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A method for establishing a self-similar dependence of the bottom surface on time and spatial coordinate is

proposed. The mean bottom tangential stresses are determined for a series of self-similar shapes of the bottom

to then calculate the rates of change in the lengths and amplitudes of the bottom waves. Comparison with ex-

perimental data and numerical solutions shows that the error of the solution does not exceed several percent

and that the computation time is shorter by a factor of 25 to 30 than that of conventional evolutionary compu-

tation.
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A conventional approach to the study of bottom deforma-

tions induced by the hydrodynamic flow employs nonstatio-

nary channel models [1], which involves a high computa-

tional burden [2]. Since the solutions of such problems are

used in many applied projects (pipeline laying on the river

bottom [3 – 5], bottom deformation downstream of hydraulic

projects [6 – 8], effect of ship propulsors on the bottom [9],

etc.), it is of high interest to reduce the computation time us-

ing the observed self-similarity of bottom deformations.

We will analyze the possibility of using the self-similar

behavior of bottom deformation to substantially reduce the

time of computing the channel process evolving in a self-

similar approximation.

Self-similar bottom erosion. Experimental data on the

erosion of the river bottom under the action of the hydrody-

namic flow [3 – 9] show that these processes are self-similar.

The experimental curves in Fig. 1 demonstrate that the bot-

tom surface at any time point can be represented as follows:
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Physically, the quantity q is the steepness of a bottom

wave and is considered constant according to experimental

data on various channel processes. For example, q =

= æ
0
(t)�ë(t) = 0.08 for the evolution of a bottom surface un-

der a pipe on the river bottom (Fig. 1a [5]). Another example

of the evolution of the bottom surface under the action of a

plane bottom jet (submerged sluice gate flow) is shown in

Fig. 1b [7]. It can be seen that at six different time points, the

bottom surface remains sinusoidal, the length and amplitude

of the bottom wave change, and their ratio remains constant.

The self-similar sinusoidal modes are shown by solid

lines in Fig. 1. The time dependence of the wave amplitude

æ
0

= æ
0
(t) and the wave length ë = ë(t) is approximated by the

following power functions:

ë = átâ, æ0 = qátâ. (0.3)

For example, á = 70 and â = 1�8 for the self-similar bot-

tom modes in Fig. 1a.

Mathematical problem statement. The evolution of the

bottom level æ is described using the law of conservation of

sediment mass (Exner equation):
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where G is the volume flow rate of transported sediments in

the active near-bottom layer; º is the porosity of sediment.
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The following theoretical dependence is used to close the

equation:
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where T
c

is the critical bottom shear stress; T
0

is the critical

stress on the flat bottom; X = X(T – T
c
) is the Heaviside func-

tion.

The theoretical dependence (3.2) was confirmed by all

well-known and reliable experimental data. Equations (3.2)

and (3.1) and the hydrodynamic equations constitute a

closed, yet very complex system of equations describing the

evolution of the bottom surface under the action of various

hydrodynamic factors such as flow under pipe, near-bottom

jet, etc. The self-similar geometry of a bottom wave can be

used to describe its evolution, which reduces the computa-

tion time by almost two orders of magnitude.

Stress distribution over bottom surface. The self-similar

solution (2.1) can be used to find the stress distribution over

the bottom surface. To this end, we substitute it into the

Exner equation. The time derivative of the function æ = æ(t, x)

is given by
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Let us integrate the Exner equation with respect to x:

(1 – º)
!

!


 �
�

�

t
dx G t x G

x

0

0( , ) ( ).

Using the replacement

!

!

�

�



�

�

�

� � �

�



�

�

�

�

�



�
�

�

�

�

�

�

�

�

�

�

�t
dx q x

x x
x

0

2
1

2·
sin cos

�

�
�

�



�

�

�

�

�

�
� �

q��

�

·

,
2

%

we get
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Ö = 2 – 2 cos æ – æ sin æ, æ = 2ðx�ë.

Assuming that the sediment transport rate G(0) is equal

to zero and using (3.2), we obtain the equation describing the

distribution of the stress T over the bottom surface:
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Resolving this equation for T yields

T

T
0

2 3
1 1� 
 
 
" " %'(( ) ) , (4.1)

" �

!

!

� �

1 2

tan tan
cos ,

#

� �

#

&

x

q
Ë = (1 – º)

q

G T
c

��

�

·

.
2

1

0 0

3 2

The graphs of the functions Ö and Ã appearing in (4.1)

are shown in Fig. 2.
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Fig. 1. Evolution of bottom surface: a, under a pipe on river bottom [5]; b, under the action of a plane bottom jet according to [7]; 1, sinusoidal

approximation.



Equation (4.1) can be used to relate the mean stress on

the bottom wave and the function Ë(t):
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As the factor 2ðq�tan � changes from 0.4 to 0.8, the coef-

ficient C changes insignificantly from 1.97 to 2.01. There-

fore, we can set
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Using (4.1) to resolve this equation for ë, we obtain the

differential relation
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Algorithm for computing the evolution of a self-simi-

lar bottom wave. We propose the following algorithm to an-

alyze the evolution of a self-similar bottom wave (2.3) using

Eq. (4.3). Consider a set of bottom waves (2.1) with lengths

ë
i
, i = 1, ..., N. The stress distribution over the uniform mesh

T
ij
, j = 1, ..., M, of each bottom wave ë

i
is found from the so-

lution of the hydrodynamic equations. These values and the

formula

T

T MT

T
i

ik

k

M

0 0 1

1
�

�

�

are used to calculate the values of T T
i

/ ,
0

and the differential

relation is used to find a table of values of the derivatives
·

.�
i

The tabulated values are approximated as

·
.� ��

�

A
n

(5.1)

The constants A and n are determined by the least-squares

method. Minimizing the function

F A n
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i

N
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we obtain a system of two linear equations for the unknowns

lnA and n:
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Equation (5.1) has the exact solution.
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Substituting the values of A and n found from the system

of equations into it yields the function ë. This approach al-

lows reducing the computation time substantially.

Discussion of the results. We used OpenFOAM open-

source software for numerical calculation of stresses on sinu-

soidal bottom. We considered a water flow (velocity =

= 0.4 m�sec) past a cylinder (diameter D = 0.1 m) with dif-

ferent shapes of the bottom surface and determined the

stresses on the bottom surface for sinusoidal modes with

wave lengths ê = 0.125, 0.2, 0.3, 0.4, 0.6 and steepness q =

= a�ë = 0.08. Figure 3 shows the problem statement (a) and

the calculated results for the flow past a cylinder over bottom

waves with 3D wavelength (b) and 6D wavelength (c).

The data for bottom sand in SI units: sand grain diameter

d = 0.00035, porosity � = 0.35, von Kármán constant ê =

= 0.25, the resistance coefficient of sand grains cx = 0.55,

critical friction angle tan � = 0.5, sand density ñ
s

= 2650, wa-

ter density ñ
w

= 1000. The stress at infinity is equal to 0.36.

Transported sediments are absent.

After numerical simulation for five values of the wave-

length ë and wave steepness q = 0.08, we determined the

mean stress T and the rate of change in wavelength dë�dt,

their values being summarized in Table 1.

Using the system of equations (5.2) and the least-squares

method, we found the coefficients of the interpolation func-

tion:
·

,� ��
�

A
n

ln A = –12.47, n = 3.42. Figure 4a compares

the interpolation curve
·
� ��

�

A
n

and the data points (red cir-

cles) from Table 1. Substituting the found values of A and n
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Fig. 2. Graphs of the functions Ö and Ã.

TABLE 1

ë a T dë�dt

1.25D 0.1 0.99 0.00355

2D 0.16 0.84 0.00147

3D 0.24 0.56 0.000262

4D 0.32 0.46 0.0000686

6D 0.48 0.42 0.0000209



into solution (5.3), we obtain the relation ë = 0.0834t0.226

(where t is measured in seconds) or ë = 0.211t0.226 (where t is

measured in minutes) represented by the solid curve

æ
0
�D = që�D in Fig. 4b, in comparison with the experimental

data [5] and the calculated results for continuous erosion of

the bottom surface and the deformation of the mesh [10].

The other problem [7] was a flow past a sinusoidal bot-

tom shaped by a plane bottom jet from under a sluice gate.

The design model of the problem is shown in Fig. 5a. The in-

put parameters were: gate opening height h = 0.015 m;

length of stable bottom section l = 0.4 m; water flow velocity

under the gate u
in

= 1.21 m�sec; flow depth in tailwater

H = 0.162 m; total channel length L = 6 m. We calculated the

stresses on the bottom surface for sinusoidal modes with

wavelengths ëi = 0.4;, 0.9, 1.03, 1.17, 1.36 m and steepness

q = 0.054. Figure 5 shows the problem statement (a) and the

calculated results for the flow over bottom waves with wave-

length ë
1

(b) and wavelength ë
4

(c).

The data for bottom sand in SI units: d = 0.0008, ê =

= 0.23, cx = 0.64, tan # = 0.5, ñ
s

= 2650, ñ
w

= 1000, # = 0.35.

There are no transported sediments at the exit from the

channel.

After numerical simulation for five values of the wave-

length ë and wave steepness q = 0.054, we determined the

mean stress T and the rate of change in wavelength dë�dt,

their values being summarized in Table 2.

As in the previous example, the coefficients A and n of

the interpolation function were determined by the least-

squares method: A = 0.0000611, n = 4.333. Substituting the

found values of A and n into formula (5.3), we obtain the

function whose graph is shown in Fig. 6 by a solid line and

compared with experimental data (red symbols) [7].
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Fig. 3. Flow-past-cylinder problem statement: a, computational domain: Ã
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is the input boundary, Ã
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is the output boundary, Ã
bed

is the bottom

surface, Ã
top

is the upper boundary; solution for flow past a cylinder over bottom waves; b, 3D wavelength; c, 6D wavelength.
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It can be seen that the numerical and experiment data are

in good agreement with the theoretical model. The error of

calculated æ
0
�æ

max
does not exceed ten percent.

Figures 4 and 6 also demonstrate satisfactory agreement

between the theoretical model and the experimental data.

The error of calculated æ
0
�æ

max
does not exceed several

percent. The numerical simulation of hydrodynamics with

allowance for erosion takes 8 h. The determination of the

stresses for five cases and the solution of the problem by the

algorithm proposed took about 15 min, i.e., the proposed ap-

proach allows us to reduce the computation time by 97%.

CONCLUSIONS

1. A mathematical model and a method of analyzing lo-

cal erosion considering its self-similar evolutionary behavior

have been proposed.

2. The method has been tested by solving two problems:

local bottom erosion under a pipe and local bottom erosion

by a jet from under a sluice gate. It has been shown that the

self-similar behavior of bottom deformation allows an ac-

ceptable assessment of the bottom erosion depth in a time

that is almost two orders of magnitude shorter than the time

of numerical evolutionary simulation.

3. It is important that the proposed model, as well as

other channel models, depends on numerical values of bot-

tom stresses which are directly dependent on the turbulence

model and its coefficients, the implementation of wall func-

tions, and the mesh. Therefore, a wrong choice of a model

for calculation of the bottom stresses may increase the error

of calculation.
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