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Abstract— Proton single-particle spectra of 90-92:94.96,118,1227 jsotopes are calculated using a mean field
model with dispersive optical potential. The resulting single-particle energies ensure agreement between sin-
gle-particle orbit occupation probabilities calculated using the formulas of the BCS theory, the available
experimental data, and the atomic number Z. The difference between the calculated proton single-particle
spectra and the magic-Z nucleus spectrum is described, along with effect the neutron structure of Zr isotopes

has on the proton structure.
DOI: 10.3103/S1062873815040061

INTRODUCTION

The evolution of the single-particle structure of
nuclei when moving away from the [-stability valley is
the subject of active studies in modern nuclear physics.
Recent works show that the tensor component of
nucleon—nucleon interaction, the dynamics of
nucleus deformation, and the change in spin-orbital
interaction play a great part in the evolution of nucleus
structure upon a change in the number of nucleons
over a wide range. Related studies have been per-
formed using both microscopic and phenomenologi-
cal approaches. The dispersive optical model (DOM)
was first developed by Mahaux and Sartor [1]; it is a
unified approach to detecting a complex semiphe-
nomenological mean nuclear field at positive and neg-
ative energies. A technique has also developed for cal-
culating shell potential by extrapolating some param-
eters established at positive energies to the region of
negative values. Extrapolation is based on the use of
dispersive equations that connect the real and imagi-
nary parts of the mean field and effectively consider
the correlations of a nucleon inside a nucleus. DOM
was first used to describe the single-particle parame-
ters of double-magic and magic spherical nuclei *°Ca
[1], 2°Pb [1], and *°Zr [2—4]. The model was later
extended to the region of unstable nuclei.

A technique for calculating the parameters of the
dispersive optical potential (DOP) for stable and
unstable spherical and nearby even—even nuclei was
developed in [5, 6]. The technique is based on analyz-
ing the experimental data on single-particle energies
E,; and the population probabilities of single-particle
orbits N, for stable nuclei and then extrapolating the
parameters to the region of unstable nuclei. During
extrapolation, correspondence is achieved between

T Deceased.

number Z(N) and the number of protons (neutrons)
calculated using the Bardeen—Cooper—Schrieffer
(BCS) theory for the population probabilities of sin-
gle-particle orbits, while features of the Hartree—Fock
component of DOP in the volume integral at £ = 0 are
taken into account. In this work, the technique sug-
gested in [5, 6] is used to calculate the evolution of sin-
gle-particle spectra of near spherical even—even
Zr isotopes with 50 < N < 82.

ANALYZING THE PROTON
SINGLE-PARTICLE PARAMETERS
OF STABLE 0929497 [SOTOPES IN DOM

Even—even stable 20-92:94.967r jsotopes have rela-
tively low values of their quadrupole deformation
parameters (3, = 0.1), so a spherical DOM is used in

calculations [2—4, 7—9]. The calculated E ,?UOM param-

eters were first compared with experimental values

E,;’ for*Zrin [2]. The experimental energy of the last

mostly occupied proton state 2p,,, was found to be
E_ = 5252 = —8.36 MeV in [2], which virtually coin-
cides with the energy of proton separation S(N, Z)
(taken with the opposite sign) from nuclei with num-
bers Nand Z[10]. According to [2], the energy of the

first primary free subshell E, = Ej,; = —5.11 or
—5.16 MeV is close to the energy of proton separation
S(N, Z + 1) (taken with the opposite sign) from nuclei

with the numbers N, Z + 1 [10]. A large particle-hole
energy gap Algg/z—zpl/z = 3.2 MeV is formed between
these states, corresponding to the concept of the near
magic properties of number Z = 40 for *°Zr.
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In view of this, proton energies E,;” " ) were calcu-

exp

lated in [2, 4] and good agreement with E,;~ was
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achieved. However, the experimental energy values of
the states 1g,,, and especially 2p, , in the *°Zr isotope,
which are available in the literature, differ notably.

Energies Ee“; = —7.03 MeV and Ef(;'/’z =-5.72 MeV
found in [11] by analyzing data on one-nucleon pro-
ton transfer reactions correspond to the notably
smaller gap Algg/rzp]/2 = 1.31 MeV (see Table 1). In [7],

the joint analysis of data on nucleon stripping and
pickup reactions on a single nucleus [12] was used to

measure experimental E,,;” and N,;° values in stable

Zr isotopes. These values for the *°Zr nucleus are also
given in Table 1. Compared to [11], the gap grew to

2.84(85) MeV, and Ezp/ —7.27(73) MeV was close
to the data from [11]. In [7], the values of E};

compared to those of F ,f;OM

i were

(see Table 1, row 7). Later

on, E,;’ and were corrected. As was noted in [8, 9],

additional doubts arose when using the technique in
[12] as a result of the incomplete experimental data on
quantum parameters of the 3°Y levels at £, > 6.8 MeV
Another possible pattern of states (see Table 1, rows 9
and 10) was therefore given in [8, 9]. In row 12 of

Table 1, the EP

E,;’ values.

n,/ M values in [19] are compared to the

From the viewpoint of the additional criterion
[5, 6] to correct the DOP parameters, the number of

exp

protons N, on proton subshells 15 5, 2p; », 2p; , and

1gy/, is compared to the number of protons N, Bes , in

this work; the latter was found using the BCS equatlon

NPCS = %[r (B — BBy — E) + Al
where A is a gap parameter written as
A=0.25[25(4,2)-SA+1,Z+1)-S(A-1,Z-1)](2)
and equal to 1.122 MeV for *°Zr when using the sepa-

ration energy in [10]. Inserting energies En,j [7] into
Eq. (1) results in correspondence between the

NES (Eex-p ) values (see Table 1, rows 5 and 6) and

V4 nlj

exp
nlj -

NB (E ex-p) with the E;,’ data in [8, 9] due to their

)4 nlj nlj
incompleteness.

To verify the proton DOP of an isotopic chain with
number N varying over a wide range, it was suggested
[5] that we control the value of the volume integral
J yr(E = 0), since it was characterized by the property
of approximate constancy (with a weak increase as the
number N in the isotope grew). It turned out that this
parameter corresponds to an overestimated value of

the number N BCS( DOM) (see Table 1, row 11). The

nlj
search for refined values of DOP parameters with
allowance for the additional criteria in [5, 6] per-

experimental data F It was difficult to calculate
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formed in this work allowed us to eliminate this incon-

sistency. The values of EBJ-OM and N ’1131;15 (EBJ-OM)

according to data of this work are given in Table 1
(rows 12 and 13). According to Table 1 (row 12), the y -

squared test for the goodness of fit of £ ,?,;)M and E,”

[7] was around 1.5 times better than for E,;" [8, 9],
and the corresponding number of protons was 12.0.

The calculated gap Aggi\d = 2.91 MeV also agreed

with the data on En,j [7].

Note that energy Ep is distributed such that energy
difference E,,, — Er = 1.90 MeV for the calculated
spectrum is considerably higher than difference Ep —
E,, n= 1.0 MeV. This is not typical of a classical magic

number, so Z = 40 is not this number in *°Zr. Never-

theless, this nucleus satisfies the magic criterion in

other ways [9]. Note that the values of N, ,?,/CS(EBJOM)

calculated in this work (Table 1, row 13) for states 1/; ,,
/52, 2p3)2, and 1gy, are in good agreement with the

2py)

values of N,;°

estimating the accuracy of N, for state 2p, , in [7].

Population probability N chs E ,B,QM) agrees with N,

within an error of 20%. The DOP parameters calcu-
lated in this work for °Zr are given in Table 2 (row 2).

All designations of the parameters correspond to
[5, 6].

Table 3 presents values of E,;” and N,;” for Zr
taken from [11] (rows 2 and 3) and [8] (rows 4 and 5).
Note the different values of gap AV that corre-
spond to the datain [8, 11]: Algg/z_zpl/2 =1.55MeV|[11]
and 2.68(161) MeV [8]. This difference is due to the

greatly different values of energy E, ‘/’2, found in [11]
and [8]. Note that no such great differences were
observed for **Zr (Table 3, rows 8 and 10). In view of
this, the available experimental data on *2Zr are appar-

ently in need of refinement. As with *°Zr, the values of

DOM
E,;

according to [7]. We did not succeed in

calculated in [8, 9] were verified to ensure cor-

BCS DOM
respondence between proton numbers N, (En,j )

on subshells 1£5 5, 2ps /5, 2p; 5, and 18,5, and overesti-
mates were found again. Recall that A1g9/2—2 o =
1.55 MeV according to [11] and 2.68(161) MeV

according to [8] for the *?Zr isotope. Energies E,,,j

and population probabilities V. ,l,g,fs (E ,l,),jQM

in this work with gap parameter A = 1.265 MeV are
given in Table 3 (rows 6 and 7); the DOP parameters

are given in Table 2 (row 3). Values N, nes (E,',),IQM) =

11.9 were obtained using these DOP parameters. Note

DOM
nlj

) , calculated

that energies F for states 1f5,, 2p;),, and gy,
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Table 2. Proton DOP parameters for

BESPALOVA et al.

90,92,94,96,118, 122ZI.

DOP parameters Nz N7y M7 %7 187 127,

o, MeV fm? 95.4 96.0 96.7 97.0 99.6 99.5
By, MeV 62.0 62.0 63.0 65.0 75.0 77.0
—Ep, MeV 6.75 7.72 8.56 9.48 18.40 19.60
ry=ryp, fm 1.213 1.214 1.215 1.215 1.221 1.222
a,, fm 0.664 0.664 0.664 0.664 0.660 0.660
ry, fm 1.271 1.271 1.270 1.270 1.265 1.264
az fm 0.566 0.567 0.568 0.569 0.580 0.582
Ty, fM 1.041 1.042 1.043 1.044 1.053 1.055
re, fm 1.240 1.239 1.238 1.238 1.232 1.231
V. MeV fm? 5.5 5.75 6.0 5.75 5.0 5.0
Vud Egp), MeV 58.85 59.3 59.6 60.2 65.1 65.9
JyHEg), MeV fm? 491.7 495.8 498.7 502.9 544.2 551.0
Jy0), MeV fm?3 466.4 467.0 466.8 467.7 477.9 480.6

B;=12.5MeV, ayp=0.615fm, ay, = 0.59 fm, y = 0.46 for all isotopes.

agree with the experimental data within their errors.
The differences are greatest for state 2p, ,.

The values of E,;” and N,;” for the *Zr isotope

[8, 11] are given in Table 3 (rows 8, 9, and 10, 11,

respectively). Population probabilities N ,l,s,jcs (E ,I,D,ij)

calculated using data on E,;” from [8] and Eq. (1) with

gap parameter A = 1.304 MeV are given in Table 3
BCS Eexp

(row 12). The correspondence of N, nlj ) to the
number of protons on subshells 1£5 5, 2p; 5, 2p; », and

exp

1g/, according to the data on N,

indicates agree-

ment in determining the values of E,;” and N,;” mea-

sured in [8]. The values of E,]?,jOM calculated in this

work (the DOP parameters in Table 2, row 4) and
N,l?,jcs (E,l,),/QM) are given in Table 3 (rows 13 and 14).

The E ,?,/QM values correspond fully to the E,;” values in

[11, 8]. The calculated value of N f s (E ,?,;)M) also cor-

responds to the number of protons on the four valence

subshells of *Zr found from the N &” data. It should be

nlj
emphasized that the good agreement between E,?UOM

and N, (E,") and the Ey;" and N;;? data ([11] and
[8]), respectively, confirms the assumption that we

need to refine the E,;” and N,;" values for *Zr.

The dataon E,;” and N, for the *Zr isotope were

taken from [8] (Table 3, rows 15 and 16). The corre-

sponding gap Af;;z_zp]/z =3.11(130) MeVis larger than

the one for %92%4Zr, allowing us to assume [8, 9] that

BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES. PHYSICS

this proton gap in *Zr is affected by the possible clo-

sure of neutron subshell 2ds ,. The values of E' ,BJQM cal-

culated usingthe DOP parameters from Table 2 lead to

gap Ai,gzl\fz oy = 2.52 MeV, which is close to the calcu-

lated gaps in single-particle proton spectra of 0 92

%47Zr, while population probabilities N ijCS (EBJQM) cal-
culated using gap parameter A = 1485 MeV result in
agreement with the number of protons on the four

valence subshells in *°Zr.

The proton single-particle spectra of 2%9%94%7r
isotopes near Ey are shown in the figure. For the sake
of clarity, proton separation energies S,(4, Z) and
S,(A+ 1, Z+ 1) (with the opposite sign) from [10] and

the corresponding values of Eg are shown as well. Solid

curves connect these values, and the values of E5)’ from

nlj

[7, 8] are plotted. The figure shows that the E,ZI/JZ and

E ESZM values are grouped near the S,(A + 1, Z+ 1), while

the Ezel’,‘]‘;2 and Ezla,f/)zM values are approximately 0.9 MeV

deeper than Fermi energy Ep. The values E1g9/2 and
E, oy for all four Zr isotopes are not distributed sym-
metrically with respect to those of Ep (as is observed

for classical magic numbers) but asymmetrically. We

should note, however, that energy gaps Aiszl\fzp]/z

20,967 are slightly greater than for °2%4Zr, distinguish-
ing %%%Zr from the others. In addition [9], the values

for

of energies 2, are also considerably higher for °-%Zr
than for °%%Zr.
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Proton single-particle energies of Zr isotopes. Dots show experimental data, solid line, calculations with DOP, dashed and dotted
lines, proton separation energies S(A4, Z) and S(4 + 1, Z+ 1) [10, 13], respectively, and dashed-dotted line, Fermi energies.

CALCULATING SINGLE-PARTICLE
ENERGIES OF PROTON STATES

FOR '}3Zr,; AND '3 Zr,, ISOTOPES

The BCS formula for calculating NV, Bes (E DOM) val-

nlj nlj
ues can be used for the Hartree—Fock component of
the DOP of unstable nuclei, for which there are no
data on single-particle energies. However, it is known
that a rise in the number of neutrons in Zr isotopes
sharply increases their nonsphericity. Deformation
parameter 3, ~ 0.3—0.4 for '°%:192Zr making it difficult
to use the spherical DOM in calculating the parame-
ters of these nuclei. According to the data in [13, 14],
however, deformation parameters B3, for, e.g., ''8-124Zr
isotopes are comparable to deformation parameter [3,
for *-%Zr as N continues to grow. In view of this, cal-

. DOM BCS
culations of £, and N,;~ were performed only for

118,127 ¢ using the spherical DOM in this work. The
calculated DOP parameters are given in Table 2; the

values of E,',),jOM and N chs (E,?[,QM), in Table 3 (rows

19—-22) for '18:127r Gap parameters A = 1.282 MeV
and A = 1.25 MeV, determined using the data in [13],

. . BCS DOM
were used in calculating N, (E,,,j ) for 8Zr and

1227, respectively.

Energy E,; was calculated using the Hartree—
Fock—Bogolyubov model with Gogny forces for the
12271 nucleus [15] with magic number of neutrons N =

82 [14]. Energies E ,?,jOM agree with these results within

BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES. PHYSICS

limits of <10%. Correspondence is also observed in the

values of energy gaps A@gi\fzdj n S 6.4 MeV. Differences

DOM DOM .
between £, " and Ey, = for '"*!?*Zr isotopes from

the energies —S(4,Z) and —-S(4+1, Z +1), respec-
tively, show that Z = 40 is not a classic magic number
for these isotopes either. The calculated energy of state
15, becomes stronger when the number of neutrons in
Zr isotopes grows more rapidly than the energies of
neighboring states. This results in the evolution of
energy gaps between states 1f;,—1f, (they are
reduced) and 1f5,—2p;». In addition, the gap between
states 2ds,, 1g;,, and 2d; 5, 3s, , grows.

CONCLUSIONS

The technique for calculating the DOP parameters
of spherical and near spherical nuclei proposed in
[5, 6] was used to study features of proton single-par-
ticle spectra of stable even—even isotopes ?0-92:94.90 7
and unstable isotopes '!%122Zr. This approach ensures
agreement between the population probabilities of sin-

gle-particle orbits near the Fermi energy NV, f,jcs (E ,?,;)M)

calculated using the BSC theory’s formula with calcu-

lated energies E,?,,OM and experimental data N,;"

found by jointly estimating the stripping and pickup
reaction data for one nucleus. The calculated energies
E,?,/-OM and population probabilities N ,?,/-CS(E DQM) cor-
respond to incomplete population of subshell 2p, , in
Zr isotopes. This shows that Z = 40 is not a classic
Vol. 79

No. 4 2015
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(strong) magic number. Nevertheless, proton energy

gap Af;’jf? plfz in stable Zr isotopes is quite high, espe-

cially in isotopes with the common magic number of
neutrons N = 50 and new magic number N = 56. This
result agrees with the increase in the sphericity
observed in ?%-%Zr nuclei. The evolution of the calcu-
lated spectra of ''$:122Zr isotopes witnesses that the
neutron structure affects that of protons.
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