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Ïîñòàíîâêà çàäà÷è

Ëèíåéíàÿ ñòàöèîíàðíàÿ äèñêðåòíàÿ ñèñòåìà óïðàâëåíèÿ ïîðÿäêà n ñ l
âõîäàìè è l âûõîäàìè (âñå îñíîâíûå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû è
äëÿ íåïðåðûâíûõ ñèñòåì):{

xt+1 = Axt +But

yt = Cxt, t = 0, 1, 2, ...
(1)

Èçâåñòíî êëàññè÷åñêîå îïðåäåëåíèå îòíîñèòåëüíîãî ïîðÿäêà (ÎÏ):

Îïðåäåëåíèå 1. Âåêòîð r = (r1, ..., rl) íàçîâ¼ì âåêòîðîì ÎÏ äëÿ ñèñòåìû
(1), åñëè:

1. CiA
j−1B = 0, j = 1, ..., ri − 1;CiA

ri−1B 6= 0, äëÿ êàæäîãî i = 1, ..., l.

2. detH(r) 6= 0, ãäå H(r) =

 C1A
r1−1B
· · ·

ClA
rl−1B

 .
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Ïîñòàíîâêà çàäà÷è

Â îäíîé èç ðàáîò àâòîðîì ââåäåíî îïðåäåëåíèå ñòîëáöîâîãî ÎÏ:

Îïðåäåëåíèå 2. Âåêòîð r = (r1, ..., rl) íàçîâ¼ì âåêòîðîì ñòîëáöîâîãî ÎÏ
äëÿ ñèñòåìû (1), åñëè:

1. CAj−1Bi = 0, j = 1, ..., ri − 1;CAri−1Bi 6= 0, äëÿ êàæäîãî i = 1, ..., l.

2. detH̄(r) 6= 0, ãäå H̄(r) =
(
CAr1−1B1| · · · |CArl−1Bl

)
.

Ïî àíàëîãèè ñî ñëó÷àåì ñèñòåìû 3 ïîðÿäêà èññëåäîâàíà âîçìîæíîñòü
ïðèâîäèìîñòè ñèñòåìû 4 ïîðÿäêà ñ 2 âõîäàìè è 2 âûõîäàìè ê âèäó ñ
îäíèì èç ÎÏ. Äëÿ êàæäîé ñòðóêòóðû ñòóïåí÷àòîãî âèäà ìàòðèöû C
ïîëó÷åíû óñëîâèÿ ïðèâîäèìîñòè ñèñòåìû 4 ïîðÿäêà ê âèäó ñ êàæäûì èç
ÎÏ. Âûäåëåíû ñëó÷àè ïðèâîäèìîñòè ñèñòåìû òîëüêî ê âèäó ñî
ñòîëáöîâûì ÎÏ.
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Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó

Âòîðàÿ êàíîíè÷åñêàÿ ôîðìà óïðàâëÿåìîñòè, â çàâèñèìîñòè îò ðàçìåðà
êëåòîê, ìîæåò ïðèíèìàòü îäèí èç äâóõ âèäîâ:

Ïåðâûé ñëó÷àé:

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
0 1
0 0

 . (2)

Âòîðîé ñëó÷àé (ñ òî÷íîñòüþ äî ïåðåñòàíîâîê êëåòîê óïðàâëÿåìîñòè):

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 . (3)

Ðàññìîòðèì ïîî÷åð¼äíî âñå âîçìîæíûå ñòðóêòóðû ñòóïåí÷àòîãî âèäà
ìàòðèöû C äëÿ êàæäîãî èç äâóõ ñëó÷àåâ.
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Ñòóïåí÷àòûé âèä ìàòðèöû âûõîäîâ

Äëÿ êàæäîãî èç ýòèõ ñëó÷àåâ ìàòðèöà âûõîäîâ ëèíåéíûì
íåâûðîæäåííûì ïðåîáðàçîâàíèåì ïðèâîäèòñÿ ê ñòóïåí÷àòîìó âèäó,
èìåþùåìó îäíó èç ñëåäóþùèõ 6 ñòðóêòóð:

C =

(
1 0 c13 c14
0 1 c23 c24

)
; C =

(
1 c12 0 c14
0 0 1 c24

)
; (4)

C =

(
1 c12 c13 0
0 0 0 1

)
; C =

(
0 1 0 c14
0 0 1 c24

)
; (5)

C =

(
0 1 c13 0
0 0 0 1

)
; C =

(
0 0 1 0
0 0 0 1

)
. (6)

Êðàåâ À. Â. 24.01.2017 5 / 19



Ìàòðèöà Ðîçåíáðîêà

Îïðåäåëåíèå 3. Ìàòðèöåé Ðîçåíáðîêà äëÿ ñèñòåìû (1) íàçûâàåòñÿ
ñëåäóþùàÿ áëî÷íàÿ ìàòðèöà, çàâèñÿùàÿ îò ïàðàìåòðà z:

R(z) =

 zI −A | −B
−−−−−− − −−−−−−

C | 0

 (7)

Èçâåñòíûå òåîðåòè÷åñêèå ñâåäåíèÿ ïîêàçûâàþò, ÷òî ñ òî÷êè çðåíèÿ
ïðèâîäèìîñòè ê âèäó ñ ÎÏ èíòåðåñ ïðåäñòàâëÿþò òîëüêî òå ñèñòåìû, äëÿ
êîòîðûõ îïðåäåëèòåëü Ðîçåíáðîêà îòëè÷åí îò òîæäåñòâåííîãî íóëÿ

|R(z)| 6≡ 0. (8)

Ýòî ó÷èòûâàåòñÿ â äàëüíåéøèõ ðàññìîòðåíèÿõ.
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Ñëó÷àé 1-1

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 α
0 0
0 1
0 0

 ; C =

(
1 0 c13 c14
0 1 c23 c24

)
. (9)

α = 0 => C1B = [1 c13]; C2B = [0 c23]; C2AB = [1 c24]; (10)

H11 =

(
1 c13
0 c23

)
; H12 =

(
1 c13
1 c24

)
=>

{
c23 = 0
c24 = c13

CB1 = [1 0]T ; CB2 = [α+c13 c23]T = [β 0]T ; CAB2 = [c14 α+c24]T ; (11)

H̄11 =

(
1 β
0 c23

)
=

(
1 β
0 0

)
; H̄12 =

(
1 c14
0 β

)
=

(
1 c14
0 0

)
=> c14 6= 0

Óñëîâèÿ ÍÎÏ:


c23 = 0

c24 = c13[
c14 6= 0

a24 + a44c13 = 0

òàê êàê H̄13 =

(
1 a14 + a34c13
0 a24 + a44c13

)
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Ñëó÷àé 1-2

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
0 1
0 0

 ; C =

(
1 c12 0 c14
0 0 1 c24

)
. (13)

CB = H11 = H̄11 =

(
1 0
0 1

)
(14)

ÎÏ ñóùåñòâóåò âñåãäà, êàê êëàññè÷åñêèé, òàê è ñòîëáöîâûé
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Ñëó÷àé 1-3

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
0 1
0 0

 ; C =

(
1 c12 c13 0
0 0 0 1

)
. (15)

C1B = [1 c13]; C2B = [0 0]; C2AB = [0 1] (16)

H12 =

(
1 c13
0 1

)
(17)

Êëàññè÷åñêèé ÎÏ ñóùåñòâóåò âñåãäà
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Ñëó÷àé 1-4

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
0 1
0 0

 ; C =

(
0 1 0 c14
0 0 1 c24

)
. (18)

C1B = [0 0]; C1AB = [1 c14]; C2B = [0 1]; (19)

H21 =

(
1 c14
0 1

)
(20)

Êëàññè÷åñêèé ÎÏ ñóùåñòâóåò âñåãäà
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Ñëó÷àé 1-5

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
α 1
0 0

 ; C =

(
0 1 c13 0
0 0 0 1

)
. (21)

α = 0 => C1B = [0 c13]; C1AB = [1 0]; C2B = [0 0]; C2AB = [0 1]

H12 =

(
0 c13
0 1

)
; H22 =

(
1 0
0 1

)
=> c13 6= 0 (22)

CB1 = [αc13 0]T ; CAB1 = [1 0]T ; CB2 = [c13 0]T ; CAB2 = [α 1]T (23)

H̄11 =

(
αc13 c13

0 0

)
; H̄21 =

(
1 c13
0 0

)
; H̄22 =

(
1 α
0 1

)
=> c13 6= 0

Ïðè c13a42 = 1 |R(z)| = 0 => Óñëîâèÿ ÍÎÏ:

{
c13 6= 0

c13a42 6= 1
(24)

Êðàåâ À. Â. 24.01.2017 11 / 19



Ñëó÷àé 1-6

A =


0 a12 0 a14
1 a22 0 a24
0 a32 0 a34
0 a42 1 a44

 ;B =


1 0
0 0
α 1
0 0

 ; C =

(
0 0 1 0
0 0 0 1

)
. (25)

C1B = [0 1]; C2B = [0 0]; C2AB = [0 1]

H12 =

(
0 1
0 1

)
=> âñåãäà ÍÎÏ (26)

CB1 = [0 0]T ; CAB1 = [0 0]T ; CA2B1 = [a32 a42]T ; CB2 = [1 0]T (27)

H̄31 =

(
a32 1
a42 0

)
; |H̄31| = −a42 => a42 = 0

Òàê êàê |R(z)| = |H̄| = −a42, òî ïðè |R(z)| 6= 0 ÑòÎÏ ñóùåñòâóåò âñåãäà
(28)
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Ñëó÷àé 2-1

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 ; C =

(
1 0 c13 c14
0 1 c23 c24

)
. (29)

CB = H11 = H̄11 =

(
1 0
0 1

)
(30)

ÎÏ ñóùåñòâóåò âñåãäà, êàê êëàññè÷åñêèé, òàê è ñòîëáöîâûé
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Ñëó÷àé 2-2

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 α
0 1
0 0
0 0

 ; C =

(
1 c12 0 c14
0 0 1 c24

)
. (31)

α = 0 => C1B = [1 c12]; C2B = [0 0]; C2AB = [a31 + a41c24 1]

H12 =

(
1 c12

a31 + a41c24 1

)
=> c12(a31 + a41c24) = 1 (32)

CB1 = [1 0]T ; CB2 = [α+ c12 0]T ; CAB2 = [β 1− c12 ∗ (a31 + a41 ∗ c24)]T

H̄11 =

(
1 α+ c12
0 0

)
; H̄12 =

(
1 −c12 ∗ (a11 + a21 ∗ c12 + a41 ∗ c14)
0 1− c12 ∗ (a31 + a41 ∗ c24)

)
(33)

Óñëîâèÿ ÍÎÏ:

{
c12(a31 + a41c24) = 1

a11 + a21 ∗ c12 + a41 ∗ c14 6= 0
òàê êàê |H̄13| = |R(z)|

(34)
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Ñëó÷àé 2-3

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 ; C =

(
1 c12 c13 0
0 0 0 1

)
. (35)

Óñëîâèÿ ÍÎÏ:


c12 = 0

c13 6= 0

a41 6= 0

a41c13 6= 1

(36)
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Ñëó÷àé 2-4

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 ; C =

(
0 1 0 c14
0 0 1 c24

)
. (37)

C1B = [0 1]; C2B = [0 0]; C2AB = [a31 + a41c24 1]

H12 =

(
0 1

a31 + a41c24 1

)
=> a31 + a41c24 = 0 (38)

CB1 = [0 0]T ; CB2 = [1 0]T ; CAB1 = [a21 + c14a41 a31 + a41c24]T

H̄21 =

(
a21 + c14a41 1
a31 + a41c24 0

)
=>

{
a31 + a41c24 = 0

a21 + c14a41 6= 0
(39)

Óñëîâèÿ ÍÎÏ:

{
a31 + c24a41 = 0

a21 + c14a41 6= 0
(40)
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Ñëó÷àé 2-5

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 ; C =

(
0 1 c13 0
0 0 0 1

)
. (41)

C1B = [0 1]; C2B = [0 0]; C2AB = [a41 0]; C2A
2B = [a11a41+a31+a44a41 1];

H12 =

(
0 1
a41 0

)
; H13 =

(
0 1
a31 1

)
=>

{
a41 = 0

a31 = 0
=> R(z) = 0 (42)

Ïðè R(z) 6= 0 óñëîâèÿ ÍÎÏ íåñîâìåñòíû (43)
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Ñëó÷àé 2-6

A =


a11 0 0 a14
a21 0 0 a24
a31 1 0 a34
a41 0 1 a44

 ;B =


1 0
0 1
0 0
0 0

 ; C =

(
0 0 1 0
0 0 0 1

)
. (44)

C1B = [0 0]; C2B = [0 0]; C1AB = [a31 1];C2AB = [a41 0]; C2A
2B = [a31 1];

H22 =

(
a31 1
a41 0

)
; => a41 = 0 => R(z) = 0 (45)

Ïðè R(z) 6= 0 óñëîâèÿ ÍÎÏ íåñîâìåñòíû (46)
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ
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