0) = Re { / \/eiGCa — eito(0) J¢ — 2 / \/eiﬁga _ eito() dC} _
0 0
Zo(0) Go(0)
— Re { / \/eiGCa — eito(e) g¢ — / \/eiQCa _ eito(a) dC})

Co(0) 0

rJle MHTErPUPOBaHKE BEJIETCs 110 OTPE3KaM, a BETBU KODPHsI BbIOpaHa Tak,
4TOOBI

Zo(0) ()
Re / Velco —eit@) d¢ >0, Re / Veltco — eitol@) d¢ > 0.
0 0

Teopema 1. /laa awobozo o € (0,2) dynxyua p(0) umeem eduncmeen-
noitli Hoav Og(a) enympu unmepesana: (to(a), ) N (to(a), Tar)

Oo(ar) = to(a) + At(ar), At(a) > 0.

Qynruua Oy(a) nenpepuena npu o € (0, 2).
Ipu |arg c| < Oy(a) c.c.¢p. onepamopa L. noana 6 Ly(Ry).
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cjIegHee BpeMd.
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BBenenne

KauecrBennasi Teopus gudpepeHnnaabHbIX ypPaBHEHUN MCIOJIb30BaHA JIJIsd
aHaJIMN3a MaTeMaTHuIecKux Mojeseil crarnmoHapHoil auddy3un HepaBHOBEC-
HBIX HEOCHOBHBIX Hocutesedl 3apsga (HH3), remepupoBaHHBIX MHPOKHM
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9JEKTPOHHBIM TIyYKOM B OJHOPOJIHBIX W MHOTOCJIOHHBIX TOJIYITPOBOIHUKO-
BBIX MaTepuaJax. Vcrnoap30Banme MupOKUX SJEKTPOHHBIX Y TKOB TO3BOJISET
CBECTHU 9TH 3aJa9W K OJHOMEPHBIM W OMUCATH 9TU MaTEMaTHIECKUE MOJIEITH
OOBIKHOBEHHBIMU JInpepeHInaJbHbIMU yPaBHEHUsIMU. PaHee BOIIPOCHI KO-
JIMIECTBEHHON OIeHKN (DYHKIHOHAJILHBIX 3aBucHMOcTeil [1,2], B Halem ciy-
Jae, BJAUSHUSA BHEIIHEro Bo3jeicTBusd Ha pacnpejenenne HH3 B pesynbra-
e ux juddy3un B MOJYITPOBOJHUKE, B COUCTAHUU ¢ PACCMOTPEHUEM €JIMH-
CTBEHHOCTH peleHus audepeHuaabHbIX ypaBHEHH TermnJIoMacconepenoca
1 KOPPEKTHOCTH UCIOJIB3YEMbIX MATEMATHICCKIX MOJIEIEH pAaCCMaTPUBAJINCH
BecbMa pejiko. Hanbostee moapoObHO Takue 3a/1a91 pacCMaTPUBAJIUCH JIJIS OCT-
PO ¢hOKYCUPOBAHHBIX T1yUKOB [3,4]: MojempoBaiacs HecTanuonapaas Jaud-
Jy3us vepaBnoBecuabix HH3 B MeTO/Ie BpeMANPOIETHOM KATO0TIOMUHECTICH-
I[MU TTOJIyTTPOBOIHUKOB, MPOBOINIACH OIEHKA, BINSTHUST W3MEHEHN BO BHETI-
HeM BosjielicTBumn Ha pactpejeneaune HH3 u jjokazaresibcTBo KOPPEKTHOCTH
paccmaTpuBaemMoii Mojiesn. OJTHAKO JIJIsi MUPOKUX SJIEKTPOHHBIX MYUYKOB KO-
JINIECTBEHHBIN aHaJ U3 MOI00HBIX 3a/1a9 paHee He MPOBOJNIICS, MOXKAJIYH, 3a
UCKJIIOUEHNEM pacCMOTpeHUsl HeKOTOpbIX aciekTos jauddy3un HH3 B onno-
POJIHOM 1101y IPOBOHUKOBON Mutienu [5]. Uro kacaercs puddysun HH3 B
MHOTOCJIONHBIX TJTAHAPHBIX CTPYKTYpPaX, TO JIJIsT TAKUX OOBHEKTOB 00CYXK1a-
JIUCH JIUIIH HEKOTOPbIE BO3BMOXKHOCTH Ka9eCTBEHHOrO aHaau3a [6,7].

ITocTanoBka 3aga4n

B nacrosiimeii pabore MeToJjlaMu MaTeMaTHIeCcKOro MOJIEJNPOBAHUST TPOI0JI-
JKeHbI uccaeoBafus Jud@y3uoHHBIX POIECCOB, ODYCIOBIEHHBIX B3aUMO-
JIECTBUEM TITUPOKUX JIEKTPOHHBIX MTYYKOB ¢ TOypoBogaruKamu. OQbbhekTa-
MU U3YYEHUsI SIBJISIOTCS MaTeMaTUIeCKAe MOJIENH, OMUCHIBAIOIINAE MPOIECCH
quddysun HepapHoBecHbiX HH3, remepupoBaHHBIX IIMPOKUM IIyIKOM KH-
JIOBOJIBTHBIX 3JIEKTPOHOB B OJIHOPO/IHBIX MaTepuaJiax 8,9 u MHOrOCIOHbIX
IJIAHAPHBIX CTPYKTYPAX € MPOU3BOJIBHBIM duCIOM ¢ioes |6,7]. OcroBHOE BHU-
MaHWe YJIEJSII0Ch BIWSHUAIO NPaBoii YacTu auddepeHnajibHbIX ypaBHEHNH,
dbyuxiun Bo3oyxenns HH3 p(z), na permenus auddepeHnuaabHbIX ypas-
wennit quddysun Ap(z), onuceiBaionux pactpejenerust 1pohuddyHmpo-
BaBIINX HepaBHOBecHbIX HH3.

OcHoBHBIE pe3yJabTaThl

st paccmaTpuBaeMbiX MaTeMaTundeckux mojeneit quddysun HH3 B ommo-
POJIHBIX OJIYTPOBOJIHUKOBBIX Marepuasiax [8,9] u jiyjist MHOIOCJIOUHBIX MOy~
IPOBOJIHUKOBBIX TJIAHAPHBIX CTPYKTYP € MPOU3BOJBHBIM THUCJIOM CJi0eB |6, 7]
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I[IOJIYY€HbI CJIEAYIOIIKUE OLEHKU: €CJIN

[p2(2) = p1(2)] < e,

10 Vz € [0, 00)

[Apa(2) — Api(2)] < eC,

e C' = const, 3aBucsimast or Buja u KoadgduimenTos guddepennnaibHoro
ypaBHEHHUs, JIEKTPOMDU3NIECKUX [TapAMETPOB II0JYIPOBOTHUKOBON MUIIICHH.
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2]
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4]

[5]
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Yci0Bud CyIIeCTBOBAHUA HETPUBUAJIbHBIX
PelIeHnT HOJIYJINHENHBIX SJJINIITHYECKNX
ypPaBHEHNII HA HEKOMIAKTHBbIX PUMAaHOBBIX

MHOT000pa3msIx!
B. B. ®unaros (Boarorpazn, Poccus)
filatov@volsu.ru

B pabore uccienytorcs penienus nosysnuneiinoro ypasaenus Au — ud(|u]) = 0 na
HEKOMTIAKTHBIX PUMAHOBBIX MHOroobpaswuii. Bremeno mousitme dyuknun JInysusisa
ACCOIMUPOBAHHON € TOJIYJTUHEHHBIM ypaBHeHWeM, (DYHKIUU JIMyBUIISA BHEITHOCTH
KOMIIaKTa, éMKOCTHOIO TOTEHIHAJIa KOMMakTa. /loKa3aHo, 4TO W3 PABEHCTBA, HYJIIO
dbyuknun JIluyBunns ciaemyer paBeHCTBO (GyHKIUU JIMyBUIIS BHEITHOCTA KOMIIAKTA
W éMKOCTHOTO TOTEHITHAJIA.

Karouesvie cao6a: 3mAnTUYECKHE YPABHEHNUsI, EMKOCTHBIE METO/Ibl, PHMAHOBBI MHO-
roobpasus, dbyHknus JIuyBuwis.

Baazodaprocmu: pabora sbinosinena npu dbunancosoit noguepxke POOU (mpoekr
Ne 20-31-90110).

Conditions for the existence of nontrivial
solutions of semilinear elliptic equations of

non-compact Riemannian manifolds!
V. V. Filatov (Volgograd, Russia)
filatov@volsu.ru

This paper investigates solutions of the semilinear equation Au — ug(Ju|) = 0 on
non-compact Riemannian manifolds. The concept of the Liouville function associated
with a semilinear equation, the Liouville function of the exterior of a compact set,
and the capacitive potential of a compact set are introduced. It is proved that the
equality of the Liouville function to zero implies the equality of the Liouville function
of the exterior of the compact and the capacitive potential.

Keywords: elliptic equations, capacitive methods, Riemannian manifolds, Liouville
function.
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BBenenne

Hannas paboTa MocBdIeHa UCCIeIOBAHIIO CBOMCTB OTpaHUIEHHBIX pelleHuit
[OJIYJINHENHBIX JINIITUYICCKUX YPaBHEHUN

Au — ug(Juf) = 0 1)
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Ha I[IPOU3BOJILHBIX HEKOMIIAKTHBIX PUMaHOBBIX MHOrooopasusax. IIpemmosia-
raercs, 410 (&) > 0,& € R - MOHOTOHHO HEYObIBAIOIIAST, HEIPEPBIBHO Ju-
depenrupyemast GyHKIHA. A UMEHHO, IOJYyYeHbl YCJIOBUS CYIIECTBOBAHUSI
HETPUBUAJBHBIX OPPAHMYEHHbIX pereHuii ypasaenus (1).

VcTtokn JaHHON TeMaTHKH BOCXONAT K KJACCH(DUKAIIMOHHONR TeOpHUH
HEKOMIIAKTHBIX PHUMaHOBBIX MHOroobpasuii. Teopema 00 yHudopmuanuun
YyTBEP:K/IaeT, 9TO BCsKasl OJIHOCBSI3HAST PUMAHOBA MOBEPXHOCTH KOH(MOPMHO
SKBHUBAJICHTHA OJHON M3 CJIEJYIONUX MOJIEIbHBIX [TOBEPXHOCTEI!:

e cdepe (MOBEPXHOCTH JJIUIITHIECKOTO TUTIA);
® KOMILIEKCHOIH TJIOCKOCTH ([MOBEPXHOCTH MapabOJMIecKOro TUIIA,);

® CAMHUYIHOMY IUCKY (HOBerHOCTb I’I/IHep6OJII/I‘{eCKOI'O TI/IHa).

OTImIuTe/IbHBIM CBOWCTBOM IIOBEPXHOCTEH IapaboImiecKoro THIIA, ABJIACTCA
BBIIIOJTHEHUEM Ha HUX Teopembl Tuna JInysuiis. V3BecTHO, 94TO Ha 1OBEPX-
HOCTH [1apabOIMIECKOr0 THUIIA BCAKAs MOJOXKUTEIbHAs CylleprapMOHUIECKasT
pyHKIMS SBJISIETCS TOXKJIECTBEHHON 110CTOsTHHOM. JlaHHOe CcBONCTBO 1OBEpX-
HOCTeil mapabouIecKoro THIIA MOCJIYXKIJIO0 OCHOBOM JIJIsSI pacIpOCTpPaHEHUSI
MOHSATHS MapabOJIUIHOCTH Ha PUMAHOBHI MHOTO0OPa3WsT Pa3MEPHOCTH BHITIE
JIBYX. A IMEHHO, TOBOPSIT UTO MHOroOOpasue M nMeer mapabOInIecKmil THII,
eCJIU BCsIKas OrpaHuYIeHHast CHU3Y cyleprapMoHnyeckas GpyHkius Ha M ecTb
TOXKJIECTBEHHAs TTOCTOSTHHAS .

Ocobyto 3pHeKTUBHOCTD B OIIPEJIe/IEHUN THIIA PUMAHOBBIX MHOI000pa3uii
nokasaJia éMkocTHas rexuuka cM. Hanp [1-3]. A.A. T'puropbsinom B pabo-
Te [4] 6bLTO OKA3aHO, UTO MApabOJUIHOCTD TUITA PEMAHOBA MHOT00Opa3ust
9KBHUBAJIEHTHA TOMY, YTO BapUAIIMOHHAS EMKOCTh BCSIKOTO (HEKOTOPOTO) KOM-
aKTa paBHa HYJIIO.

OueBuiHO, YTO KJaacCu(PUKAIMOHHAS TEOPUsST PUMAHOBBIX MHOT00Opa3uit
eCTECTBEHHBIM 00pa30M IPUBOJMT K TeopemaMm Tuna JInysusis. Canraioiia-
sICsL KJIACCUIECKON (pOPMYTUPOBKa TeopeMbl JIMyBuUJ/LIs yTBEpXKaeT, 9To B
R™ Besikasi orpaHUYeHHas] TapMOHUYECKast (DYHKIUS STBIISIETCS TOXK JIECTBEH-
HOW TTOCTOAHHOM.

B nacrosiiiiee Bpemsi OCyIIECTBIISIETCS CJICAYIONUI MOIX0 K TeopeMaM
tuna JInysusas. [Iycts Ha puManoBom MHOTOOOpasuu M 3ajaH HEKOTOPDIi
kaacc pyarmuit A u saaunrraeckuit oneparop L, rosopsit, uto Ha M BbI-
nosineHo (A, L) - JinyBujuIeBO CBOHCTBO, €CJIM BCSKOE DELICHUE yDaBHEHUsE
Lu = 0 u3 kiacca A TpuBHaIbLHO.

JlanHo#l TeMaTuKe MOCBSAIIEHO OIPOMHOE KOojimdecTBo pabor [5-T7], pac-
CMATPUBAIOTCS KAK PA3IUIHbIC KIACChl A (OrpaHuYeHHbIE, UMEIOIHHA KOHEU-
HbIIl MHTErpaJs SHEPIUuK, CyMMUPYEMbIe, MOJOKUTEIbHBIE U T.JI.) TaK U pas3-
JINUHBIE SJIIANITUYIECKNE YPaBHEHUsI, HallpUMep:
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e ypasuenue Jlamraca Au = 0;
e crannonaproe ypasuenne pénuarepa Au — c(x)u = 0;
e 1oJy/IMHeliHbIe Ui THaeckue ypashenusi Au — g(x, u) = 0.

[Tpusejiém nekoropsbie npumepbl. A. A. T'puropbsinom B pabore [1] ¢ nomo-
IBIO TIOHATHA MACCUBHBLIX MHOXKECTB ObLIa IIOJIyYeHa OIEHKA Pa3sMEPHOCTH
IIPOCTPAHCTB OrPAHUYEHHDBIX TAPMOHUYECKNX (DYHKIHIA.

[Tosxke ¢ momorpio moHsATHS ¢(T) - MAaCCHBHBIX MHOXKECTB B DaboTe
A.A. T'puropssna u A.T. Jlocesa 8| Oblia mosytueHa orneHKa pazMepHOCTH
IIPOCTPAHCTB OrPAHMYCHHBIX pellenuil cranuonapioro ypasuenus LIpéaun-
repa.

B pabore A.T. Jlocesa, B. B. ®uiarosa [9] 66110 0Ka3aHO, 9TO HA MHO-
roobpasuu CyIecTByeT HeTPUBUAJILHOE ONPAHMYEHHOE PEIIeHUE MOJIY/IMHEH-
woro ypasaenust Lu = Au — g(z,u) = 0 Torja u TOJIBKO TOTA, KOTJIa HA
MHOIrOOOpasuu CymecTByer L - MacCUBHOE MOAMHOXKECTRO.

B pabore E.A. Mazenst [10] jokazano, 4ro Ha MHOrOOOpasuu Cylile-
CTBYIOT HETPUBUAJILHLIC ONPAHUYICHHBIC PEIICHUs TOJIYJINHEHHOr0 ypaBHeHUsI
Au — g(x,u) = 0 Torga M TOJIHKO TOTJA, KOTJIa HA MHOrOOODaswu CyIie-
CTBYeT HETPUBUAJILHBIC OTPAHNYCHHLIC PElleHNs CTAIMOHAPHOTO YPaBHEHMUSI
Ipémuarepa Au —u = 0.

[enbro jlaHHO pabOTHI SIBJISETCS TMOJyUYEHUE YCJIOBUN CYIIECTBOBAHUS
HETPUBUAJIbHBIX OTPAHUIEHHBIX PEIIeHuil ToyanHeiinoro ypasuenus (1).

YciaoBugd CyIeCTBOBAaHWIT HETPUBUAJIBHBIX OrPAaHUYEH-
HbIX PENIEHU MOJIYJIMHENHOTO YpPaBHEHUSA

[Iycts M - npon3BoJbHOE HEKOMIIAKTHOE PUMAaHOBO MHOTr0OOpasue, B - KoM-

nakt B M, {B;} - rnagkoe ucuyepnanue M TO eCcTb MOC/IEI0BATEIHLHOCTD
o0

IPEJIKOMIIAK THBIX OTKPbIThIX MHOXKECTB, Takux uro |J By = M, By, C Bjy1.
k=1
Paccmorpum nociieioaresibHocts perennii 3ajau Hupuxse B By \ B:

Lhy, = Ahg — hio(|hi]) = 0, hilop = 1, hilop, = 1. HocaenoBarenbHoCTh
{hi}32 B cruty npunnuma MakCEMyMa sIBJISETCs yObIBAONIEil 1 OrpaHuIeH-
noii. Ilpenenbuyto dyakiuio hg = lim hy Oynem HasbiBaTh pyHKIWMER JIn-
YBUJLJIST BHEITHOCTH KOMITAKTA. hoe

Anasioruuano, npejeabuyo (pyHKIMIO M0CJIE/I0BATEILHOCTH PeIeHri 3a-
naa Hupuxne B By \ B: Lsy = Asy — hiod(|sk|) = 0, sklop = 1, sklop, = 0
OyJjieM Ha3bIBaTh 6MKOCTHBLIM IIOTEHIIMAIOM KoMIakTa B u obo3nadarh Sg.

[Ipegenbnyio GyHKINIO TOCAEA0BATELHOCTH peleHuit 3a1a4 Jupuxie B

By: LHy = AHy — Hio(|Hy|) = 0, Hi|op, = 1 Oymem rasbiBaTh byHKIHE!H
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JImyBuwiisa u obosnadarh H. Hecnokno mokazarb, uTo H He 3aBUCUT OT
BBIOOpaA, UCUEPIIAHWSI.

[Ipenenbryto GyHKIHIO TOCTETI0BATENBHOCTH pertenuit 3a1a4 Jupuxie B
By \ B: Luy, = Aug — ur¢d(|ug|) = 0, uk|lop = 0, ug|op, = 1 Oymem nazbpiBaTh
rapMOHMYECKOW Mepoit B u 0b0o3HavYaTh Upg.

Teopema 1. Ha mmuozoobpasuu M ecaroe ozpanuvennoe peuienue ypac-
nenus (1) ecmo moocdecmeennois noav, mozda u moavko mozda Kozda
H=0.

Teopema 2. Oynxvyus Juysuairs H =0 moeda u moavko moeada, xozda
oaa ecarozo xkomnaxma B up = 0.

Teopema 3. Ecau Oynxyusa Jluysuara H =0 mo daa 6carozo komnak-
ma B hg = sp.
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ITpeobpa3oBanue Tnna CBEPTKN U
npubJ/mm>kenns (pyHKIKIT B IIpOCTPAHCTBE .S))

FO. X. Xacanos, E. ®. Kaceivosa ([dyman6e, Tamxukucran)
yukhas60@mail.ru

PaccmarpuBaercs 2m — mepuonndeckast dyukiws f(z) TpHHAIIE)KAIAS TPOCTPAH-
ctBy Sp(1 < p < o0) Ha mepuoze W mpeoOpPA30BAHUE THUIA CBEPTKHU, COAEpPIKAIIee
HEKOTOPYIO JeHCTBUTEIHHYIO (DYHKIINIO OTPAHUIEHHONW BAPUAIINY HA, BCEIl BEIIECTBEH-
HO# ocu. DTO MpeodPA30BAHKE PEACTABIIAET CODO 0O0OIEHe HEKOTOPHIX KOHKPET-
HBIX MPEOOPA30BAHNN, CBIA3AHHBIX PA3JIMIHBIMA XAPAKTEPUCTUKAMHU PACCMATPUBAEC-
Moit dyuknuu. B mopsake 00001eHnS HEKOTOPBIX U3 PE3YJITATOB, KACAIOIINXCS OCO-
Gennocreil uarerpanbuoil Merpuku Sp(l < p < 00), ¢ yderom 0COGEHHOCTH CJLydas
1 < p < o0, 31€Ch UCCIEAYETCS BOMPOC O 3aBUCHMOCTH MEXKIY STUM Mpeodpa30BaHM-
€M ¥ HAWJIy9IIuMU [pubsinzkeHusiMu (PYHKIUU TPUTOHOMETPUYECKUMHE TOJUHOMAMH.
[Tonydensr ONEHKY CBEPXY U CHU3Y JJI PACCMATPUBAEMON CBEPTKHU B 3aABUCUMOCTH OT
BeJIMYuHbL Hautydirero npubivkenus Gyukiuit f(z) € Sp(1 < p < 00).

Karouesnie crosa: nepuommaeckast pyuxnus, psa Pypoe, mpeobpa3oBaHue THIIA CBEPT-
KW, HaWJIydime npubsinkennsi, npeodbpasosanne Oypbe, TPUTOHOMETPUIECKHE TTOJIN-
HOMBI, KO3ddurnmentsr Pypbe, HYHKINN OrPAHUICHHON BAPUAIUN.

Convolution type transformation and

approximation of functions in the space S,
Yu. Kh. Khasanov, Y. F. Khasimnova (Dushanbe, Tajikistan)
yukhas60@mail.ru

We consider a 27 — periodic function f(x) belonging to the space S,(1 < p < 00) on
the period and a convolution type transformation containing some real function of
bounded variation on the entire real axis. This transformation is a generalization of
some specific transformations related to various characteristics of the function under
consideration. As generalization of some results concerning features of the integral S,—
metric Sp(1 < p < 00), taking into account the peculiarity of the case 1 < p < oo, the
question of the relationship between this transformation and the best approximations
of the function by trigonometric polynomials is investigated here. Top and bottom
estimates for the considered convolution are obtained depending on the value of the
best approximation of the functions f(z) € Sp(1 < p < o).

Keywords: periodic function, Fourier series, convolution type transformation, best
approximations, Fourier transform, trigonometric polynomials, Fourier coefficients,
bounded variation functions.

[Tycrs S — MPOCTPAHCTBO MEPUOJANYECKUX [EPUOJIA 27T HHTErPUPOBAHHBIX
o Jlebery dyukrumit f(x), 1yst KOTOPBIX CXOIUTCS Pl

Slal” (0 = o= [ Fa)ern(=ike)dz).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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C HOPMOIA

1f@)lls, = O lexl?)» < 00 (1< p < o0),

keZ
1 (@)]s, = max|c,| (p=o0).
vEL

Boripocht 1pubsivkenust epuojinieckux (PyHKIUNA TPUIrOHOMETPUIECK U-
MU IOJIMHOMaMU B IIPOCTPAHCTBE S, JOCTATOYHO [OJHO UCCJIeI0BAHbl B pa-
borax A.U. Crenanna [1], [2].

C nomompio dyukiuu o(u), KOTopas 3ajaHa Ha Beeil jeficTBUTe bHOM
OCH W TOXKJECTBEHHO HE pPaBHA HYJIO Ha (—00,00), U KOTOpasl SIBJISETCS
dyHKIMEH orpaHUYeHHONW Bapualliu Ha, (—oo,oo)7 JUTs Kayk 1ol (pyHKIMN
f(z) € S, paccmarpuBaercs cieyioniee IpeobpasoBanie

oo

Fo(fiah) = [ f(o— hudow)

—00

riae h — neiicrBuTesnbHbli mapamerp. [Ipu sToM, ykazanHast Bbiie dbyHKIUs
o(u) yJIOBJIETBOPSIET €IIe YCIOBUSIM:

e
o(u) = /exp(—iux)da(u).

Taxue obIme npeodbpas3oBanmsi, KOTOPhIE IPUHSITO HA3LIBATL IPeodpPa30-
BaHUAMH THIIA CBEPTKH Jlsl KiaccudecKux Jleberospix mpocrpancrs L,(1 <
p < 00) paHee paccMaTpuBaJuch B paborax [3] — [6].

C nomompio ykazanHoro npeobpasosanusi Fy(f;x,h), jist kaxjoi
bynkiun f(x) € S, paccmarpuBaercss xapakrepuctuka D(f;o;h;p) =
1 F6(fi 2, h)|ls,-

Herpyuo 3amerurs, aro psij @ypwe npeodpaszosanust F,(f;x, h) ume-

er Bus » cxo(kh)exp(ikx). Brarogaps stomy, uMeeT MECTO HEPABEHCTBO
kez

D(f;0:h:9) < V()| @)ls,, tae | ldou)] = V(o) < oo

Wssecrro [1], aro wamtyammm npubnmkennem bynkiuun f(z) € S, Tpu-
rOHOMeTpHUIecKuMY rosinHoMamu T, 1(x) mopsijika He Bbiie n— 1 B MeTpuke

316



npocrpancTBa Syl < p < 00) aBnsercs dactHas cymMma Pypbe mopsjika He
BBINE N — 1, T.€.

En(f)s, = mf [[f(z) = Toa(@)]ls, = [1/(2) = Saa(f52)]s,.

rje

zk‘a;‘)
n 1 f x Z Ck - /—
|k|<n—1

ck- kKoapdunuenror Pypoe bynkiuu f(z). Takum obpasom
1

E.(f)s,=| D lel

|k|<n—1

Tenepnb chopmysupyeM cieayolye yrBepxK/IeHnsI, KOTOpble YCTaHaBJI-
sator onenku W (f;o;t;p) u D(f;0;h;p) uepes BeJMUMHbI HAUJLY YIIETO [IPU-
ommkenns Gyuknun f(z) € S),.

Teopema 1. ITycmo dynryua f(x) € Sp, a nocaedosamesvrocmo yesvix
yucen {n,} maxaa, wmo

np=l<n<ny<...<ny,<ny1<...  vezZn_,=-n,).
Tozda, npu Ny < % UMEEM MECTNO 0UEHKA

Ny+1— 1

D'(fioihip) < | Y > BR()s, (G =1 ((k = DR)P)| +
lv|<m k=n,
+E],,(F)s,(VP(0) = [0((nms = D)),

Teopema 2. B npednonoosicenuax ycaosutd meopemuv, 1 cnpasedausa cre-
dyrowas oueHKa

D*(f;o3hip) +VP(o)Ey 1 (f)s, 2

Ny4+1— 1

> Y Y ENf)s,(GkR) — [G((k = 1)R)P).

|1/|§m 1 k=n,
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Pacxonsimuecs psgaabl n o000IIeHHAs
cMeIlaHHadg 3aJa49a JIJid BOJTHOBOIO YPaBHEHIsI!

A. II. Xpomos (Caparos, Poccus)
KhromovAP@sgu.ru

Ucnonp3ys omepannio HHTErPUPOBAHUS PACXOSIIETOCs Psiia, TPUBOAATCS Pe3yIbTa-
THI IO CMENIaHHOW 33/a49e [JIsT BOJHOBIO yPABHEHWs, HE TPEOYIOIINe TPUBJICUECHUS
KJIACCHYECKHUX PEIIeHU.

Karuesnie caosa: pacxondimuecda paabl, BOTHOBOE€ YpaBHEHNE, CMEIlaHHadA 3aJa49a.

Divergent series and generalized mixed

problem for wave equation!
Avgust P. Khromov (Saratov, Russia)
KhromovAP@sgu.ru

By integrating divergent series the results, concerning mixed problem for wave
equation, are obtained without use of classic solution.

Keywords: divergent series, wave equation, mixed problem.

1. PaccmoTpum ciie/iyiolnnyo cMeniaHHyio 3a,/1a4dy:

Pu(x,t)  Ou(x,t)

e = o (@1) €10,1]x[0,00), (1)
u(0,t) = u(1,t) =0, 2)
u(z,0) = ¢(z), uy(z,0)=0. (3)

QopmaJibHoe perienne 10 MeTony Pypbe ecrb

u(z,t) =2 i(w({), sin nwé) sin nwx cos nt, (4)
n=1

e (f.9) = jf<x>g<x> dr.

Omnpenesierne. Kaaccuueckum pewenuem cmewannots 3adawu (1)—
(3) maswiBaercst dbyukuns u(x,t), HenpepbiBHAs BMECTE ¢ MPOU3BOJHBIMU
ul(x,t), ui(z,t), mpudem, B cBoiO ouepens, u,(x,t) (uj(z,t)) abcomoTHO
HempepbiBHA 110 2 (110 t), yIoBaeTBopsiioiias yeaosusam (2), (3) w mouarn Beio-
ay 1o x u t ypasHenuio (1).

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

319



Orcioia cyieftyer, 9To JIJTst KJITACCHIeCKOro PEIIeHrsT HeOOXOJNMO CIUTATD,
aro @(x), ¢'(x) abcosmorno wenpepbiBabl 1 (0) = (1) = 0.
OTHOCHTESBHO KJIACCHIECKOTO DEIIeHHsI CIIPABE/JIHBA

Teopema 1 [1|. Ecau u(x,t) ecmo kaaccuneckoe pewenue 3adavu (1)-
0?u(z,t)

(3) ¢ yeaosuem, wmo —gz— Kaacca QQ, mo ono eduncmeeno U HaTodUMCA

no gopmyae (4), 6 Komopot pad cnpasa npu sobom durcuposarnom t > 0

cxodumea abcomommno u pasromepro no x € [0, 1].

Brech u B JasbHeiinmiem cautaeM, 9rto byHKIwa f(r,1) mepeMeHHbIX
(x,t) € [0,1] x [0,00) ecrb dyukuus kiacca @, eciu f(x,t) € L|Qr| upm
mobom T > 0, e Qp = [0, 1] x [0, 7.

Takum obpaszom, y Hac 3aja4a (1)—(3) u psj (4) TecHO CBsA3AHbI.

Pacumipum nonsitue 91oit ¢Bszu. Psit (4) umeer eMbics st o60it p(x) €
€ L0, 1], xorst Teniepb oH MOXKeT ObITh 1 pacxojsiiumcst. Tem ve menee Oyjiem
CUUTATD, UTO OH SBJsETCsT (DOPMATBHBIM pererneM 3agadn (1)—(3), Ho mo-
HUMAEMOii Terepb 1ucTo hbopMmasbao. D1y 3ajady (1)—(3) u OymeM Ha3BIBATD
0b00uwentoll cmewannot 3adavet. Haiitu pemenne 00OOIEHHON CMeIIanHOi
3aJla9d — 3HAYAT HAATH «CyMMYy» pacxojsierocs psyia (4) («cymmas B Ka-
BBIYKAX O3HAYAET, YTO ITO CyMMa MMEHHO pacxojsiierocs psija |2, 3]). Io-
MIMO aKCHOM O PACXOJISIUXC psifax u3 |3, ¢. 19|, Oymem mob30BaThes ere
CJICJLYIOIIMM MPABUJIOM MHTEIPUPOBAHHUST PACXOIAIICIOCT PAJIA;

[3X4%]. ®

rje [ — omnpejiesieHHbIH HHTErpadl.
Wrak, paccmorpum psit (4). Vmeem

u(x,t) =X + 3., (6)
rie X1 = Y (p(&),sinnnmé) sinnm(x £t). OTciona caemyer, 9T 1 HAXOK-
n=1

JIEHUs «CyMMbI» psijia (4) HaJl0 HATH «CyMMYy» TPUTOHOMETPUIECKOTO PsijIa
Dypoe dyukiuu p(x), T.e. psija

oo

2 Z(gp(f), sinnwf) sinnrx, (7)

n=1

[Tycts «cymmay psaga (7) mpu x € [0, 1] ecrb Kakas-to dyukIiws g(z) €
€ L[0,1]. Torna B coorsercriue ¢ npasusiom (5) nmeem

€T T

/ g(n) dn =25 "((€), sinne) / sin rien . ®)

0 0
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ITo TeopeMe 3 ([4, c. 320]) pax B (8) cxomures npu Jsobom « € [0, 1] u ero

CyMMa eCThb f ©(n) dn, T.e.
0

22(90(5),sinmré) sinnmndn = [ o(n)dn.
29 fonernin= [

Takum 00pa3oM, MOy UMM, ITO f g(n)dn = f ©(n) dn. Orciona g(x) =
0
= () moUTH BCIOAY, T.e. HAILIH «CyMmy» ¢(x ) pacxojgerocs psijia (7).

HaJjiee, sin nmx HevyeTHa u 2-niepuojinata. Torja rnojgydaem, 4To «CyMMay psi-
na (7) mpu x € (—o0,00) ectb P(x), Tie P(x) — HEUETHOE, 2-TIEPHOANTECKOE
npojoszkenne p(z) ¢ orpeska [0, 1] Ha Bco ock. B cuiy (6) nosydaem, 4ro
«cymmay u(x,t) psamga (4) ectsb

(e, ) = [P +1) + ¢la — 1)) )

Takum obpazoM, OJIyUeHa,

Teopema 2. Pewenuem ob6obwennot cmewannot 3adavu (1)—(3) acaa-
emca pynryua u(x,t) xiacca Q, onpedeaennasn no gopmyne (9).

2. Paccmorpum ciieyronyto 0000IIEeHHYIO CMEIIaHHYI0 3a/1ady:

O*u(z,t)  O*u(w,t)

% o + f(x,t), (z,t) €1]0,1] x [0, 00), (10)
u(0,2) = u(1,t) = 0, (11)
u(x,0) = uy(x,0) =0, (12)

rie f(x,t) ectb dyHKImMs Kiaacca Q.
DopwmaJibHOe perierue ee 1o MeTojty Pypbe ecTb

1
t) =2 — t—71)d 13
u(z, E / ,sin nwf) — sinnmxsinnw(t — 1) dr. (13)
r+t—T1
Tak kak = sinnrzsinna(t—7) = [ sinnmydn, ro (13) nepexosur b
r—t+7

rx+t—T1

u(z,t) = Z/(f(&,T),sinmrﬁ) dr / sin nn dn. (14)

r—t+T1
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U3 (14) B cuny npasuia (5) mosydaem

t x+t—T1 00

() = / dr / SO(F(&,7), sinn) sin iy diy =

0 g—t+r =1
T+t—T7

/dT / Fn.7) (15)

r—t+T1

nockoibKy psjt B (15), kak 910 caenyer us 1. 1, umeer «cymmy» 3f(n,7),
rie f(n,T) ecth HEUETHOE, 2-NEPUOJMHUECKOE TTPOJIOJIKEHUE TI0 1) Ha BCIO OCh

dbynxumu f(n, 7).

Takum obpazoM, ciipaBeIInBa

Teopema 3. Pewenue u(x,t) obobwennot cmewannot sadayu (10)-(12)
ecmv Ppynryua xiacca QQ, onpedessemas no Gopmiyie

r+t—7

/dT [ Hnerin a0

r—t+T1

Ormerum, 9To 63 NpUBJICUYCHUs] OlePAIMA UHTEIPUPOBAHUS PACXO/IAIIe-
rocst psiyia dopmysia (16) npusogures B [5].
To, aro u(x,t) ectb dyHKIWs Kaacca (), HaeTcsi CIeJYIONEH JeMMOI.

Jlemma. Hmeem mecmo ouenka
[w(z, D)llzigr < T(T 4+ 2)1f (2, )| 2i@q)-

3. PaccMoTpuM Takyio 0OOOIEHHYIO CMENIaHHYIO 3a/1a4y:

0u(z, t) 0?u(x, t)

re 552+ f(x,t), (z,t) €]0,1] x [0, 00), (17)
u(0,t) = u(1,t) =0, (18)
u(z,0) = p(x), uy(z,0)=0. (19)

Bnecy f(x,t) — dynknus knacca Q u p(x) € L]0, 1]. Popmasbroe perenune
1o merojy Dypee [1] ects

u(z,t) = up(z,t) + ur(z, t),

re ug(z,t) ecrb psaj (4), up(x,t) ecrs psig (13). [losromy, uexos us .. 1,
2 mosyvyaem
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Teopema 4. Obobwennan cmewannan zadawa (17)-(19) umeem pewenue
kaacca @, onpedeasemoe no Gopmyne:

w(z 1) = ;[go(x—l—t)—kgoa:—t /dT/fn, ()

4. Hakomnerr, paccMOTPUM KaK IIPUJIOXKEHHE K IIIT. 1-3 CJIeyIonIyio 3aady:

O*u(x,t)  O*u(z,t)

Ot2 - o2 o q(x)u(x,t), (21)
U(O, t) - u(17 t) =0, (22)
u(aj, O) - 90(1;)7 u;(xv 0) =0. (23)

rie (x) € L[0,1], q(z) € L[0,1], g(x)u(x,t) xmacca Q.
Toryma u3 pe3ysabraToB 1. 3 MOJMyYaeM, UTO HAXOXKJCHHE DEIIeHus 3a/1a-
n (21)—(23) B KJIaccce () CBOJMTCS K HAXOXKJCHUIO B Kiacce () perieHust
MHTErPAJTbHOrO yPABHEHNUS

t x+t—71

olx+t)+ox—t) 1

(e, ) = : -5/ | dwutnnian

0 x—t+71

e~ —

rie q(n)u(n,T) ectb HEYETHOE, 2-MIEPUOJANITECKOE TI0 1) TPOJIOIKEHIE (DYHKIHH
q(n)u(n, T) HA BCIO OCH.

Jljist cotyuast KJIacCHUeCKuX peleHuii mepexo/i K ypaBHenuto (24) ucrojib-
30BaJICst paHee B [6].

Nurerpasnbhoe ypasuenue (24) uMeeT eJIMHCTBEHHOE PEIlleHne B Kacce (),
II0JIy9aeMOe 110 METOJLY IIOCIEI0BATEIbHLIX HOJACTAHOBOK. Tenepnb npuBJiete-
HME OllepallMi MHTErPUPOBAHUS PACXOJASIIErOCs PsAjia MPUBOJUT K U3MEHE-
HUIO METOJMKY MCCIEI0OBAHIS PACXOJISIIUXCS PSJIOB, cofiepzareiicst B [7—10):
Jis1 0O0CHOBAHMST TIPABUJILHOCTH TI0JIy4a€MbIX PE3YJIHTATOB y2Ke He Tpedyer-
sl IPUBJICUCHUS KJIACCHICCKUX PEIICHUIA.

5. BaxxnocTb BBejieHUs ONEPalMi MHTEIPUPOBAHUS PACXOASIIErOCs Psijia
IOIUEPKUBACTCSL CISIYIONUM paccy K aeHneM. Eciu coxpanuTsb 1. 1, yiajinTh
u3 1. 2 npejgioxkenue mnocie Qopmysbl (16), n u3 n. 4 — Tperbe u noCsIE]I-
Hee MpeJIJIOXKEHNsI, TO [OJyYaeM HEeJIbHBIIH TeKeT 6e3 CChLIOK Ha KaKue-Jnbo
WCTOYHUKM, Kpome [1-4].

6. Xopo11o n3pecTHbie (PAKTHI MOXKHO OObsICHUTDH ¢ TOUKHU 3PEHUS PACXO-
JIsmmuxes psijioB. Tak, ecyim paccMaTpuBaTh MaJjble 3HAYEHUS CIEKTPAJILHOIO
napaMerpa A B ypaBuenun PpearosibmMa BTOPOTO pojia, TO PEIIeHHe 3TOrO

323



yPaBHEHU TTPECTABIISIETCS CXOAATMMCS PSAIOM TOCJIEI0OBATEHHBIX TTO/ICTa-
HOBOK, U Bbljlatomuiics pesyiibrar OpejrojibMa 0 peleHnn ypaBHEeHUsT BTO-
pPOro pojia MPHU MPOU3BOJBHBIX A MPEJCTABIACT cOOO# ABHYIO «CYMMY» pac-
XOJISIIETOCS PsiJia, 10 OTHOIIEHUIO K YIIOMSAHYTOMY CXOJSIIEMYCs PsiJLy TOC/Ie-
JIOBATEJLHBIX MOACTAHOBOK.

[pyroit npuMmep — TOJIHOE aHAJUTUYIECKOE TIPOJoJIKenne psja Teitmopa
aQHAJMTUYECKON B OKPECTHOCTH (PUKCUPOBAHHOW TOUYKU (PYHKIIMU BHE KPyra
CXOJIAMOCTH €CTh «CYMMay PaCXOJIAIIErocs psijia Mo OTHOIIEHWIO K YIOMSTHY-
romy psijry Teitjiopa.
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OO0 oxnoli obpaTHOIiT 3agaue!
I'. B. Xpomosa, C. FO. CosernukoBa (Capatos, Poccus)
KhromovaGVQinfo.sgu.ru, SovetnikovaSY @mail.ru

an meron pemrenuss oOpaTHON 33a9u jIsd OOBIKHOBEHHOTO AudhepeHraIbHOro
YPABHEHHUSI O HAXOXK/IEHUM PABHOMEPHBIX HPUOJIMXKEHMI K IIPAaBOil 4acTU B CJydae,
KOTJIA 33/IaHbI CPEIHEKBAIPATAIHDBIE IPUOJINKEHNS K TOYHOMY PEIIEHUIO.

Karouesvie caosa: 0b6bIkHOBEHHOE MrbdbepeHnna hHOe ypaBHeHne, o0paTHas 331344,
peryasipu3aliusi.

Towards one inverse problem!
G. V. Khromova, S. Y. Sovetnikova (Saratov, Russia)
KhromovaGV@info.sgu.ru, SovetnikovaSY @mail.ru

A method is given for solving the inverse problem for an ordinary differential equation
on finding the uniform approximations to the right-hand side in the case when the
mean square approximations to the exact solution are given.

Keywords: ordinary differential equations, inverse problem, regularization.

PaccmarpuBaercs nuddepeHnimaibioe ypaBHeHne

po(@)y"™ () + pr(@)y" V(@) + ..+ pal2)y(z) = f(2), (1)

rie y(z) € C"0,1],p;(x) € C[0,1],i =10,...,n.

[Ipeanonaraercs, 9To HaAM U3BECTHO MpubJHKeHne Ys(T) K TOTHOMY pe-
wennto y(z), raxoe, uro ||ys(z) — y(@)||p,(01) < 9. Tpebyercs naiitu pasto-
MepHble Tpubsmkenns K f(x).

Takast 3aj1a9a B HECKOJILKO MHOIl mocranoBke(B ciaydae, Korja ys(r) -
paBHoMmeproe 1pubsimzkenue K y(r)), paccmarpusasach B [1,2] u ram upej-
JIATAJIUCH I €€ PeIeHus] Pas3JudHble METOJbl peryispusaiuu. B dactao-
cru, B [2] paceMarpuBasicst METOJL, CBOJISIIIMI IOCTABJICHHYTO 3aJla4y K 3a/1a4e
BOCCTAHOBJICHUsI [TPOU3BOJHBIX JIFOOOTO Mopsiyika HyHKIWA Y (), 3aJaHHOi ¢
[IOIPEITHOCTBIO, U TaM [PUMEHsIJICS TIPOCTON 110 KOHCTPYKIMU MeTOJl, Oa3u-
pytormuiics Ha omneparopax Crekyosa. Ho 9T0T MeTo MOXKeT BBIZBATH TPY/I-
HOCTH B BOIIPOCE COMIACOBAHUS MAPAMETPa PEryJIsIPU3AIMN C TTOIPEITHOCTHIO
0 TIPU pEIeHuN MPUKJIATHBIX 38181, TOCKOJBKY MPU OOJBIINX 3HAYEHUSIXK 7
Ha TTapaMeTp HAJaraloTcst BCE GOJIbINIE OrpAHUICHUS.

C 1esibio yCTpaHeHUs: STOTO HEJOCTATKA 3/1eCh MPEJTaraeTcst METO I, UC-
HOJIB3YIOIIUI CeMeNCTBO OLIEPATOPOB C PA3PbIBHOM 00J1aCThIO 3HAUYEHUIT, BBE-
néumoe B [3].

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)

!This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Mrak, paccMarpuBaeTcsa ceMeiicTBO OllepaTopoB

T(m)y _ {To(zgl):%x S [07 %]

’ Ty, x e [5,1],
rie
r+a dm
75y = A [ [ a)a (¢ - )" w0

m o
T oriuuaercs ot T.,’ 3ameHoii unrepBaJsa [r,r + o] Ha [z — o, ], a

al
(t—x) —na (v —1).
ssecrho [3], uro

Ty — <m>H 0 0 2
‘ el e npu o (2)
(HHLOO = maX{H'HC[0,1/2] ; ||‘HC[1/2,1]}>
n 49TO
T(m) =C, - 3
H R | S « (3)

Koncranra C), onpenensieTcss B CAeAyOIei JeMmme
Jlemma. Hmeem mecmo dopmyaa

Cm = ApBp, 20e By, = (D 1+ )2,
S=) (CEPIk+1)(k+2)... (k+m)] (2k+1)"

k=0

S, =2 Z CkOL (—D)M k+ 1) (k+2)... (k+m)(+1)(1+2)...
E,1=0(k#l)
(I+m)(k+1+1)7"
Onpegenum QyHKITUIO

N|—=

= 3 P T s ). (4)
m=0

3 (1)-(4) u ornenku

m

o I W

"
Lo—L L
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BBITEKaIOT CJIeyIoIne TeOpeMI)I
2n+41

Teopema 1. EC./LU a = a(d) max, wmo a(d) = 0 u d(a(d)) 2 =0
npu 6 — 0, mo ‘

H —>Onpu5—>0.

Teopema 2. Fcau cyugecmeyem Henpepbceuaﬁ y(”H)(x) npu x € [0, 1],
Mo cnpasediusa 0ueHKa

“Oe) — fla)]|| < 2B (RO bot

2m—+1

n—1 _
POCTL 2n+3 2(n—m)+2
+ Z P, ..Cn < > 0 s
m=0 M

PG\ 75
ede a(6) = ( ?\4 ) 075, Py = |lpe(@)ll o1y, £ =0,-...m,

M = i P, M, M,, = Hy(m+1)(x)
m=0

HC[OJ}'
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PaBHOMepHO BbIIIYKJIbl€ HECUMMETPUN1IHDbIC
IIPOCTPAaHCTBA!
. I. HapskoB (MockBa, Poccus)
tsar@mech.math.msu.su
,IL]'[H PaBHOMEPHO BBINYKJIBIX HECUMMETPUYHBIX ITPOCTPAHCTB PACCMATPUBAIOTCA BO-
IIPOCbL O HEIIYCTbIX IIepeCedYeHuAx BJIO2KEHHOHN CHCTEMbI BbIIIYKJIbIX OI'DaHUY€HHbIX

3aMKHYTBIX MHOZKECTB. I/ISy‘{aIOTCH BOIIPOCHI aHHpOKCI/IMaTHBHOﬁ €IUHCTBEHHOCTH B
9TUX IIPOCTPAHCTBAX AJidA Cjly4dad HEIIyCTbIX 3aMKHYTDBIX BbIIIYKJIbIX IIOAMHO2KECTB.

Karouesvie cao6a: HECUMMETPUYIHBIE TPOCTPAHCTBA, PABHOMEDHO BBIMYKJIbIE MTPOCT-
PaHCTBA, AMMPOKCUMATUBHAS €IMHCTBEHHOCT.

Baazodaprocmu: pabora BbIIOJHEHa Ipu nogaepxkke Poccuiickoro naydnoro ¢posia
(rpant Ne 22-21-00204).

Uniformly rotund asymmetrical spaces!
I. G. Tsarkov (Moscow, Russia)
tsar@mech.math.msu.su
For uniformly convex asymmetrical spaces, we consider questions about non-empty
intersections of a nested system of convex bounded closed sets. Questions about

approximative uniqueness in these spaces are studied for the case of non-empty closed
convex subsets.

Keywords: asymmetric spaces, uniformly rotund spaces, approximatively uniqueness.

Acknowledgements: this research was carried out with the financial support of the
Russian Science Foundation (grant no. 22-21-00204).

BBenenue

B nacrosiieit pabore Mbl OyjieM paccMaTpuBaTh 0DODIIEHUS JIMHEHHO HOP-
MHUPOBAHHBIX IPOCTPAHCTB, 8 UMEHHO, JTUHEHHDbIE IPOCTPAHCTBA ¢ HEKOTOPOi
HECHUMMETPUIHON HOpMOit || - | Ha Hem. OT HECHMMETPUIHON HOPMBI Ha JIN-
nefinoM npocrpancrse X Oyjem tpebosarh cpoiicrsa: 1). ||ax| = allz| aus
Beex a = 0, v € X; 2). ||z +y| < ||z| + ||y| mra Beex 2,y € X u 3). |[z] >0
ngist Beex € X, u 3a). ||z] = 0 < z = 0. Hecummerpuunasi Hopma 3a/1a€1Cst
dbyukmonasoM MUHKOBCKOIO HEKOTOPOTO, BOOOIIE TOBOPSI, HECHMMETPHYHO-
ro TeJa, CoAEepPIKAIIEro HOMb B cBoeM siipe. OTMeTHM TakzKe, 4TO BMECTE C
HECUMMETPUIHON HOPMOii || - | gacTo y00HO paccMaTpuBaTh HOPMY CUMMET-
puzanuu: ||z|| := max{||z|, || — z|} (x € X). B obiiem ciyuae npocrpancTBo
C HECMMMETPUYHONW HOPMOH YJIOBJIETBOPSIET TOJBKO AKCHMOME OTJIEJUMOCTH
Ty (1.e. mug 066X a,b € X mHaiimyresa ux okpecrnocru O(a), O(b) takue,
aro a ¢ O(b), b ¢ O(a)) u moxer ObITh HexaycgophOBbIM (T.6. MOXKET He

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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yioBJIeTBOpATh akcuome Th). Bosee moapobHO CBOICTBA HECHMMETPUIHBIX
IIPOCTPAHCTB MOXKHO 1oCMOTpeTh B paborax [1]-[3].

B HecHMMETPUUHBIX [POCTPAHCTBAX Mbl BbIJIEJIUM IIOJKJIACC [IPOCT-
PAHCTB, KOTOpbIe Oy/1eM HA3bIBATH PABHOMEPHO BBIMYKJbIMU. OTMETHM, 9ITO
PJIABHOM 1€JIBIO 3JIECH SABJISETCS HAXOXKJICHUE TAKOTO Ol PeJeJIeHUs, [IPU KOTO-
pOM GOJIBIITMHCTBO CBOWCTB PABHOMEPHO BBIMYKJIBIX MTPOCTPAHCTB (B CJydae
CHMMETPHIHON HOPMbI) EPEHOCHIIUCH Obl HA CYIECTBEHHO HECUMMETPUIHBIE
HPOCTPAHCTBA (HOPMa KOTOPBIX HE 9KBUBAJIEHTHA HOPME CUMMETDU3ALIUK).

Yepes B(z,r) u Bz, r) 0603HaUMM COOTBETCTBEHHO "3aMKHY THIA 1 OT-
KPBITBIH 1A B JINHEHHOM HECUMMETPUIHOM HOPMUPOBAHHOM MPOCTPAHCTBE
Wi B 1oJjyHopmuposantom npocrpancree X = (X, | - |) ¢ nenwrpom z
pajguyca r, T.e. coorBercTBenno MHOXkectBa {y € X | ||y — x| < r} u
{y € X | |ly — z| < r}. Hago ormerurs, uro map B(x,r) moxer He ObITh
3aMKHYTBIM MHOYKECTBOM OTHOCHUTEJILHO TOIMOJIOTHH, MOPOXKJIEHHOH OTKPBI-
THIMU TIIAPaMU KakK pej10a30ii.

Jljist IpOU3BOJILHOIO MHOXKECTBA M HEKOTOPOIO HECMMMETPUIHOIO HOP-
MHUPOBAHHOTO MPOCTPAHCTBA WM mojyHOpMupoBanoro X uepes o(y, M)
(y € X, M C X) obosnaunm paccrosinue J10 MHOXKecTBa M, T.e. Besnuu-
iy inf [z —yl.

Yepes Pyyx 0003HAUNM MHOXKECTBO BCeX OmxKaimmx touek n3 M s
x € X, m.e. maONkectBo {y € M | ||y — z| = oz, M)}.

OcHoBHBIE PE3YJabTATHI

[lepeiinem K ompejie/leHnI0 paBHOMEDPHO BBINYKJIBIX HECUMMETPUUHBIX IIPO-
CTPaHCTB.
[Tonoxkum

Ala) = [|f = agl +allgl = [If], a € [0,1].

Hamo orMeTuTh, 9T0 U3 9TOTO ONPEIETCHNS BBHITEKACT, ITO JIJISA JTIOOBIX
e > 0 cymecrsyer 6 > 0 takoe, aro mis jobeix f,g € X: || f| = |lg| =1 u3
yeaosust ||(f + g)/2| = 1 — 6 Bbirekaer, uro || f — pg| < €) juist HEKOTOPOTO
pell—e 1.

Onpenenenune 1. Hecummempuunoe npocmpancmeo X = (X, || - |) na-
BUBACTNCA PABHOMEPHO BUNYKAbM, ecau Oz mobur e > 0 ua € (0,1] cyue-
cmeyem 6 > 0 maxoe, wmo daa mobwx f,g € X: | f| = |lg| =1 us ycaosua

A(a) < 0 swmexaem, wmo [ € B(ug,€) daa nexomopozo i € [1 — g, 1].

Onpepesierne 2. Hecummempuunoe npocmpancmeo X = (X, || - |) na-
30L8aEMCA NPaGo- (N€60-) NOAHBIM, €CAU OAA A1000T NOCAEIOBAMEALHOCTIU
{z,} C X wus ycaosua, wmo dasa awbozo € > 0 cywecmseyem N € N
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makoe, 4mo ||y, — x,| < € daa scex m = n = N (maxasa nocaedosa-
MEALHOCTND HA3VEAENCA PYHIAMENNANLHOT), BLIMEKAETN, YMO CYULECNEY-
em mouxa v € X maxaa, wmo ||x —x,| = 0 (||x, — x| = 0) npu n — oo.
Ipaso noanoe npocmpancmeo 6ydem Ha3bl6AMY NPOCNO NOANBLM NPOCTPAN-
CMBOM.

Teopema 1. ITycmv N — nenycmoe 3aMERYMOE 6HNYKAOE TOIMHONHCE-
CMBO 6 HECUMMEMPUUHOM PAGHOMEPHO BHNYKAOM NPAGO-NONHOM NPOCTIPAH-
cmee X = (X, || -|). Toeda daa ecex x € X cywecmeyem eduncmeennan
mouka y € N (Oausrcatiwan ors x 60 muoocecmee N): ||y — x| = o(x, N),
u Oasa mo60t (Munumusupyrowed) nocaedosamenrvrocmu {y,} C N makot,
umo ||y, —z| = o(x, N) (n — 00) swmexaem, wmo ||y, —y| — 0 (n = o0).

Teopema 2. IIycmv N — Henycmoe 3aMEHYMOE SHINYKAOE NOOMHONACE-
CMBO 8 HECUMMEMPULHOM PAEHOMEPHO BUNYKAOM AEEO-NOAHOM TPOCTPAH-
cmee X = (X, || - |) ¢ akcuomot omdeaumocmu Ty. Tozda das ecex x € X
cywecmeyem eduncmeennan mouka y € N (Oauowcatiwas 0 T 60 MHO-
acecmee N): ||y — x| = o(xz, N), u das 410600 (munumusupyrowei) noce-
dosamenvnocmu {y,} C N maxod, wmo ||y, — x| — o(z,N) (n — o0)
evmexaem, wmo ||y, —y| — 0 (n — 00).

Teopema 3. ITycmv X = (X, || -|) — seso-noanoe pasnomepro evinyk-
A0€ HECUMMEMPUYHOE NPOCTNPANCMEO ¢ akcuomot omdesumocmu Ty, { Ny} —
BAOACENHAA NOCACIOBAMENLHOCTIL HENYCTNOIT GHNYKABIL 02DAHUNEHHHIL 3a-

0.}

mrHymor muootcecms. Tozda nepecevenue N := (| Ny nenycmo.
k=1
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(3]
JIBonunble Oa3UCHBIE CIJIAHBI!
C. A. Uymauenko (Capatos, Poccus)
email@mail.ru
PaccmarpuBaeTcst HOBBIN Kytace OA3MCHBIX CIJIARHOB, KOTODBIE TTOJIYYAIOTCS MHOTO-
KPaTHBIM WHTErpUpOBaHWeM (DyHKIUU YOIIIIia. YCTAHOBJIEHO, 9TO CHACTEMA CHKATHUS
¥ CIIBUTOB, TIOPOXKJIEHHAS JIBOUIHBIM OA3UCHBIM CILIAHHOM, SIBJseTCs 6a3MCOM B TIPO-
CTPAHCTBE HENMPEPBIBHBIX (yHKIH. JloOKa3aHO, ITO ABOMYHBIH OA3UCHBII CILTAAH yI10-
BJIETBOPSIET MACHITAOMPYIOIIEMY YPABHEHUIO U MOCTPOEH KPATHOMACINTAOHBIH aHaIN3

00111er0 BHUIA, KOTOPBIH HE sIBJASIETCs OPTOrOHAJBHBIM. IIpoBeeHa ornenka mpubmnKe-
Hus aiusd Gyaknuit u3 npocrpancTsa Cobosesa.

Karouesnie ca06a:; CUCTEMBI C2KATHS W CABUTOB, KPATHOMACIITAOHBIN aHATNA3, MACIITA-
OmpyIlee ypaBHEHUE.

Baazodaprocmu: McciejOBaHAe BBIIOTHEHO 33 CUeT rpanta PoccuiicKoro HaydHOTO
dbonma Ne 22-21-00037, https:/ /rscf.ru/project /22-21-00037/.

Binary basic splines!
S. A. Chumachenko (Saratov, Russia)

chumachenkosergei@gmail.com
We are exploring a new class of basic splines, which are obtained by multiple
integration of the Walsh function. We found that the scales and shifts system was
generated by a binary basic spline is a basis in the space of continuous functions.
It is proved that the binary basis spline satisfies the scaling equation, and a general

multi-resolution analysis is constructed but is not orthogonal. The approximation is
estimated for functions from the Sobolev space.

Keywords: scales and shifts, multi-resolution analysis, scaling equation.

Acknowledgements: this work was supported by the Russian Science Foundation Ne
22-21-00037, https://rscf.ru/project/22-21-00037/ .

BBenenune

Mycrs [ f(x) = [ f(t)dt (z € [0,1]) — oneparop nnrerpuposanusi,
0

Wan_1(z) = ] rr(x) — bysknun Yomma, n € N,n > 2.

Onpenenenne 1. Qynxyuio

Qn, NINWau_y(2), x € [0,1],

S I v ¢ [0,1].

oydem nasvieamv d8OUNHLILM 0A3UCHBIM CcnAGTHOM N-T cmeneny, N-20 no-
padra 2nadkvocmu(N < n, N € N), 2de Q,, n - nopmupyrowsut xospduyuenm

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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¢ C[0,1]

o m,j _ Mo 4
Bysiem pacemarpusarh cucremy cxatuii u curos ¢p' () = ¢, (2" x—j)
Teopema 1.Cucmema @7 (x) Aeaaemea 6a3ucom 6 NpPocmMpancmee
Co[0, 1] u cnpasedauso nepasencmeo

1 1
7(2) = S (0)] < wigzg) + )
1]
Teopema 2. Cnpasedauso pasercmeo
on_1 ; |
20 — — — 20 —1).
Vi (T) = wnn ) + Z ( X 2n) + 2nwn7n( z )

Jlemma 1. ITyemov F(x) = ¢ (2%) Onpedeaum npeobpaszosarue DPypve

pacerHCcImeom
00

_ / F(w)e 2“7y

. Qun (1 "L gk
F — ) - (1 _ 71'2&))
(w) 2 TIW 1}_11 c

[Ipu m € Z obpasyem noanpocrpanctsa Vy, = (2% F(2"x + k)rez)

Tozda

Omnpenenenne 2. Ecau svinosnenv ycaosus (axcuomos)
AI) Vm - Vm+1,
Ag) UmEZ Vm - LQ(R)J
A3) Nypez Vi = 0,

mo cosokynnocmo (Vi) mez masviearom ob00uenmvL.m KpammuomacusmadivLm
anaauzom. lLosopam maxoice, wmo ¢dynrkuyus © noposicdaem 0600werHvIl
KMA.

Teopema 3. Cosoxynnocmo (Vy,)nez 06pasyem obobwernnoi KMA.

Bameuanue 1. 13 jiemmbr 1 Bujiao, uro KMA we sBiisiercst puccoBeknm,
TaK KaK He CYIIEeCTBYeT MOJOXKUTETbHON KOHCTAHTBI, OTpaHnuYuBatoniein [
CHUBY.
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Omnpepesierne 3.11ycmy f,g € Lo (R). Bupaowcenue

NES Flwtk)gwtk)

keZ

HA3VBAIOM CKODOUHIM npouaeedenuem.

Omnpenenenune 4. [lycmv s > 0. Mnooicecmeso

W3 ) = {f € Ly®) : |flhwg = 111+ |- Fllzagzy < +oo

naswvisarom npocmpancmeom Coboaesa.
Onpenenenne 5.[1ycmo o € Ly (R) , opi(x) =22 (2" + k). Onepa-

mop
Bm f — E Spnk Pn,k
keZ
Ha3vieANM KEA3UUHMEPNOAAUUOHHBIM OTLEPATILOPOM.

Onpegenenune 6.0nepamop 3, docmasasem annponcumauum nopaodka
t € Ry, ecau daa ecex f € Wi (R) ||f — B fllL@ = O27™).

Teopema 4.0Onepamop B, nocmpoennviti no gynryuu p(x) = C,F(x),

2n 2+n
2de C,, = ———, docmasasem annpokcumayuro nopadka 1.

Q(n,n)

CIINCOK JINTEPATYPDI
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OO0 onHoit 3agade Xemgdepra AJsi eMKOCTU

KOJIbIIEBOI1 00JIaCTH OTHOCUTEJIHLHO 3aJJAHHOIO
KOMITaAKTa'
B. A. IIlasik (Baagusoctok, Poccust)
shlykva@yandex.ru

IIycTs % + % =1,1< g < 0o, G — xosbieBasg 00JaCTb B €BKJIAIOBOM MMPOCTPAHCTBE

R", n > 2; F — koMnakTHOe MHOXKeCcTBO B R™. B cTaThe paccMaTpuBaeTcs perieHue
3amagqu Xeadepra O MPEICTABICHUHN ¢-eMKOCTH Kosbia (G orHocuTenbHo F gepes p-
MOJyNb ceMeiicTBa TmoBepxHocTel B G \ F, pa3messiomnx rpaHuydHble KOMITOHEHTHI
kombria GG, Korma ¢ = 1, p = oc.

Karuesvie cao6a: eMKOCTD KOHJIEHCATOpPa, MOIYJIb ceMeiicTBa HOBerHOCTeﬁ.

Baazodaprocmu: pabora BbloJiHeHA npy noagep:kke Munoopuayku P®, corsaienne
Ne 075-02-2021-1395, u npu nogmepkke BiaagnBocrokckoro dpuanaia Poccniickoit Ta-
MOXKEHHON aKaIeMUMH.

On the problem of Hedberg for the ring
domain capacity with respect to a given
compact!

V. A. Shlyk (Vladivostok, Russia)
shlykva@yandex.ru

Let % + % =1,1<¢q < o0, G be aring domain in Euclidean space R™, n > 2; E be
the compact set in R™. In the paper we consider the solution of the Hedberg problem
of representating the g-capacity of the ring G with respect to E by the p-module of a
family of surfaces in G\ E separating the boundary components of the ring G when
g=1,p=o0.

Keywords: condenser capacity, modulus of surface family.

Acknowledgements: the research was funded by the Ministry of Science and Higher
Education of the Russian Federation, agreement No. 075-02-2021-1395, and by
Vladivostok Branch of Russian Custom Academy.

BBenenue

OrmMeruM, 9T0 perenne chopMyIupoBaHHOil Bbile 3aja4u Xenbepra (cm. [1],
crp. 193) B caryuae 1 < ¢ < 00 6bUIO J]aHO B 2] ¥ MCHIOIB3YET CYIIECTBEHHO
PaBHOMEPHYIO BBIMYKJIOCTE npoctpancts L,(G \ E), L,(G \ E).

Baech s n > 2 obosnaumm wepes R = R" U {oco} ommoToueumnyio
KOMIakTH(pUKAIIIO npocrpancrea R". Bee Tonmonmorndeckne paccMOTpEHUS
IPOBOAATCA B METPUUECKOM HpocTpancTse (R, h), rie h — XopiaibHas MeT-

pUKa, 10pOXKieHHas crepeorpaduueckoil npoexiueii (cm. [3]). Jepes H™ !

!Crarpa omybmukoBana Ha yciaopuax junemsum Creative Commons Attribution 4.0 International
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obosznaunm oObranyio (n — 1)-mepryto Mepy Xaycpopda, u mycThb m, — Mepa
JleGera B R™. Tlox xonbnom G C R™ nonumaem ob1acTh, jis Koropoit B\ G
COCTOMT M3 JIByX HEIYCTHIX CBA3HBIX KOMIIOHEHT Fy m Fi, rime oo € Fy.

[ycrs £ Gyner 3aMKHYTBIM MHOXKECTBOM B R". Byiem roBopuThb, 4TO
komrakT 0 C G\ E pasnensier Fy u Fy B G\ E, eciiu cymiecTByoT Hemepe-
CeKaloIiecs OTKpPBIThIe MHoxkKecTBa A, B C R" Takue, uto R"\ 0 = AUB n
Fy C A, Fi C B. Takoii koMiakT o 0yJieM Ha3bIBATh IOBEPXHOCTHLIO, Pas3jie-
mromedi Fy u Fy B G\ E. llyers ¥ = X(Fy, F1, G\ E) oboznadaer cemeiicTBO
BCEX TOBEPXHOCTEl, KoTopbie pasjessior Fyu Fy 8 G\ E.

Hns Gopenesckoit dyuxmuu p : G\ E — [0, 4+00] momgoxkum [|p|le =
ess sup p 1o Mmy,-Mepe.

G\E

Ompejiesinm 00-MOJIysib cemeiicTBa Y1 C Y Kak Beqmauny Moo (X1) =

inf || p||oo, THE WHODUMYM OepeTcsa o Beem OopeseBcknM byHKImAM p @ G\

E — [0, +00] TakuMm, 1ro fde”fl > 1 anst Becex 0 € Xq. B cayuae X = X

ag
10J10KUM Moo (X) = Moo (G \ F). Oyuxiwu p B onpeenennn My (X;) Oynem
Ha3bIBATH JIOMYCTUMbIMUA MeTpuKamu jijist 21. Evmkocrs C1(G/E) onpejennm
Tak ke, Kak u B [1].
Herpyino 3aMeTuThL, 4TO €CJIn OJiHa U3 KOMIIOHCHT CBA3HOCTH MHOYKECTBA
E coepunser Fy n Fi, To X = (). B aT0M ciiydae MOJOKUM TI0 ONPEJICTCHIIO

My (G\ E) = 0, C;(G/E) = oo, uro siever pasencrso My (G \ E) =
W. Huxxe cuuraem, 4To HU OJIHA M3 KOMIOHEHT CBSI3HOCTH MHOXKECTBA

E ne coepunsier Fy u FY.

OcHoBHBIE PE3yJabTATHI

Teopema 1. [Tycmo X1 = {oc € X : H" }(0) = oco}. Toeda M, (%) = 0.
Teopema 2. C1(G/FE) < oo.
Teopema 3. Ecau My (X) = oo, mo C1(G/E) = 0. Cnpasedauso 06-
pamnoe: ecau C1(G/E) =0, mo My (X) = oco.
Teopema 4. Ecau C1(G/E) >0, mo p = m — donycmuman mem-
pUKaG Ons 2.
Teopema 5. C1(G/FE) = m
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006 ynopgaaounBaHuUM 1 Bapuanuy QyHKIUN Ha
HYJIbMEPHBIX KOMIIAKTHBIX I'pyIImax!
B. . IIlep6akos, (rop. 2Kykosckuii MockoBckoii obiacTu,
Poccus)
kafmathan@mail.ru (qus B.J.lepbakosa)

ITokazaHo, uro Bapuaimsa GyHKIUU (COrIACHO €€ “KIacCuueckoMy” OIpPEe/Ie/IeHUI0) Ha
HYJIbMEPHOM KOMITAKTHON abe/1eBoii IPyIIie 3aBUCUAT OT OTOOPAKEHUs STON IPYIIIBL HA,
orpe3ok [0, 1], To ecthb or BeIGOpa GaszucHbIX 37emeHToB. CyiiecTByoT GyHKINH, KOTO-
pbl€ ABJIAITCH PYHKIUAMU OrPAHUYEHHON Bapualuu (1 Jaxe MOHOTOHHbIMU (DyHK-
[USMU) TIPU OJHOM BbIOOpE GA3UCHBIX 3JIEMEHTOB (U CBA3aHHBIM C STUMHU OA3UCHBIMY
9JIEMEHTAMHU LOHATUEM YLODsJI0YMBAHUsL) U HE Oy/1yT UMETb OIDAHUYEHHON BAPUALIUK
OTHOCHUTEJIFHO JIPYTrOro HaDOpa OA3UCHBIX IJIEMEHTOB.

Karouesnie cao6a: HynbMepHas KOMIAKTHAA abesieBa rpyiia, PyHKIINA OTrPAHTIeHHOM
BapUAIWH.

Baazodaprocmu: pabora BeimoaHeHa Tpu (BUHAHCOBON moziep:kke POOU (mpoekt
Ne 17-01-01404).

About ordering and variattion of the function

on zero-dimensional compact groups!
V. I. Shcherbakov (Zhukovsky of Moscow district, Russia)
kafmathan@mail.ru (for V.I.Shcherbakov)

It is shown that the variation of a function (according to its “classical” definition) on
a zero-dimensional compact Abelian group depends on the mapping of this group to
the segment [0, 1], that is, on the choice of basic elements. There are functions which
are functions of the bounded variation (and even monotonic functions) for one choice
of basic elements (and the ordering associated with this elements) and will not have
bounded variation with respect to

to another set of basic elements.

Keywords: zero-demensional compact Abelian group; functions of bounded variation.

Acknowledgements: this work was supported by the Russian Foundation for Basic
Research (project No. 17-01-01404).

[Iycte pg = 1, {pp}2q — MOCIEIOBATEIBHOCTD, COCTOSIIIAS U3 TTPOCTHIX
n

aucesi; my, = [[ pr (n =0,1,2,...) u G — nyjabMepHast KOoMIakTHasi abesieBa
k=0
rpymma (rpynmna Busenkuma [1]) ¢ onepanueit @, obparHoii onepanueit O,

HyJIeBbIM 3jieMeHTOM (Og, CUCTEeMOI BJIOXKEHHbBIX MOJIPYIIII

G=GyD>DG DGy D...D>G, D... Takux, 4To ﬂGn:{Og} (1)
n=0

u akrop-rpymmna G,_1 \ G, umeer nopsijiok p, (n =1,2,...).
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Baganubie B (1) moarpymmsl (G, SBISIOTCA CHCTEMON OKPECTHOCTEH HYJIs
B rpynne G. Takum obpazom B (G ompejiesieHHa TOMOJIOTUSI, OTHOCHTEIHLHO
KOTOPO BBOJATCS MOHSITHS CXOAUMOCTH U HENpephIBHOCTH (hyHKIIH. OTHO-
CUTEJILHO 3TOM Torojgorun rpyiia G siBJIseTCst KOMIAKTOM.

B kaxgom u3 muoxkects G,_1 \ G, 3adurcupyem sjiemeHt e, (n =
1,2,...), Koropblii Ha3oBeM OasucHbIM. Beskuit ssement © € G e IMHCTBEH-
HBIM 00pa30M LPEJCTABUM B BUJIE

T =11 e1DT9 e9D. . . DXy €,D. .., vae xp — nesnie ¢ 0 < xp < pp—1. (2)

Torma snement x € G orobpaxkaercs Ha orpe3ok [0, 1]

oo

T rp = Z :;L—Z , DJIe T, ompejieieHbl B (2) (3)
k=1

a E = {e,}*°, — panee 3ajanHas cucrema Oa3UCHBIX JEMEHTOB. Y MHOXKE-
HUE 3JIeMeHTa g TPYTIbl G Ha 11eJ10e HEOTPUTIATETHHOE YHCIIO 1 OTIPEJIeJISeTCs]
CJIEJIYIOIIIM 00pa30M:

0-g=0¢ 1-g=gung=9gdg9gdg...Bg

n pas

Orobparxkenune rpynmel G Ha orpesok [0, 1], 3aganroe mo dopmyre (3),
MHOIJIa HasbiBAlOT omobpasicenuem Monna [2] (cm,. nanpumep, [3]), xors
oTobpazkenust rpymibl G Ha orpe3ok [0, 1] Obutr ussectast ené u H. 9. Bu-
aenkuny [1].

BzanmuoosnosnauHoCTh pu oTobpaxkenuu (3) HapyIIaeTCs JIUIIb B TOU-
Kax BUJA,

[
r+ =< —>=21-61D.. Dxp_1 €1 DTy €, u (4)
mn

l
r— =< p— > — =x1-61D. .. BT, 1- € 1B(xy—1)- €,D. . . B(Pri1—1) €n11P

D...® otk — 1) eyt ® ..., (5)

KOTOpBIE TIpU 0TOOpaxKeHuu (3) MepexojisT B OJJHO U TO YK€ TUCIIO T = mi =

n
n

£
="

Ha rpynne G BBOAUTCs OHATHE YIOPA0YUBAHUS TOYCK CJIELYIONIM 00-
pasoMm: T < ¥y, eciu xp < Yg, e Tp U Yygp 00pa3bl TOUEK T € G u, COOT-
BeTcTBeHHO, y € (G mpu 3ajanuoro dopmysioi (3) orobpaxkennn Monna, a

Tak)ke r— < T+, rje r— onpejenera Gopmynoit (5), a r+ — paBeHCTBOM

(4).
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YIOpsiIoUnBaHIE MOXKHO OIPEICJIUTH U S9KBUBAJEHTHBIM 00Pa30M:
r=x1e1D.. Drype, ... <y=yrre1b...0Yp-€,D...,

ecan xj < Yi, viae k = min{n € N|x,, # y,}.

Bapuanuio or dyukimu (o dbyHkipei OyjgeM nmoHuMaTh orobparkeHue
rpynibl G BO MHOYXKECTBO JICHCTBUTEIBHBIX Ynces R; MOTYT paccMaTpUBAThCS
TaK¥Ke U MOHOTOHHBIC (DYHKITUH) OLPEIEsAeM “KIaccuIecKuM” obpasom (CM.,
nanpumep [4]): mycrsb

T =A{x0,z1,...,Tp-1,2|0c =0 <21 < ... < Tp1 < T = lgp} (6)

— Hekoropoe pazbuenue rpymibl G, rje lag = (p1—1)-e1®(pa—1)-ea®...d
(pp — 1)-€, ® ... — Touka rpymmbl (G, 06pa30M KOTOPOil MpU OTOOPAYKEHUH
Monna (3) siBasiercst equanna (1gp, BoOOIE TOBOpsi, 3aBUCHT OT BBHIOOPA
basucHbIxX smeMentoB £ = {e,}2° ).

Torpa  eapuavyus  or dyukinun f(t) wa rpymme G : V(G) =

n
sup(Y_ |f(xk) — f(zr-1)|), nie Bepxusisi rpanb 1o Beem pasbuenusiv 1 (6)
T =1

rpymmbt G. [lpu 9ToM ecoin 9Ta BepxHsist rpaib KoHeuHa, 10 dbyakuus f(t) Ha-
3bIBaeTCs (DYHKIWEH ozpanuuennol éapuayuy, nHade — QYHKIMEH neozpa-
HUYENHOT 6aAPUAYUL.

Ora Bapmanus 3aBucuT oT Oasuca E = {e,}>°,, uro ormevas emé
H. 4. Busenkun [1|. Bosiee Toro, jaxe cam kjiacc GyHKIui orpaHudeHHOlM
Bapuanuu Ha rpymme G 3aBucut ot 6a3ucHbix amemenTos F = {e, }°° ;. Crpa-
BEJIJINBA CJICTYOTIAsT
Teopema. /s ecarozo basuca E = {e,}>°, mnatidémea dynryua oepa-
nuvennol 6apuayuy (U dasice MONOMONNAA) OMHOCUMENLHO IMO20 basUca
f(x), u dpyeue basucrovie anemenmu E = {€,}°°,, ommnocumesvno xomo-
pux ma orce pynkyua  f(x) yorce me umeem ozpanuuennol 8apuALUL HA

G.

Jist sup p, = 00 mpejbLIyIas Teopema Obliia aHOHCHpOBaHa B [5].
n
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